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A CONTRIBUTION TO THE THEORY 
OF FINITE DIFFERENCES. 


By Jes. Kaucky. 


This paper contains a short demonstration of equation (8) which was 
treated by H. L. Smith in his paper “On the Ampére-Cauchy derived 
functions”’.* 

Consider a function f(x) of a single variable which we suppose has 
a derivative of order ». Let x, 2,,---2, be numbers differing from each 
other and let us form the following sequence of functions: 


[x] = f(%), [7] = f(x), --- 


(1) [x 2) = [0] — teal (x, %) = Lars) — [aa] see 


Ho-— %Y 4 —— Le 





“ee ” —_—_ e + ZX 
Bi ta oe La [2 2% +++ Xn—1] — [2% are nm) 
X— In 


The expression [2 x; ---2,] may be written in the form of an integral. 
First it is evident that 


[co 2] [oat t 4 te = ty) %-+ t x]; 


then by complete induction we get easily the general relation 


[2% +++ an] = [ran [ay--. 


(2) 
[rato fe — t) %+++-+(th-1— tr) tn-1 + Fn tn]. 


Suppose we are given m numbers w;, wy,---wA and form the differences 


2 S (a+ “) — f(z) (w, + 0) 


1 





A f(x) = 


, 
and in general 
n n—1 


(3) 4 f@) = 3 ( “4 fa). 


W,Wye++? iy \W,W, +++ Wy, _y 


From this definition there follows first 


1 
Af (x) = fans’ (a + wy ty) 


* These Annals, vol. 25 (1924), p. 124. 
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and then by induction, 


n 


. 1 *1 1 
(4) A 2 S (x) — f, arf dts ee f dt, f™ (a+ Wy, tit we te-+ -*+Wn tn). 


Ww, Uo° et 
Let us choose 
(5) t= 2, = xr+U,, Le = c+ wi, +i, -++,en = a+u;,+---+ wu, 
where 7,, 72, --+% is a permutation of the numbers 1, 2,.--, ; then 


(4 —t; jap +(t,—te) a, — tae +(tp4— tn)2n—r+ttn Ln a+ Wi, t; +wi, te-+ eee Wi,, tn . 


We shall now show that we can easily calculate the sum 


“ 1 t, .. 
(6) p> : ras Pree | dtn f™ (x-+-wi, i +wi, &- +++ wi, tn), 
ty, tg: +t, 


where the summation extends over all permutations of 1,2,--.-. We 
see first, by re-arranging the argument of the integrand, that the sum (6) 
goes over into 


? ty ta—1 
-e fran J, cinch J Aty f™ (xu, bi, + We ti, +++ wnt), 


from which we obtain by the substitution 4; — 4 (r = 1, 2, ---m) 


(7) Jaufan-.fanso (a + wy, ty + We te +--+ + Wa tn) 
where 
Q= D regin:0<4<54,5---< <1. 


a, t° . *t, 


Consequently 2 is a n-dimensional unit cube and (7) equals 


‘1 1 1 
Jat [rate [ate £0 Cet wi th +++ 0m te). 


Ve have therefore proved the relation 


(8) A SO) = Be, oman], 


where 2%, 2,,-:: %m are given by (5). 
Brno (6.8. R.), October 1924. 





ON THE ASYMPTOTIC EXPRESSIONS 
OF CERTAIN DEFINITE INTEGRALS.* 


By J. A. SHonat (Jacques CHOKHATE). 


a1 
Introduction. We consider in this paper integrals of the form | x" f(x) dx 


for n very large. This type of integral occurs very frequently. We have, 
for example, the following developments: 


a1 : at 
(a) LY yy =Z,, a= Sf er@ae; 


0 t—y 





‘fwd _<= eae ee ss 
(b) oVi—yt =f 2. TF -2n mes 


The development (a) with f(y) > 0 in (0,1) is closely connected with the 
theory of algebraic continued fractions and Tchebycheff’s polynomials. 

Darboux’s method? fails to give the asymptotic expression for c,. P. Funkt 
assuming that f(x) is continuous in (0, 1) gets 


1 
limn=c n [| S@)a" de == f(1), 


which expression says nothing, if f(1) = 0. 
We give here the asymptotic expression of the integral of the form 
1 


f, J (x) x" dx under more general conditions. We apply our formulas to 


some definite integrals connected with the /-function and Tchebycheff’s 
polynomials. 

1. Consider a function f(x) defined for 0 < x < 1 and subject to 
following conditions: . , 


1 
(A,) f, x* | f(x)|da exists for a certain value of k>0; 
(Ag) S(@e) = A— 2)’ qi) for 1—d< e< 1 (oc >—1), 


where 6 >0 is arbitrarily small, g (x) being continuous in (1—- 6, 1). Then 
we have, as n> oo: 


° ) Pessented to the American Mathematical Society, April 19, 1924. 
t+ Darboux, Mémoire sur l’approximation des fonctions de grands nombres, Journ. des 
Math., 3. sér. (1878), 5-57. 
} P. Funk, Beitriige zur Theorie der Kugelfunktionen, Math. Ann., Bd. 77 (1916), 136-152. 
3 2 
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limyn—co nett [om f(a) dx = r'(e+1)q(l), i.e. 


Po+taQ)+o0)_ 


(A) 1 
n= [or f@) de = not 





Proof. Write cy, as follows: 


1—n~* 
(1) Ce = f 


Take n so large, that (using conditions A; 2) 


/s ‘ 
wf (e) dat] apa fla) de = iba. 


(2) n>k, nd, 


The first inequality (2) assures the existence of 7,. Furthermore, 


bay | mir 
ne lil<n™ 7 


(3) 14{<s— oe pra, 


2/8 


1 
pak yk | f(a)| da< n*(1 — n~28)n *f x F(a) | dx, 


where t does not depend upon n. 
Therefore, 
(4) limg=oo 2°"! i; = 0. 


In order to investigate 7., we write 7, using (A,; 2), as follows: 


ts 7 (1— a)’ (1) dx 2 ge a" (1 — x)* [q(x) — q(] da, 
(5) & = [g(1)+o()]a, 


f— _ ot (1 — vf dx 
13 ant (1— x) dx. 


The substitution 1— a2 = = gives (replacing y by 2): 
1/8 

(7) n°"! 43 =f x & * Wy (x) dx 

(8) Wn (x) 


We note, that w;, (x) is negative for the values of x under consideration. 
Therefore, 


1/8 —_, aa~aie oe 1/3 
en (1— nn)" = Wy (nl) < Wn (a) <a < ni, 


~ 
< 


1+o(1) < Wn (a) < 


“5 (0) = ‘fo 





DEFINITE INTEGRALS. 
We get from (7): 
[1-+o af” 2 e*da<nOn< f- “s edz. 
On the other haad, 


[Ue e "dx ={-{..= r(o+1)+o0(1); 


Se 
(9) limn—eo FG 1) == j. 


therefore, 


Now we have according to (1,5) n7 en, = n®**4,-+ n™ 4 [gq (1) + o(1)], 
which, combined with (4,9), proves (A). 
It ought to be noted, that in the proof above we use two facts only: 


e = limeo (+ a)", 
fe) 
I(s) =f e-@ 291 dx 
2. Replacing in (A) x by 1— 2, we get 
1 
(B) limy—se net ["—ayp S(a)dx = T(o+1)q(0), 
provided the following conditions are satisfied: 
*1 
(B;) , (1—2)* | f(a)|da exists for a certain k>0; 
(By) S(@) = a q(x) forOsaecd (¢>—1), 


q(a) being continuous in the arbitrarily small interval (0, 6). Replacing 
in (A) x by e-*, we get similarly 


(C) limn—oo n*** ig e-™ f(x)dx = I(o+1)q(0), 


provided f(x) is subject to the following conditions: 
Coe 
(C,) f. eke | f(x)|\da exists for a certain k>0; 


(Cy) S(@) = 2° q(x) for O =< a2 < Ad (o> —1; see By). 
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The case of an interval (0, a)(a>0 finite) can be reduced by means of 
the substitution «= ay to (A). We get 


O+1 a 
(D) Lincs ay J, a Fa) dx = F(o+ I qla)a’, 


) 
provided f(x) is subject to following conditions: 
a 
(D,) f, SI (x)\x* dx exists for a certain k > 0; 
(Dz) I(x) = (a—az)’ q(x) for a—é Sra (o>—1), 


0 being arbitrarily small and g(x) continuous in (a—9d, a). 
a 
3. Consider now the integral [oo fa) ae (a> 0 finite) and suppose: 


*a 
(K;) F a f(x)\dx exists for a certain k > 0; 


S(x) = (a+2)"qu(v) for —acex< —a+d, 


S(a) = (a—z)* q(x) for a—b, Sx<ca 


(4,3 >—1), 


(Ez) 


6,,2 being arbitrarily small and g,,2(~) continuous in the corresponding 
interval. We get 


f" a S(a)dx 


‘E ‘ciate ms 
iis — ann] Seah OF yp EPG AM el) . 








nett , n™ --1 


In order to prove (E), we write 


(10) [Ere dx = f +f = ith, 


put in 7,:2 = —ay and apply (D). 
Corollaries. 
' ms . 2I°(o, + 1)qe(1) + 0 (1) 
oe 
(11) i (a) (a? + 241} dar (2n)*+1 ; 


tay tamn—atetttan — 220+ 1gs(—1) +0(1) 
(19) J Fe) fam —atet} de = ATA a . 








[EL P@+.4—a)) a de 


( , : 
i aT + 1a) tol), oF, +1)q(—a)+0(0) 
(2n)2*! (2n)** 








= YJarnrl 





DEFINITE INTEGRALS. 


fF tr@—s- a) at de 
a®P(o,+I)gs(a)+o(l) — a F(4 +1) a (— 4) +0 (1) 
(Qn-+1)%4 (2n + 1% 


(14) 





(11, 12) follows from (E), (13, 14) from (D). 
4. We now consider the case of f(x) subject to a logarithmic dis- 
continuity. For the sake of simplicity, we suppose: 


*1 
(F;) i x*| f(x)|dx exists for a certain k>0; 


«>0 vee 


(Fs) f(@) = log’ (1—a4) q@) for 1—d Sax <1 (" 


q(x) being continuous in the arbitrarily small interval (1—d,1). We get 


n 


F limy— 
@) q log’ n 


Jin s@ae = (17400). 


Proof: The proof is very similar to that given above for (A). First, 
we have: 
(15) 1—a2* = (l—az)q(z) for 1—d <x <1], 


where g;(x) is continuous, q,(1) = s. On the other hand, we write 


(16) [oo re@aa = | aos | = its (0 = +), 


(17) n|t,|< n(1—n-%)n-* “a | fle) | de. 


. 


(18) ni,7>0 for noo, 


Using (15) we write, » being sufficiently large, 


. o 
is = fo gz log®(1—a) [1+ eed q(a) dx. 


4) 


For the values of x under consideration we have 


log qi (a) ]°__ # 7 > eer 
(19) [!+ toe ay = 1+ (zx), 9 (x) 0 for n oo, 
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is = Jo 92 log”(1 —2) fg(1) + (1) 1@) + (ae) a) 
(20) + (q(x)—q(1)) 9 @)] dx 
= g(1)#+q(1) +2" +2" 
(21) % = [i pa" log" (1— 2) dz. 
(20) gives, using the properties of y(a~) and q(z), 


(22) ig = #2 (g(1)+ o(1)). 


In order to investigate 75, we use the substitution « == 1—y/n, which gives 
(replacing y by 2): 


1/8 / .\n 
(23) nig = (—1)° = (1 _ “| (log n — log x)° dz. 
0 


Since o is a positive integer, the right-hand integral in (23) is a sum of 
a finite numbers of terms of the form 


1/8 n 
(24) log®* nis, x ={" (1 —<| ee log®*n log* (a) da 
0 
(k ae 0, 1, 2,---, a) 


with coefficients depending upon o only. We write 


ni /8 
inn =f," e* log*(a) Yala) da (see 8), 
which proves easily, that 


(25) limyn=co 22, k =|, e-” log*adz. 


Therefore the right-hand of (23) is a sum of a finite number of terms of 
the order (with respect to n) log? *n (k = 0, 1, 2, ---, o), and we get finally 


(26) nig = (—1)* log’?n (1+ 0(1)), 


which, combined with (16, 18, 22), gives (F). 

5. The formulas (A—F’) given above enable us to find the asymptotic 
expressions of a great many definite integrals of different types. On the 
other hand, using (A—F’) we obtain many important asymptotic formulas. 
We give here two examples only. 





DEFINITE INTEGRALS. 


Example (a). ; @)-+0(1) 
Pde  *F o(1 , 








Put here n = 2m, 2m-+1 and integrate by parts, then 


1 gimde, id. Ba rats _— F(4)+oe(1) 











(28) 


1 gmt! dy 
29) aa 
( 0 V1 —z? 1- 


Now, if we divide (28) by (29), we get Wallis’ formula: 


_ r@)+o() 
V4m+4— 











5. 

0 Vi—2? 4:6---2m 2 — Vam 
-4. 
-5- 








wees - 2m 


+l. ENT ia “py toa), 


even without using the value of I'(4), and we have 


1-3. ie on 
2. 7: -2m = 


r@) =Vn. 





= (1+ 0(1)), 


Example (b). 
(30) fen (1—z)*" dz = P(@) (1 + (1) (using A) (a@>0). 


n® 





Replacing the left-hand member by 


P(@)T(n) _ I'(«) P'(n) 


I(a+n) = a@(@+1)---(@+n—1)T(a)’ 
we get from (30): ; : 


ain I'(n) n* 
I'(a) = limn=« a(a+1)---(a+n—1) 








and, for » integer, 
1-2-3-.--(n—1) n* 


P(e) = lim=0 S641) aba (« > 0). 





6. We apply now the same method to find the asymptotic expression 
for n very large of the integral 


a] 
(31) ae i f(a) [1— (a —- 9" dx 





10 J. A. SHOHAT. 
under the following conditions: 
1 
(G) £ \f(a)| dx exists; 
(Gs) I(x) = |xa— El q(x) for §<—d< xs F+ (¢ > —1), 


q(x) being continuous in the arbitrarily small interval (§ — 6, §+ 46). Then, 
we have the formula: 


6+1 
(G) lima =o n? ['7@) (1— (a — &)*)"da = P(t) q(&). 


Proof. Write (31) as follows: 


t—n-9 peers é+-n—9 1 
i= K@u—@— part [otf =a tatis 
(32) e E—n E+n 
O6< = n9°< 6d for n=>MN. 
We find easily 
(33) lima—o 2" i, = 0 | 


h arbitrary). 
(34) limy— nh dg — 0 | ( « 


We consider now i;. Here we have |x — §|*< n-2®, Therefore, putting 
x2 —&=y and replacing y by x, we get 


nm? 
(35) i=Jijeta—ea@de =a) 


qi (x) = q(a+ 6) being continuous for — n-°<x<n-*, 


(36) = la @)+o0)), a = af" —2 ae. 


The substitution z* = y gives (replacing y by x) 


= | o—1 


; —20 o-1 a saline 
t=" «?a—apae=f ani—a)? ae 
0 


1—n-?9 


6+1 


Se. F 


n 2 ig = r(== 


5 ) +o) (see (9)), 


which, combined with (32-36), proves (G). 
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We want to apply (@) to the case f(z) > 0 forO <2< 1. Denote 
by ¥n (x) (n = 0, 1, 2---) the orthogonal and normal system of T Tchebycheff’s 
polynomials corresponding to the interval (0,1) with the characteristic 
function f(x). We have then* 





(37) =! = min {, fle) [1+ Xs(—¥) + «+ + Xale—B*PPar. 


Evidently, 
min f(a) {i + Xi (a — &)+.--- + Xn (a — &)2n)? dx < | r@t—@—»y" dz, 


which proves, in combination with (@) and (37), that 


o+1 
Kon (§) > (2m) ® , 


where t does not depend upon m. Since Kon+1(§) = Kon (&), we get 


G+1 


(38) Kn (8) = Da g2(§)>cn 2 (<§<1), 


provided the characteristic function vanishing at x = §& satisfies there the 
condition (G2). 

The quantity K, (x) occurs frequently in the theory of Tchebycheff’s 
polynomials. 


“The proof is very similar to that given for the case £ = 0 in my paper, Sur le 
développement de Vintégrale fe Pty) dy en fraction continue et sur les polynomes de 
Tchebycheff, Rend. Circ. Mat. di Palermo, vol. 47 (1923), 25-46; p. 41. 


UNIVERSITY OF CHICAGO, . ‘ 
March 1924. 





THE FREQUENCY LAW OF A FUNCTION OF VARIABLES 
WITH GIVEN FREQUENCY LAWS. 


By Epwarp L. Dopp. 


1. Introduction. The aim of this paper is to give a somewhat general 
treatment of one of the important problems of “geometric” or “continuous” 
probability, the determination of the frequency law of a function of variables 
with given frequency laws. A good deal of literature* can be found dealing 
with different phases of this subject. 

The treatment of the subject in this paper may be characterized as 
follows: (1) The m events whose probabilities are considered need not be 
independent (Theorem I); (2) From the data an exact expression for the 
required probability is obtained, valid—except when a restriction is specified— 
for any n, large or small, not merely an approximate or asymptotic ex- 
pression; (3) It is not assumed that first or second moments exist for the 
given frequency functions; (4) These functions are characterized by general 
properties. Thus the discussion is not confined to the Gaussian probability 
function 
(1) s h eh 1 e-t20° 


We ~ Von 


or to specified simple functions; (5) To reduce solutions to simple forms, 
making evaluation by quadrature possible, use is made of the Dirichlett 
“discontinuity factor”’ 


] 


¥ 1, vy> 0 


(2) sgn (v) = 2 sin vt a = 0, »=0 
pc ie —l,v<0. 


(6) For changes in the order of integration, which accompany the use of 
this factor, sufficient conditions are given. This is essential for a critical 
treatment of the subject. Although this factor has been used extensively 


*See references in Czuber, Theorie der Beobachtungsfehler, Leipzig. Also: Mayr, 
Wahrscheinlichkeitsfunctionen und ihre Anwendungen, Monat. f. Math. u. Phys., vol. 30 
(1920), pp. 17-43; R. von Mises, Fundamentalsitze der Wahrscheinlichkeitsrechnung, Math. 
Zeit., vol. 4 (1919), pp. 1-97; Dodd, Functions of measurements under general laws of 
error, Skandinavisk Aktuarietidskrift, vol. 5 (1922), pp. 183-158; Rietz, Frenquency distri- 
butions obtained by certain transformations of normally distributed variables, these Annals, 
ser. 2, vol. 23 (1922), pp. 292-300. 

+ Sur une nouvelle méthode pour la determination des integrales multiples, Journ. de 
Math., (1), vol. 4 (1839), pp. 164-174. 

12 
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in individual probability problems—usually in connection with the Gaussian 
function—a systematic and critical treatment seems to be lacking. 
2. The law of frequency for a continuous function of n variables. 
THEOREM I. Let 
(3) y = F(a, 2, +--+, tn) 


be real and continuous in n-dimensional space D and let y = u have boundary 
of zero content for every u. Let the frequency of x1, ---, Xn be 


(4) ace D(x, %, +++. Xn), 


where z is continuous and sulject to the usual conditions: z => 0, 


(5) fede == i, 


Y 


this being the multiple integral over D. Set 


C= C(O =f. cos yt dz; S = S(b = [ie sin ytdz; 
(6) OOS x 
R= R(t) =+VC+S8?; O = O(t) = arc sinS/R = arecosC/R. 


Let E denote any “rectangular” portion of D defined by x} < aj S aj, 
j =1,2,---, m. Suppose that there exist positive constants x and 4 such 
that for D and for every E 


(7) | fe sinQu—y)tde| < xt, 


Then the probability P(u) that y < u is given by 


(8) Pb = sti Rsin(ut — 6) 


If, furthermore, R(t) is integrable in (0, 0), 


ee ae £ 
(9) plu) = Y “Sealed Reos(ut — O)at. 


Proof. The required probability P(u) is the integral of z over that 
portion A of D for which y < u. Let B be determined by y> wu; then 


2 
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F 1 1 1 ¢* 1 
P= fae ame ZS fedet+dfiedet 4 f,zde—Sf eae 


1 1 
— i fie dx os 5 fiesen (u — y) dx. 


The boundary y =u may, indeed, be ignored in the integration, since this, 
by hypothesis, has zero content and sgn(0) = 0. Thus, from (2) and (5), 


(10) 


(11) PY = 5 + fede sinw— yi. 


Li 


Inverting the order of integration, we write in a formal manner: 
: en 
(12) Q(u) = ot ifs p2sin(u — y)t de. 


A sufficient condition for P(u) = Q(u) is the existence of the corresponding 
(n+ 1)-fold multiple integral now to be considered and the existence of Q(u). 

Let a “rectangular” region G in (n+1)-fold space be defined by the 
inequalities 0 < ¢ < th; 2} < a < aw’, 7 = 1,2,---,n. Then, over G, 
the multiple integral of z[sin(« — y)¢]/t exists, since the integrand is the 
product of two continuous functions. Then 


(13) Ji etsin (u—y)i\/tdtdz = [ratf.e [sin (« — y) t]/tdx. 


For in the right member integration with repect to dx yields a continuous 
function of ¢, continuous indeed for ¢ = 0, since in # the function y is 
continuous and hence bounded and, as ¢ approaches zero, sin(u — y)t/t 
approaches «—y uniformly. Now, by (7), for each positive «, there is 
a positive ¢, such that 


| Sf i we 
(14) i, 2 p2sin(u—y)tde| <3 
is valid for every ¢,>%,. Furthermore, 


} 1 | | u—y) ty | 


and, since by (5) the integral of z exists, we can find a “rectangular” 
region £, so that, if H encloses Z,, and £, is that portion of F not in £,, 


(16) fi eae! <=. 
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Thus 
| ("dt ; Pe if ik i dt é 
(17) Lf ef, esin(u— tae = | y,24% : sin(u— y)t-|<>- 


Hence, since ¢, and # may now increase without limit, (14) and (17) show 
the convergence of the (n+ 1)-fold integral of z[sin(u —y)]/t. But, since 
a sine is not numerically greater than unity, the integral over D of 
z[sin(u — y) t]/t exists for every positive ¢. Hence 


dt : 
fo fpesince —y)tdx 


exists, being equal to the corresponding multiple integral whose existence 
has just been proven. This establishes the equality of P(u) and Q(u) in 
(11) and (12), and the substitutions (6) then yield (8). 

We have just used the theorem that, if the multiple integral and 
a corresponding iterated integral both exist, they are equal. This theorem 
is also useful in the application of Theorem I, because integration is 
usually effected in such a case as an iterated process. 

To prove (9), we note that 

iv) 
(18) a = if R cos(ui — O-+ 4). (sin d/d) dt, 
where 6 = tAu/2. Here the two coefficients of R are numerically not 
greater than unity; hence, with ¢, large enough, the integral from 4, to « 
may be made less than ¢«/3, since, by hypothesis, R is integrable. In the 
interval from 0 to ¢, these coefficients approach their limits uniformly. 
Thus @P/du exists (finite) as given by (9). 

Instead of postulating the convergence of R, we may lay down the 
condition, 


(19) Sie sin (uw — y)t dx:| ee, 


resembling (7) somewhat, and a similar condition with sine replaced. 
by cosine. 

In passing, it may be noted that C(t), S(t), R(t), and O(t) are con- 
tinuous, O(¢) being multiple valued. C and R are even functions; S and O 
are odd functions of ¢. C and S are the “probable values” or “expec- 
tations” of cosy? and siny?¢ respectively. Hence, by a well known theorem, 


(20) R* = c#+.8< [ e(costyt + sin*y?) dz = 1. 


In fact, R <1 unless t= 0. 
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To obtain approximately the point of maximum or “mode” for p(w) 
in (9), we may first find 


oO 
(21) M = fey dx, 


if this exists. Then, referring to (6), we would in general have approx- 
imately for small values of t, S/t= M, and O= S= Mt. The mode 
for p(u) would then be expected near the value u = M; for then the 
cosine in (9) would approximate unity for small values of f. 

3. The law of frequency for a sum. 

THEOREM II. Let 9; (aj) be frequency functions for x;, with j = 1, 2,---,n, 
these functions thus being non-negative and integrable from —@ to +a 
with result unity. Set 


ace 
Gc = f. gj(x)costrdx; 3 = f. yj (x) sinta dx; 


(22) go =+ Ve+e; 6; = are sing/e; = are cosc/Q;; 


nr 
R=|[a; 6 = D4. 
1 


1 


Let 9; (a,) be of limited variation, and let each be either continuous or 
of limited variation. . Then the. probability P(u) that 


xy + Ie +++++ in < u, 
is 
1 1 2 : dt 
(23) P(x) = - -- +f R sin (ut — 9) ae 


If, furthermore, 2(x2) is of limited variation, 


dP 


(24) p(u) = _ 


1 Po) 
= +f R cos(ut — 9) dt. 
u a J0 


Moreover, in case each 9j(—2xj) = 9; (aj), then, in the above, 


(25) @=0; R= I[]o. 
1 


In case the ’s are all identical, we have—dropping subscripts— 


(26) O=nd; R= oe. 
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Proof. As this theorem closely resembles Theorem I, the argument may 
be abbreviated. We wish to show that (7) is satisfied under the conditions 
of Theorem II. Now, sin(w—2,—ax,—---—2n)¢ may be expanded into 
a sum of products of sines and cosines, so that, for integration, the 
variables, 2, %2,---, 2% separate. Each such product contains either 
sinz,¢ or cosz,t. In the plot of these functions as functions of 2, a 
“wave”—a half-period— of width 7/t above the 2,-axis is followed by a 
wave of the same width below this axis. The contribution of such a pair 
of intervals towards the integral of ¢, (7) sinz,¢ da, is thus numerically 
not greater than 2w/t, where o is the variation of »,(2,) in this pair of 
intervals. For any part. of a full period, the contribution is not greater 
than the product of 27/t by the upper bound of |¢,(2,)|.. Hence, inas- 
much as 9, (z,) is of limited variation, the integral of ¢, (x) sinz,¢ over 
any portion of the 2,-axis is numerically less than |k/t!, where k is some 
constant. Moreover, for any 7, the integral of 9; (z;) sinajt is numerically 
not greater than unity. This establishes (7) and (8),—indeed, (22) and (23), 
with the aid* of 


e? — coso+isind; i= V—1. 


For the proof of (24), we note that, if any two g’s are of limited 
variation, ¢° will appear in the denominator to insure the convergence of 
the integral with respect to ¢. . 

THEOREM III. Let 9; (aj) be frequency functions for x;, leading to (22). 
Let each g have but a limited number of points of maximum and points 
of discontinuity, the latter, when the discontinuity is infinite, being such 
that in the vicinity of a point of discontinuity a (omitting subscripts) 


(27) ‘z—al*o(a)< K, 


where « and K are positive constants «<1. Then, P(u) is given by (23). 
If, furthermore, n>1/(1—a), p(u) is given by (24). 

Proof. For each g, the z-axis may be divided into a finite number of 
portions in each of which g¢ is univariant. In passing from a finite maximum 
to a finite minimum, or vice versa, g has limited variation, and the dis- 
cussion of Theorem II is applicable. Likewise, near +o g(x) decreases 
with increasing |z|, and has limited variation. 

Suppose, now, that g(a) = + o and that dD is the first point of minimum 

*Cf. Catalan, Note sur une formule relative auc intégrales multiples, Journ. de Math., 
(1), vol. 8 (1843), pp. 239-240. Here no attempt is made to justify the change in the 
order of integration. 






























| 
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to the right of a. Then, in the interval from a to b, (x) does not 
increase. From (27) it follows that, if 6 is small enough, 


até ss K — 
(28) f yp (x) da< 5 crn di-e, 
Let 6 be determined from 
(29) bane 


;° 


Then 6 will be small for large values of ¢, in which we are interested 
for the convergence proof. Moreover, for the curve y = sinzt, a wave 
of width 7/¢ will exist in the interval from a to a+0. Let «, be the 
integral of g(x) sinxt corresponding tc this wave, « the integral corre- 
sponding to the next wave, and so on. The series ¢,-+¢,+ 6+ ---, 
continuing to the vicinity of b, is alternating in sign, and the numerical 
values of the terms do not increase. The numerical value of the sum is 
thus not greater than |«,|, which in turn by (28) and (29) is less than 
K'/\t|*-*, where K’ is some positive constant. The other points of infinite 
discontinuity may be treated in the same way; and, by hypothesis, there 
are only a limited number of them. Thus, the requirement (7) is satisfied, 
and (23) is valid. To obtain (24), we note that the integral of each 9;(2;) sin a;t 
puts into the denominator ¢ raised a power at least equal tol1—e. Con- 
vergence of the integral with respect to ¢ is then secured if n(l1—ea)>1. 

4, Illustrations. Some problems will now be given showing the appli- 
cations of the foregoing theorems. 

It should be noted* that if 8 is a single-valued continuous univariant 
function, 8 = g(x), with a derivative d8/dx = g'(x), and if w(8) is the 
frequency function for 4, then 


(30) (x) = W[g(a)] |g’ @)| 


is the frequency for x. If, indeed, g(x) is an increasing function, (x)dx— y(A)d£. 

The sum of projections. Suppose that a needle of length 7 is thrown n 
times upon a rectangular table. Let 8 be the inclination of the needle 
to one side of the table, whereO0 < &8< a. Then x =/ cos is the ortho- 
gonal projection of the needle. The assumption that all inclinations are 
equally likely leads to the frequency function w(4) = 1/m if O< B<a; 
otherwise w(8)—0. Then the frequency function for x is 


. 5s 1 


* Cf. Mayr, loc. cit., p. 20. 


jal <i; y(z) = 0, j2z\>l. 
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Theorem III is applicable with a = 1/2; and, if subscripts are used for 
the individual throws, the probability P(w) that 7 cos £,-+J/ cos A, + --- 
-+» +1 cos Bn, <u is 


2. .» 200 n 
(382) P(u) = $ — + f, Smutee [2 i (1? — x*)-¥? cos tx ar| 


7 


which may be computed by quadratures. 

Again, suppose that the above table is ruled wfth parallel lines at 
a distance b from each other, as in a diffraction grating. Let x now 
represent the projection upon these lines of a segment of the needle between 
two adjacent intersections. Then x = b cot & where 0 < 8< 77 as before. 
This leads to 





pees b ‘: ane toe é n — p—nbdt 
(33) p (x) “iad 7 (b? + a)’ s(t) as 8 0 ty A(t); @ (t) -=¢ ° 
Then the probability that u< 7, +a.+ ---+a,<u+du is 
- ae nb du 
(34) P’ (udu = alu DF 


The sum of cubes. Suppose that the weight w of certain solids, such as 
oranges or eggs, varies as the cube of a certain axis or length & and 
that § is subject to the Gaussian law 


e G—-a 20" 





, 1 
35 = ——— 
(35) w(&) GV on 
What is the probability that the weight of » of these solids will be at 
least equal to W? 

It is given that w = y&* where y is a constant. Set v = &/o; b = a/e; 
« =v’, Then the frequency law* for x is 


+ 


(36) y (a) = BE Bice e~" Spa. 
3V 2a 


For this function, Theorem III is applicable with a = 2/3. And, as z is 
a simple increasing function of v, we may transform from zx back to v to 
obtain c(#). Thus 


(37) () = — 


V2” 





oo 
f e oe &—P?2 cos tui dv. 





* Of. Rietz, loc. cit., p. 294. 
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If in (37) the cosine is replaced by sine, s(¢) is obtained. Then, with 
o = (c?+%)'?, 6 = arcsins/e = arccosc/e, the required probability that 
Dx = Wyo is 


ee arn eS dt 
(38) sof, oe” sin a" 0) 


where the negative sign appears in front of the integral because >w is 
to be greater than W, or at least equal to it. 

If a table giving 6 and loge were to be prepared to expedite the solution 
of problems of this character, one argument would naturally be 100/b, the 
coefficient of variability, and the other argument ¢. Small values of the 
variability would not need consideration because for such values the 
distribution would be approximately Gaussian. 

5. Conclusion. Analytic probability is essentially a part of function 
theory. The need of the strict methods of function theory is becoming 
more apparent with the use of frequency functions having infinite dis- 
continuities. This increases the chance that a change of variable or 
a change in the order of integration may lead to erroneous results if per- 
formed indiscriminately. The attempt has been made in this paper to set 
forth rather broad gener2] conditions under which certain useful operations 
may be employed safely in problems of probability. 


UnIversity OF TEXAS, 
September 11, 1924. 





THE FOUR TERM 
DIOPHANTINE ARCCOTANGENT RELATION. 


By A. A. BENNETT. 
The determination of integers, z, y:, ys, to satisfy the relation 
arccot x == arccot y, + arccot ys, 


is important* in determining simple formulas to serve in Gregory’s series 
to compute 7. This equation may be shown to be equivalent to the set, 
uv =2?+1,y, = x+u, ye = x+v, where all the arguments are integers. 
In connection with the corresponding four-term relation for which some 
infinite systems of solutions are here appended, the theorem is not so 
obvious. We have however the following 

THEOREM. The determination of integers, 2,, Xs. Yi, Ye, to satisfy the relation 


(1) arecot x, + arccot 2 = arccot y, + arccot ys, (x, +72 + 0), 


is equivalent to the determination? of integers to satisfy simultaneously the 
conditions, 
(2) My V, == Uy Ve = Ut; = Ure, (mod 2+ 29), 


(3) uv, = 2+, U,V, = 2+1. 
Proof. With (2) and (3) satisfied, the following expressions are integers, 


My Uy UY Uy Vy (a? + 1) 
XL, + Le x + He 
+ 
MH U, Ve— (a2 + 1) ae XL, L— 1 +4, % 
2 ReGen eer mee 5 = 
X + Xe ty + ae : 2 + ae 
Up v,— U, 2, u,v, — (23 + 1) %, %y—1 + u,v, 
Se. Made Sgro 
+ Hy 


ss u,v, — (a3 + 1) 43 


Toa 


2,.2%,—1+8, 9, ; 
+ “>= me Tis 
X + We 








ce, Somes 











Ly + Xe 
L, %— 1+ Uy Uy 


X + Xe 








X + 2p 





* For references, cf. Hobson, Plane Trigonometry, p. 310. 
+ This theorem is utilized in determining the complete table of solutions, within the 
limits specified, given at the close of this paper. 
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Now equation (1) may be expressed as 


(5) sae = he. (ct, + 2%» + 0). 


But the expression, (yi y2— 1)/(yi+ y2), reduces formally by use of (3) and (4) 
to the left hand member of (5), save for a common extraneous factor in 
numerator and denominator of the form, 2(x,72.—1)+mve+w, and 
this cannot vanish. For if it were zero, we should have 4(x,x,—1)* 
== (u; ve + ue v,)*, whence also —4(x,-+ 2)? = (um v2_—uev,)*, which is im- 
possible for real numbers unless both members vanish, contrary to the 
condition of (1). Thus the yj and y5 of (4) satisfy the conditions of (5) 
for y, and yz. Thus (2) and (3) lead to (1). 
Conversely, we have from (5) for y, the following: 


Ys (a 3 — 1) + (1 + 22) 
Ys (X, + a2) —(x 2 — 1) ° 





(6) ees 


If we denote this denominator by d, and solve for y, in this relation, we 
obtain y, = [(a,72—1)+d]/(x,+ 22). Substituting in (6), we get 


_ @+0 @+)+d@,2,—1) 





” sei de, +25) 


Since y, is an integer, the two algebraic factors, d, and 2,+ 2, of the 
denominator must be factors of the numerator. Thus in particular, d is 
a factor of (2?+1)(23+1), not excluding the case of d being unity. It 
is therefore possible in at least one way to express d as ugv, where tu 
is a factor, perhaps merely +1, of 22++1, and v, is a factor, perhaps 
trivial, of 2{-+1. Let the other factor of z?+1 be w,, and the other 
factor of 22+1 be v,. With this convention, (7) reduces to 








(8) ae Uy Vy Ug Ve + Us V; (2%; % —1) _ (mx2%—I1)+ury 
” Us V; (2, + xe) XL, + Xe ' 


which is of the form given in (4), where also the conditions (2) are satisfied. 
Substituting (8) in (5), we have after reduction the following relation for ys, 


(2,7,—1) + (x,%,—1)u,v.+ (a, + %y)” ee (ay +1)(23+1)+(@,2,—1)u,yv, 
(x + a) Uy Vs Se ae (2 + ay) tis v2 


UM Ue Ue + (%1 Xe — 1) ty Ue _ (ijtw—I)t+wen 
(x, + x2) Ue yay: 








¥ = 
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which is of the form given for y3 in (4). Since y, and y, are integers it 
is necessary that each of the expressions, y; —2,, ¥; —2%2, Y2—21) Y2 —%r, 
be integers, that is, as in (4), that (uv2— 14% )/(a +2), (uv2— Uav2)/(a +2), 
(Us vy — Uy v,)/(a + x), (Ug v1 — Ue ve)/(a,+ 22), be integers, whence (2). 
This completes the proof. 

For the relation (1) there are, beside the trivial solutions, 2, = y, 
Le = Ye, and 2% = Ye, % = y, certain other solutions of (1) that might 
be regarded as degenerate in that they may be obtained by use of the 
three term relation. Thus for any two factorizations of z*+1 as 7%, 
and 7:8, we have 


(9) arecot(z+7,)+ arecot(z + s,) = arceot(e+ 7.) + arccot (z + 8). 


We have also certain useful infinite systems of solutions of (1) which 
are not in this sense degenerate. For example, 


arccot[a(a + b)c] + arccot[b(a + b)c] 


(10) = arecot(abc) + arccot ([a?b?(a + b)?c?+ a? + ab +b] 0). 


For x and ¢ such that 42(z*?+-1) is exactly divisible by ¢?-+ 1 with quotient, 
s, we have the formula, 


(11) arccota-+ arccot(s — x) = arccot(2x-+ #)+ arccot(22 —?). 
This gives in particular for ¢ = 90 and 1, respectively, 


(11’) arccotz + arccot(42°+ 3x2) = 2arccot(2z), 
(11”) arecotxz+ arecot(22°+ 2) = arecot(2x+1)+ arccot(22—1). 


For x of the form 5k, 5k-+ 2, or 5k+3, we may take ¢ to be either 2 
or 3, and so on for special forms of x. More generally, for any x, a, b for 
which ab(a-+ 5) is exactly divisible by ab — (x* + 1) with quotient, c, we have 


(12) arecotz+ arccot(2 + a+b—c) = arecot(a#+ a)+ arccot(x+ bd). 


A complete table of all solutions of (1) for which O<2, 2, and 
0<2,+%,< 25 is here appended save only for the omission of the trivial 
solutions, x, — 4, Or x; = ys. These solutions were obtained by use of 
the congruences (2) and (3). The parentheses denote the values, (2, 22, y:, ys), 
while the tabular integer on the left is the value of x,+ 2. 
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. (1, 2, 0, — 3), 
(2, 2, 1, 7), (1, 3, 0, — 2), 


9 +9 — 13), (3, 3, 1, —7), 


(2, 4, 1 
° (2, 5, 1, ray 8), 
. (1, , 2, 2), (3, 5, 2, 18), (4, 4, 2, 38), 
( ’ 2, 43), (4, 5, 2, me 47), 
(3, 7, 1 

2 


7 
3, 6 
3, » 4) — 3), 

. (3, 8, ’ — 57), (4, 7, 2, te: 13), 

. (3, 9, 2, — 32), (4, 8, 3, 21), (5, 7, 3, 57), (6, 7, 2, —8), (6, 6, 3, 117), 
. (5, 8, 4, 13), (6, 7, 3, — 68), 

° (5, 9, 3, — 73), (6, 8, 3, — 31), 

° (2, 13, 1, dca: 4), (3, 12, 2, ees 17), (4, 11, 3, 72), (7, 8, 4, 47), (7, 8, 2, — 5), 
(7, 8, 3, — 18), 

. (4, 12, 3, 157), (7, 9, 5, 132), (8, 8, 4, 268), 

. (4, 18, 5, 8), (7, 10, 4, — 293), 

. (4, 14, 3, —183), (5, 13, 3, —21), (6, 12, 4, 302), 

. (4, 15, 3, —98), (6, 13, 4, —327), 

. (2,18, 8, 5), (3,17, 2, —12), (7,13, 2, —4), (7,13, 5, 47), (7,13, 4, —38), 
(8, 12, 5, 99), (9, 11, 5, 255), (10, 10, 5, 515), 

. (8, 13, 5, 666), (9, 12, 5, — 278), 

. (4, 18, 3, —47), (8, 14, 5, —577), 


. (3, 21, 4, 8), (5,19, 4, 200), (7, 17, 5, 307), (11, 13, 6, 438), (12, 12, 6, 882). 





ON WEYL’S TREATMENT 
OF THE PARALLEL DISPLACEMENT OF A VECTOR 
AROUND AN INFINITESIMAL CLOSED CIRCUIT 
IN AN AFFINELY CONNECTED MANIFOLD.* 


By Tracy YEeRKEs THOMAS. 


In a recent article in the Annalst J. L. Synge has treated the problem 
of the parallel displacement of a vector around an infinitesimal closed 
circuit in a manner which appears to be most satisfactory. But apart 
from this Synge has adversely criticized the work of certain other writers 
who have also treated this problem, among these Eddington and Weyl. 
Synge’s objection to Eddington’s method is undoubtedly correct, and in fact 
last year at the University of Chicago I criticized Eddington’s treatment 
on similar grounds. But his characterization of the work of Weyl as 
loose and unrigorous does not appear to me to be correct, although it is 
possible that many readers have experienced difficulty regarding Weyl’s 
treatment of this problem. I thought therefore that it might be desirable 
to give an exposition of the rigorous method, involving derivatives rather 
than differentials, by which Weyl considers the curvature of an affinely 
connected manifold.t A complete description of this method, applied how- 
ever in a slightly different connection, is to be found in Weyl’s Spanish 
lectures. § 

We consider a point P of our space through which a surface of para- 
metric representation || 


(1) af = af (s, t) t= 1,2,---,n 


passes, the parameters s and ¢ being so chosen that s = 0, ¢ = 0 is the 
point P itself. Let (&)) denote an arbitrary, vector at) P. Then the equations 


ag 


i « axe nollie 
(2) Fe + aa ds = Q, 





* National Research Fellow in Mathematical Physics. 

t Ann. of Math., vol. 25, p. 181. 

{Cf. Raum, Zeit, Materie, 5th ed., § 16, p. 120, where Weyl remarks that the dif- 
ferential processes may be made rigorous by the use of derivatives. 

§ Mathematische Analyse des Raumproblems (1923), Anhang 3, p. 64. 

|| We assume without special mention the analytic character of the surface (1) necessary 
for the subsequent processes. 
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expressing the condition that the vectors § along the parametric line t = 0 
be parallel, admit one and only one solution §(s,0) such that 


(3) (0, 0) = (Spo. 
Similarly the equations 


(4) ag 


dt 


dx? 
re = 
+ ap dt 0, 


which express the condition that the vectors § along the parametric line 
s = 0 be parallel, admit one and only one solution (0, ¢) satisfying the 
above condition (3). The vectors §(s, 0) and £ (0, ¢) for arbitrary values 
of s and ¢ are said to arise from the vector (§)) at P by parallel dis- 
placement along the parametric lines ¢ = 0 and s = 0 respectively. 

When we consider the functional vectors §*(s,0) and &#(0,¢), we see 
that there are two possibilities of extending these vectors by parallel 
displacement to the other points of the surface (1). For a given value 
of t= t we may displace the vector (0, ¢) in a parallel manner along 
the line ¢—%. Allowing & to assume all values we obtain a surface 
field of vectors which we denote by &(s,¢). The similar process, by which 
the vector &(s,0) is displaced parallel to itself along the line s = %, 
leads to a second surface field of vectors which we denote by £4(s, #). 
The vector fields &#(s,¢) and &4(s,¢) are each identical with &(s,0) and 
(0, ¢) along the parametric lines ¢ = 0 and s = 0 respectively. In view 
of this fact 

a" (5, — §') 


(5) gov aot {(PE—M) 5, 


where the derivatives in the right member are evaluated at the point 
s = 0, ¢=0 and where the dots indicate terms multiplied by s,¢. Hence 


G—*) _ (2G—D) - 


(6) lim 


8,t—>0 s-t 


Since &— & is a vector, it follows that the limit in (6) is a vector and 
hence 
0? (&4 — &°) 

@) ( 080 Ie 
is also a vector. 

The vector §4— &*, or more fully &4(s, ¢) — &*(s, ¢), represents the change 
of the vector &(s,¢) which results from parallel displacement around the 
closed circuit indicated by (s, 2); (s, 0); (0, 0); (0, 4; (s, é. 
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From its method of formation the surface field &(s,¢) satisfies the 
equations 


(8) oF + Tag 8 age 


identically. If we differentiate these equations with respect to ¢, evaluate 
at the point s = 0, ¢ = 0, and then make use of the fact that 


og « Ox 
(9) — Tigk sy = 0 when s = 0, 


we obtain 
/ 9? gi ry: ee da? ba7 » 8 ae 
(10) te a= — 0° s5i 


an equation in which both members are evaluated at the point s = 0, t= 0. 
Similarly 


ri, ri, ge oe bat 
aa’ os dt dso ds Ot’ 


+f “Ot Os’ 


i or ; 
(11) (=e) — — ap a OD Oa" nt ya Pah 


88 Ot] 00 our °° 6 Bes: ap ® a tbs 


Hence 


(12) 


where 





(eGe— | i ge Ooh Oa 
989t Io °*%” de dt’ 





(13) 


is the curvature tensor.* The equations (12), in which all quantities 
except Bapy are known to be vectors, give the rigorous proof of the tensor 


character of Busy: From (6) and (12) we have 


(14) 


where the quantities in the right member are evaluated at the point s = 0, 
t = 0. 

-We now make the transition to differentials. Putting 
(15) A= %&— 8 


* This is the negative of the curvature tensor used by Wey]. 
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and denoting an infinitesimal displacement from the point P, i. e., s = 0, 
t == 0, along the parametric line ¢ = 0 by dz‘, a similar displacement 
along the parametric line s = 0 by dz*, we have 


(16) AE = Big, 8 dx? bx 


as the differential equations corresponding to (14). In the equations (16), 
A& represents the change in the vector & on being carried by parallel 
displacement around the infinitesimal circuit (dz, dx). We should, strictly 
speaking, on the basis of the preceding work, consider the left member 
of (16), i. e., the increment A §*, as taken at the vertex of the circuit (dx, dx) 
opposite to the point P, and the right member of (16) as taken at the 
point P itself. 

In regard to the finite circuit Weyl has stated that this can be considered 
as the sum of the infinitesimal circuits into which a surface bounded by 
the circuit is decomposed by its parametric lines.* The remark is perhaps 
unfortunate, for, as Synge has pointed out, it is possibly not correct. But 
this remark in no way vitiates the character of the actual analysis. 





*See Raum, Zeit, Materie, p. 118. 


Ztricu, SwiTZERLAND. 
November, 1924. 








CONCERNING THE SUBSETS 
OF A PLANE CONTINUOUS CURVE.* 


By Harry MrerRi_t GEHMAN. 


I. Introduction. 

In the present paper we shall discuss plane continuous curvest with 
reference to certain problems concerning the subsets of a continuous curve. 
It will be understood that the point sets considered lie in a Euclidean 
space of two dimensions. In part II of this paper is given a method for 
the construction of a continuous curve from any bounded, closed, and 
connected point-set by the addition of a countable infinity of arcs, thus 
showing that any bounded, closed and connected point-set may be a subset 
of a continuous curve. In part III are given two conditions which are 
necessary and sufficient, and one condition which is sufficient but not 
necessary, that every closed and connected subset of a continuous curve 
be a continuous curve. In part IV is given a characterization of simple 
continuous curves by means of one of the conditions introduced in part III. 

In conclusion, we wish to express our thanks to Professor John Robert 
Kline, who first suggested the problems which are discussed in this paper, 
and who, by his never failing encouragement, has materially assisted in 


their solution. 
II. 


In this part we shall consider this problem: given a bounded, closed 
and connected point-set K, which is not a continuous curve; can we always 
construct a bounded, connected point-set Z, such that K+ JL is a con- 
tinuous curve? If so, what conditions must the set ZL satisfy? 

The first question is answered in the affirmative by Theorem IJ, while 
Theorem I and its corollary state that Z must be a set which cannot be 
expressed as the sum of a finite number of arcs. 

THEOREM I. If K is a-bounded, closed and connécted point-set, which is 
not a continuous curve, and if L is any arc, then K+ L is not a con- 
tinuous curve. 

Proor. Since K is not a continuous curve, it contains a continu of 
condensation W, such that K is not connected im kleinen at any point of W.t 


*Various parts of this paper were presented to the American Mathematical Society, 
April 19, October 25, and December 30, 1924. 

+ For definitions and theorems concerning continuous curves, see R. L. Moore: Report 
on continuous curves from the viewpoint of analysis situs, Bull. Amer. Math. Soc., vol. 29 
(1923), pp. 289-302. This paper will hereafter be referred to as “Report”. 

t Report: pp. 296-97. 
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Suppose Z is an are which does not contain every point of W, and let P 
be a point of W which is not a point of Z. Since L is closed, about P 
we can put acircle C, not containing or enclosing any points of L. Since 
the only points of K+ LZ which C contains or encloses are points of K 
only, and since K is by hypothesis not connected im kleinen at P, it 
follows that K+ L is not connected im kleinen at P, and therefore that 
K+ L is not a continuous curve. 

Suppose Z is an are which contains every point of W. Since W is closed 
and connected, W is an are, AB, which is a sub-are of L. Let P be 
a point of AB.* Since L—AB is closed, we can put about P a circle C, 


not containing any points of i: — AB. C will contain no points of LZ that 


are not also points of K, and therefore, as in the preceding paragraph, 
K+ L is not connected im kleinen at P, and is not a continuous curve. 

We have shown that no matter how the are L be constructed, K+ L 
is not a continuous curve. The following corollary can be proved by 
a repeated application of Theorem I. 

CoroLuaRY. If K is a bounded, closed and connected point-set, which is not 
a continuous curve, and if L is any point-set which can be expressed as the 
sum of a finite number of arcs, then K+ L is not a continuous curve. 

Note that the next theorem shows the necessity of assuming in this 
Corollary that the number of arcs into which LZ is separated, is finite. 

THEOREM II. Jf K is a bownded, closed and connected point-set, which is 
not a continuous curve, there exists a bounded connected point-set L consisting 
of a countable infinity of arcs, such that K-+-L is a continuous curve. 

Proor. Let us construct in the plane of K a pair of coérdinate axes, 
and let us select our unit of length so that the diameter of K is greater 
than 2. Since K is bounded, there is some positive integer n, such that 
every point of K is at a distance less than m from the origin. 

Let Z, be the sum of the straight line intervals from (— n, 2) to (n, 2), 
(¢ = 0, +1, +2,---, +7), and the straight line intervals from (j, n) to 
Gj, —n), G = 0, +1,+2,---, +1). 

Let W denote the set of all points of K at which K is not connected 
im kleinen, plus all limit points of such points. In each square of unit 
side formed by intervals of Z,, that contains or encloses a point of W, 
let us join the mid points of opposite sides by segments of lines parallel 
to the X and Y axes. Let Z, be the sum of the segments thus added. 

In general, let LZ; (¢ = 3, 4, 5,---), be the set of segments added to 
In+ In+ --- +Zi-1, by joining mid points of opposite sides of each square 


*If XYZ is an are, XYZ—=XYZ—X—Z. 
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of side 1/2*-* formed by intervals of L,+2,+ --- + 24-4, that contains 
or encloses a point of W. 

Let D=2,+44+---+4,4+.-.--. Since each L; consists of a finite 
number of arcs, Z will consist of a countable infinity of arcs. The set L 
is bounded and connected. JZ is not necessarily closed, but every limit 
point of Z which is not in Lis a point of W. Therefore K+ L is bounded, 
closed and connected. 

The set L (and therefore K+ L) is connected im kleinen at all points, 
which are not points of K. The set K (and therefore K + L) is connected 
im kleinen at all points, save points of W. It remains to be shown that 
K-+ L is connected im kleinen at every point of W. 

Let P be a point of W. Let us put about P as center a circle C, of 
arbitrary radius «. There exists an integer j such that 1/2/<e, By our 
method of formation of L, P is enclosed by a square formed of arcs of 
In+Io+ --- +Lj+s, the diameter of which is V 2/2/+4 or less and there- 
fore less than 1/2/. The points of K+ L, lying within and on this square 
form a connected set N containing P and lying within the circle C. Hence, 
if we construct a circle C’ having P as center and lying within the square, 
any point of K+ L within the circle C’ is joined to P by the connected 
set N which lies within C. Therefore K+ L is connected im kleinen at P, 
where P is any point of W. 

Therefore K+ Z is a continuous curve, since it is connected im kleinen 
at every point. This completes the proof of Theorem II. 

Another method for the construction of a set Z, which is such that K+ L 
is a continuous curve, would be to let Z be all points (a, y), such that 
la] < m, and |y|<m. In this case, however, Z would consist of an un- 
countable infinity of arcs, and the continuous curve K + ZL would be every- 
where dense within the square whose vertices are (+n, +7). 

The method outlined in Theorem II is such that L + W is nowhere dense. 
For suppose the interior of some circle C contained only points of L + W. 
If D, the interior of C, consisted entirely of points’ of W, then K would 
be connected im kleinen at all these points, contrary to the definition of W. 
Some points of D are therefore not points of W. Let P be a point of D 
which is not a point of W, and therefore is a point of Z. Let us construct 
about P a circle C’ within C, and enclosing no points of W. As in the 
previous discussion, there exists an integer j7>2, such that C’ encloses 
a square of side 1/2/-* or less, formed from lines of Z,+ 2+ ..-+ LZ, 
which encloses P. The square encloses no points of W, and therefore the 
supposition that it encloses a point P of ZL, contradicts our definition of 
the construction of L. 

We have thus proved that, if Z is constructed as in Theorem LI, it 


4* 
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follows that, if K is nowhere dense, K-+Z is nowhere dense, while, if K 
is dense in any parts, K+ JZ is dense only in those parts in which K 
is dense. 

We can include Theorem I, its Corollary, Theorem II, and this additional 
property of K+ Z in a new theorem: 

THEOREM III. If K is any bounded, closed and connected point-set which 
is not a continuous curve, a point-set L consisting of a countable set of 
arcs, necessarily infinite in number, can be so constructed that K+ L is a 
continuous curve which is dense only in those parts in which K is dense. 


III. 


It is well known that a continuous curve may have the property that 
each of its closed and connected subsets is also a continuous curve, while 
another continuous curve may contain closed and connected subsets which 
are not continuous curves. In the first class is any continuous curve which 
contains no simple closed curve;* in the second class is any continuous 
curve which is dense in any part. In this section we obtain necessary 
and sufficient conditions that a continuous curve be in the first class, i. e., 
that every closed and connected subset be a continuous curve. 

We shall first introduce and discuss several definitions. 

Definition. If M and W are point-sets, then M is said to be connected 
im kleinen relative to W at a point P, if for every positive number ¢, there 
exists a positive number 0d, such that, if X and Y are any two points 
of M at a distance less than d from P, then they lie in a connected 
subset of M, which is such that either (1) every point is at a distance 
less than ¢ from P, or (2) every point is at a distance less than « from 
a point of W. 

Definition. If M and W are point-sets, then M is said to be wniformly 
connected im kleinen relative to W, if for every positive number «, there 
exists a positive number 0d, such that if X and Y are any two points 
of M at a distance apart less than 6, then X and Y lie in a connected 
subset of M which is such that either (1) it lies within a circle of radius «, 
or (2) every point is at a distance less than « from a point of W.t 

If M is a closed and bounded set and is connected im kleinen relative 
to W, then it is uniformly connected im kleinen relative to W, but this is 
not necessarily true in case M is open or unbounded. 

The property of being relatively uniformly connected im kleinen is weaker 


* 8. Mazurkiewicz, Un théoréme sur les lignes de Jordan, Fundamenta Mathematicae, 
vol. 2 (1921), p. 123. 

t This notion is somewhat akin to that of relatively uniform convergence of functions, 
due to E.H. Moore. See The New Haven Mathematical Colloquium. 
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than that of being uniformly connected im kleinen, and the property of 
being relatively connected im kleinen is weaker than that of being connected 
im kleinen. The properties of being relatively uniformly connected im kleinen 
and of being connected im kleinen are independent of each other; a set 
may have either property without having the other. For example, if W 
is a point on a simple closed curve J and M is J— W, then M is con- 
nected im kleinen but is not uniformly connected im kleinen relative to W. 


On the other hand, if M is the curve y = sin—, for 0<.2% <1 plus the 


interval of the Y-axis between y=1 and y=-—H1, and if W is the 
portion of the Y-axis included in M, then & is not connected im kleinen 
but it is uniformly connected im kleinen relative to W. 

For the special case where W is closed and has no points in common 
with M, the property of being relatively uniformly connected im kleinen is 
stronger than that of being connected im kleinen. We have given above 
an example in which M is connected im kleinen but not uniformly connected 
im kleinen relative to W. If, however, a set M is uniformly connected im 
kleinen relative to W, where W is closed and has no points in common 
with M, then M is connected im kleinen. For if it were not, it would 
fail to be connected im kleinen at a point P. Let ¢ be less than one-third 
the distance from P to any point of W. For any number d, there are 
points in M at a distance from P less than 6 that cannot be joined to P 
either by a connected set in M which lies within a circle of radius ¢ or 
by a connected set which is such that every point is at a distance less 
than « from a point of W. The set M is therefore not connected im kleinen 
relative to W, either uniformly or non-uniformly, contrary to hypothesis. 

Therefore in case W is closed and has no points in common with M, the 
property of being relatively uniformly connected im kleinen lies between the 
properties of being connected im kleinen and of being uniformly connected 
im kleinen. The property S defined by R. L. Moore* is also a property 
which lies between these.two properties. The following examples show, 
however, that, if W is closed and has no points in common with M, the 
property of being relatively uniformly connected im kleinen and the property S 
are independent of each other. For if W is a point on a simple closed 
curve J, and M is J—W, then M has property S, but is not uniformly 


connected im kleinen relative to W. If M is the curve y = sin “, for 


0<2<1, and Wis x = 0 for —1 < y <1, then M is uniformly connected 
im kleinen relative to W but does not have property S. 





* Report, p. 296. “A point set M has property S if, for every positive number e, M is 
the sum of a finite number of connected subsets each of diameter less than ¢.” 
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Definition. An R—set is a closed and connected point set N, containing 
a continu of condensation W, such that N—W is uniformly connected im 
kleinen relative to W. 

THEOREM IV. Jf M is a continuous curve, a necessary and sufficient 
condition that every closed and connected subset of M be a continuous curve, 
is that M contain no R-sets. 

Before proceeding with the proof of Theorem IV, we shall prove two 
lemmas which are needed in the proof. 

LemMA A. If A is a connected set, and if B is a connected subset of A, 
such that A—B is disconnected, and if A— B= H,+ Hy, is any method 
of expressing A— B as the sum of two mutually separated* sets, then B-+- H, 
and B+ Hy are connected. 

Proor. Suppose B+ H, were disconnected. Then B+ H, can be 
expressed as the sum of two mutually separated sets 7;+ 7:. Since B is 
connected, B lies entirely in one of these sets, say 7;. In that case, 
T, is a subset of H,. Now the sett A=(B+4H,)+4,=7,+-7.4+A0 
=(7,+H,)+7;. But 7, and 7; are mutually separated, and so are 
H, and T;, beeause H, and Hy are mutually separated and 7; is a subset of Hj. 
Therefore A it expressed as the sum of the two mutually separated sets: 
(T,-+ Hz) and T,, and A is therefore disconnected, contrary to hypothesis. 

Therefore B+ H, is connected. A similar proof shows that B+ H, is 
connected. 

LEMMA B. Any maximalt connected subset of a continuous curve contained 
im a simple closed curve plus its interior, is also a continuous curve. 

Proor. Let M be a continuous curve; J a simple closed curve; J the 
interior of J; K a maximal connected subset of M lying in J+J. We shall 
prove that K is a continuous curve. 

The set K is closed and connected. We shall next show that K is 
connected im kleinen at every point. Let P be a point of K interior to J. 
Since the continuous curve YU is connected im kleinen at P, if we construct 
any circle J, interior to J and having P as center, there can be constructed 
another circle J,, interior to J; and having P as center, such that every 
point ot M interior to Jz can be joined to P by an arc in M interior to Jj. 
As K is a maximal connected set all such points and all points of such 
ares lie in K, and therefore we can say that corresponding to the circle J; 
there exists the circle J; such that every point of K interior to J; can be 
joined to P by an arc in XK interior to Jj. 


*Two sets are said to be mutually separated if neither set contains a point or a limit 
point of the other set. 

TA set A is said to be a maximal connected subset of a set B, if A is a connected 
subset of B which is not a proper subset of any other connected subset of B. 
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In case a circle Js is constructed about P as center but not interior 
to J, we can construct a circle J, about P as center which is interior to 
both J; and J. As above, a circle J, exists such that every point of K 
interior to J; can be joined to P by an arc in K interior to J, and there- 
fore interior to J;. Therefore K is connected im kleinen at P, where P 
is any point interior to J. 

Let Q be a point of K on J. If K is not connected im kleinen at Q, 
it fails to be connected im kleinen at any point of a continu of con- 
densation Z. Since K is connected im kleinen at all points interior to J, 
it follows that LZ is a subset of J, and is therefore either an arc or the 
simple closed curve J. Let Q, be any point of Z, but not an end point 
in case LZ is an arc. As Q, is a point at which K fails to be connected 
im kleinen, there is a circle J, about Q, as center such that no circle J; 
can be constructed within J, and with center at Q, and such that every 
point of K within J; can be joined to Q, by an are in K lying within J,. 
We shall obtain the desired contradiction by showing that such a circle J; 
can be constructed. 

If Q.Q, Qs be an arc in Z and interior to J,, we can construct an arc 
joining Q, and Qs, interior to J,, and interior to J save for its end points. 
We can also construct an arc joining Q, and Qs, interior to J,, and exterior 
to J save for its end points. These two arcs form a simple closed curve J,, 
which contains Q, and Q, and encloses Q, Q,; Qs, and which is interior to J,. 
Since the continuous curve YU is connected im kleinen at Q,, corresponding 
to J, is a circle J; interior to J, and having Q, as center such that every 
point of M interior to J; can be joined to Q, by an arc in M interior to J,. 
If any point of M interior to J and to J; is joined to Q, by an are 
interior to Jz, and having points exterior to J, this arc has a first point 
in common with Q, Q, Qs, since Q: Q; Qs is the subset of J which separates 
the interior of J, into points interior to J and points exterior to J. There- 
fore any point of M interior to J and to J; can be joined to Q, by an 
are lying in J+J, and isstherefore a point of K, as’ are all points on these 
arcs. Therefore all points of K interior to this circle J; can be joined 
to Q, by an are in XK interior to J, and therefore interior to J,. Thus 
our supposition that K is not connected im kleinen at Q has lead to 
a contradiction. 

Therefore K is connected im kleinen at every point, and is therefore 
a continuous curve. 

PROOF OF THEOREM IV. We shall first prove that the given condition is 
necessary by showing that an A-set either is not a continuous curve, or 
contains a closed and connected subset which is not a continuous curve. 
That sets of the first type exist may be seen by the aid of the following 
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example in which the set N consists of W, which is the interval of the 
Y-axis between y = 1 and y = —1, and N—W, which is the curve, 


y= sin—, for 0< 47 <1. 


Let us suppose then that N is an A-set which is a continuous curve. 
Since N—W is uniformly connected im kleinen relative to W, given «, >0, 
there exists a number 0, >0, such that if two points of N—W are at 
a distance apart less than d,, they can be joined by a connected subset 
of N—W, which either lies entirely within a circle of radius ¢,, or is such 
that every point is at a distance less than «, from a point of W. They 
can therefore be joined by an are in N—W, satisfying one of the two 
conditions.* 

If we put about each point of W as center a circle of radius 4,/4, 
by the Heine-Borel Theorem we can select from this infinite set a finite 
subset of circles, C,, Cs, ---, Cn, covering W. Let P; (é = 1, 2,---, ) be 
a point of N—W lying within C;. Since W is connected, each circle of 
C,+C,-+ ---+Cn will intersect at least one other circle. We will arrange 
the set of circles in some order, Cn,, Cn,,---, Cn, such that (1) each circle 
occurs at least once, and (2) each circle intersects both the preceding 
and the following circles in this arrangement. If C; and C; intersect 
(i,7 = 1,2, ---, m), Pi and P; are at a distance apart less than d,, and 
can therefore be joined by an arc in N—W, every point of which is at 
a distance less than either (2¢,-+406,) or «, and therefore less than 346, 
from a point of W. 

If we construct the ares, Pn, Pn,, Pn, Pn, ---, Pn, Pn, their sum is 
a continuous curve K,, having no points in common with W, and such that 
every point of K, is at a distance less than 3¢, from some point of W, 
and every point of W is at a distance less than 4d,/2 (and therefore less 
than ¢,/2) from some point of K,. 

If 3e, is less than the distance from any point of W to any point of K,, 
we will construct a continuous curve K, corresponding to « in the same 
way that K, corresponds to 4. 

By this process we obtain an infinite sequence of continuous curves, 
K,, Kz, Ks, ---, each one having no points in common with any other one 
or with W, and such that every point of K; (é = 1, 2, 3, ---) is at a distance 
less than 34; from some point of W, and every point of W is at a distance 
less than «,/2 from some point of Kj. For i> 2, «;<«-,/6. From these 
considerations, it follows that the only limit points of (K, ++ K,+ K;+ ---) 
are in W, and every point of W is a limit point of (K,+ K,+K,+--:). 





* Report, p. 294. See also: R. L. Moore, Concerning continuous curves in the plane, 
Math. Zeit., vol. 15 (1922), p. 255. 
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Let P be a point of W. Let @ be a positive number such that there 
are points of W at a distance greater than « from P. Since N is connected 
im kleinen at P, given a > 0, there exists a number & > 0 such that any 
point of N at a distance less than 8 from P can be joined to P hy an 
arc in N of diameter less than @. Only a finite number of the sets, 
K,, Kz, Ks,-+-, have no points closer to P than #, and therefure there 
exists an integer m such that, fori >m, K; has points at a distance less 
than 8 from P. Let Q;(i>m) be a point of K; at a distance less than 
8 from P. Let us join each of the points, Qm, Qmii, Qmi2,---, to P by 
an arc in N lying within a circle of radius « having P as center, which 
circle we shall denote by C. 

We will now show that K =W+-(Kin+Kma+ +) +(QmP+OmiiP+-+:) 
+ limit points is a subset of N which is closed and connected, but which 
is not a continuous curve because it is not connected im kleinen. The 
set K is connected, by construction, because it consists of a countable 


infinity of connected sets [W, and (K;+Q;P)], each of which contains P, 
forming a connected set which remains connected upon the addition of its 
limit points. But K is also closed, since we have included in K the limit 


points of (Qn P+ ---), all of which lie within or on the circle C. 

Let A be a point of W exterior to C. If ¢ is less than the distance 
from A to any point of C, then although there are points of K [i. e., points 
of (Km+ Kmii+ ---)] arbitrarily close to A, these points can be joined 
to A only by a connected set in K which lies partly within C, and there- 
fore is of diameter greater than «. 

Therefore K is not connected im kleinen at A, and is therefore not 
a continuous curve. 

Continuing our proof of Theorem IV, we shall next prove that the given 
condition is sufficient by showing that, if some closed and connected subset K 
of a continuous curve M is not a continuous curve, then M contains an 
R-set. ‘ 

By means of R. L. Moore’s characterization of closed and connected sets 
which are not continuous curves,* it is evident that K must satisfy the 
following conditions: there exists a square ABCD in the plane, and 
a countable infinity of closed and connected sets, W, K,, Ky, Ks, ---, such 
that (1) each of these sets is a subset of K, has at least one point on 
AD and at least one point on BC, has no points on AB or CD, and is 
a subset of the set H consisting of ABCD and its interior, (2) no two of 
these sets have a point in common, and no one of them (save possibly W) 
is a proper subset of any connected point-set which is common to K and H, 





* Report, pp. 296-97. 





38 H. M. GEHMAN. 


(3) the set W is the sequential limiting set* of the sequence of sets, 
K,, KE, Ks, wie, 

From (1) and (2), if K’ is any one of the sets, W, K,, Ky, Ks,---, then 
H—K’ is disconnected into at least two connected parts, of which one 
contains AB and a second contains CD, and no connected part save these 
two contains any point of W+K,+K,+4,+---. In the case of 
H—W, either H,, the connected part containing AB, or H., the connected 
part containing CD, contains an infinite number of sets of K,, Ke, Ks,---. 
Suppose H, contains an infinite number. 

Let E£ be a point of W interior to ABCD. If we put a circle of 
radius ¢ about H as center, « being chosen so that the circle is interior 
to ABCD, then, since M is a continuous cnrve, there exists a number 0, 
such that any point of M within a circle of radius d about EF as center 
can be joined to E by an arc in M within the circle of radius «. By (3) 
the circle of radius d contains a point F' of Ka, where Kz is one of the 
sets, K,, Kz, Ks,---, which lie in H,. The are EF in M and within 
the circle of radius ¢ contains as a subset an are E#, F, such that £Z, is 
in W, F, is in Ka, E, F, has no points in common with either W or Ka, 
E, F, lies, except for #,, in H,. 

Let \, be the maximal connected subset of M lying in H, and con- 
taining F,. Evidently N, will contain #, F,, the set Ka, and an infinite 


number of other sets of K,, Ky, Ks,---. Since any limit point of AH, not 
contained in H, is contained in W, all limit points of N, which are 
not in N, are in W. Since N, contains an infinite number of the sets: 
K,, Ke, Kg---, and since W is their sequential limit, it follows that every 
point of W is a limit point of N,. Therefore N,-+-W forms a closed set, 
which we shall designate by JN. 

We shall now show that WN is an R-set. N is closed and connected, 
and W is a continu of condensation of N. We shall next prove that 
N—W is uniformly connected im kleinen relative to W. 

Let us select a positive number «. From (3), corresponding to « there 
is a positive integer n such that, for 7 >, every point of K; and every 
point of that connected part S of H,— K; which has limit points in W 


* The point-set M is said to be the limiting set of the sequence of point-sets Mi, M2, Ms, --- 
provided that (a) each point of M is the sequential limit point of an infinite subsequence 
of some sequence of points, P:, Ps, Ps,---, such that, for every », P, belongs to Mu, 
(b) if Pi, Pa, Ps,--- is a sequence of points such that, for every , P,» belongs to Mn, 
then M contains the sequential limit point of every subsequence of P:, Ps, Ps,--+ that 
has a sequential limit point. If the further condition is satisfied that every infinite sub- 
sequence of the sequence, Mi, Ms, Ms,---, has the same limiting set M, then M is said 
to be the sequential limiting set of the sequence M:, Ma, Ms,---. 
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is at a distance less than « from some point of W. Let a number i: be 
chosen such that i>m and such that K; is in N. We shall denote 
S+ K; by Hs. 

The set N—W is connected, because N —W = N,, and N, is connected 
by definition. Therefore any two points X and Y of N—W in H, can 
be joined by a connected set in N—W. If this connected set has points 
in H,— H;, the removal of K; disconnects it into the subsets lying in 
H,— K; and in H,—H;. By Lemma A, the subset in H,— K; and the 
set K; form a connected set joining X and Y in H;. Therefore any two 
points in H; can be joined by a connected set in H;, and therefore such 
that every point is at a distance less than « from a point of W. 

In the set S = H,—K; let us construct an are C,D, such that C, is 
on BC, D, is on AD, and C.D; is interior to ABCD. The arc C,D, 
and the arcs D,A, AB, and BC, of ABCD form a simple closed curve J 
which contains or encloses all points of K;, and which contains W in its 
exterior. Let Z be the maximal connected set of M lying in J plus its 
interior and containing K;. Since J plus its interior is a subset of Aj, 
L is a subset of N. By Lemma B, L is a continuous curve. 

Since Z is a continuous curve, L is uniformly connected im kleinen. 
Therefore corresponding to our given ¢, there exists a positive number 4, 
such that, if the distance between any two points of ZL is less than 4,, 
the two points lie in a connected subset of Z which lies in a circle of 
radius ¢. 

No point of Z save points on C,D, can be a limit point of points of 
N—L. Therefore there is a positive number 6, which is less than the 
distance from any point of K; to any point of N—L. Note also that 
all points of N—L lie in S+W = H,— K;+ W and none lie in H,— Hs. 

We shall now show that, if ¢ is selected so as to satisfy the inequalities 
d<d,, d<d,, then, if X and Y are any two points of N—W at a 
distance apart less than 6, they can be joined by a connected subset of 
N—W which is such that either it lies within a circle of radius é, or 
every point is at a distance less than « from a point of W. 

If X and Y are points of N—W in Hs, we have shown that they can 
be joined by a connected set such that every point is at a distance less 
than « from a point of W. If X is a point of N—W in H,—-Hsy, it is 
a point of Z and, since d<6,, Y is also a point of LZ. Then, since 
d6<4d6,, X and Y can be joined by a connected subset of L (and there- 
fore of N—W) lying in a circle of radius «. 

Therefore N is an R-set, which completes the proof of Theorem IV. 

THEOREM V. If M is a continuous curve, a necessary and sufficient con- 
dition that every closed and connected subset of M be a continuous curve is 
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that, given any positive number «, M contains at most a finite number of 
mutually-exclusive closed and connected sets of diameter greater than «. 

Proor. The given condition is sufficient. For if some closed and con- 
nected subset N of UM is not a continuous curve, then from R. L. Moore’s 
characterization of closed and connected sets which are not continuous 
curves it follows that N will contain an infinite number of closed and 
connected sets of diameter greater than some fixed number «, and no two 
of the sets will have any points in common. 

To show that the condition is necessary, we shall show that, if every 
closed and connected subset of M is a continuous curve, the supposition 
that M contains an infinite number of mutually-exclusive closed and con- 
nected sets of diameter greater than some fixed number « leads to a 
contradiction. Let these sets be M,, M:,---. 

In M:(i=1,2,3,---) let A; and B; be two points whose distance 
apart is more than «. Since M; is a continuous curve, by hypothesis, 
there is an arc A; B; in M; whose diameter is more than «. Let A be 
a limit point of the points A,, A,,---. From the set of points A,, As,---, 
select a subset An,,An,,---, approaching A as a sequential limit point. 
If B is a limit point of the corresponding set Bn,, Bn,,---, then we can 
select a subset of Bn,, Bn,,---, say B;,, By,---, approaching B as a 
sequential limit point. If we replace’ Aj, by C; (¢ = 1, 2,---) and Bj, by 
D; = 1, 2,---), we have this state of affairs: an infinite sequence of 
ares C, D,, C, Dz, --- in M, no pair having any points in common, such 
that C,, C,,--- approach A as their sequential limit point, the distance 
from C; to Dj (¢ = 1, 2,---) being more than «. 

An are C,A can be passed through all the points of C,, C,,---, and 
an arc D,B can be passed through D,, D;,,---.* Moreover, these arcs 
can be drawn so that they have no points in common and so that they 
have only C, and D, in common with the arc C,D, of M. Each of the 
arcs C;D,, C;Ds,---, of M contains a subarc, E,F:, 2, Fs,---, such 
that EZ; is on C,A, F; is on D,B, and E;F; has no other points in 
common with C,A or D,B. 

From the set of arcs FE, F;, E; F3,---, we can select a subset En, Fn,, 
En, Fn,, --- such that, if H; F; and E, F;, are any two distinct arcs of the 
subset, then either Z; F; is interior (save possibly for its end points) to 
the simple closed curve E;, Fi, DiGi, or Ey Fy is interior (save possibly for 
its end points) to the simple closed curve E; F; D,C,. 

Let £ be a limit point of the set En,, En,,---. The point E will be on 
the arc (1A. Let G1, G2,--- be a subset of the set En, En,,--- which 


*R. L. Moore and J. R. Kline, On the most general plane closed point-set through which 
it is possible to pass a simple continuous arc, Aan. of Math., vol. 20 (1919), p. 218. 
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approaches EF as a sequential limit point, and such that G; lies between G; 
and # on the are C, A, if 7<7. Except possibly for a finite number of 
points, the corresponding points H,, H,,--- of the set Fy, Fy, Fy, --- will 
occur on D, B in the same order as the points G,, G,,--- occur on C, A. 
Suppose this holds true for all points after Hn». If F is a limit point of 
the set Hn, Hnis,---, it cannot lie between any two of them, nor can Hy 
lie between F' and Hys:, and F is therefore a sequential limit point of 
Hn, Hn, --- and H; lies between H; and F'on the are D, B if n <j <i. 

We have now an infinite sequence of arcs Gy Hn, Gni1 Anis, ---, such 
that G; is on C; A, and H; is on D, B, and such that the simple closed 
curve G; H; H; G; contains and encloses the are Gy H;, ifi<k<j. Let W 
denote the set of limit points of G, H,, G, Hy, ---; W is closed and contains E 
and F. If W were not connected, we could enclose V, the largest connected 
part of W that contains Z, by a simple closed curve J not containing any 
points of W and having points of W —V in its exterior.* 

Let P be a point of W exterior to J. A circle J’ exterior to J about P 
encloses points of infinitely many of the arcs G, Hn, Gris Hanis, ---. Since J 
encloses EZ, J encloses points of all but a finite number of the arcs Gn Hp, - - -. 
There are therefore an infinite number of arcs having points interior to J 
and also points exterior to J (i.e., interior to J’), and therefore having 
points on J. Some limit point of Ga An, Gris Anis, --- therefore lies on J; 
that is, some point of W is on J, contrary to our hypothesis on J. There- 
fore W is connected. 

The set W, being a closed and connected subset of M, is a continuous 
curve. Draw the are EF in W. If W— EF +0, every point of W— EF 
is enclosed by the simple closed curve EF HnGn. Note also that no one 
of the arcs Gn An, Gni1 Hn4, --- has any points in common with W, other- 
wise our hypotheses on Gy Hn, Gnis Hn+s, ---, are contradicted. 

The set M is connected im kleinen at HE. Therefore, if we put a circle 
about FE such that F lies in its exterior, there exists a number k > n, 
such that, if 7 > k, an arc G;E in M lies within’ the circle. 

Let N be Gx Hx + Gets Aniit --- plus G; E+ Geis E+ --- plus W plus 
limit points of Gy E+ Gn41 H+ --- all of which lie within the circle about £. 
The set N is a closed and connected subset of M, which is therefore 
a continuous curve. But WN is not connected im kleinen at F' because, if 
a circle is put about F having no points in common with the one about Z, 
it will contain points of N arbitrarily close to F, these points being points 
of Gy Hk+ Geis Heii+ ---, and, since each of these arcs is distinct and 
has no points in common with W, points on different arcs can be joined 


* L. Zoretti, Sur les fonctions analytiques uniformes, Journ. de Math., 6° ser., vol. 1 
(1905), p. 10. 
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in N only by connected sets having points within the circle about FH and 
therefore exterior to the circle about F. 

We have thus obtained the desired contradiction and the proof of 
Theorem V is completed. 

THEOREM VI. If M is a continuous curve, a sufficient (but not necessary) 
condition that every closed and connected subset of M be a continuous curve 
is that, given any positive number «, M can be expressed as the sum of 
a finite number of closed and connected point-sets each of diameter less 
than «, and each pair of sets having at most a finite number of points in 
common. 

Proor. Let M= M,+ M,+---+ Mn, each a closed and connected set 
of diameter less than ¢, and let the points of M@ common to two or more 
of these sets be P,, Ps,---, Px. We shall determine the maximum possible 
number of mutually exclusive closed and connected sets of diameter greater 
than « that are contained in M. 

Any such set does not lie entirely in any one of the sets M,, M,,---, Mn 
and, being connected, must contain at least one of the points P,, Py,---, Px. 
No two of the sets of diameter greater than ¢ can contain the same point, 
P;, as the sets are mutually exclusive. Therefore * is the maximum 
number of such sets. 

Therefore, by Theorem V, every closed and connected subset is a con- 
tinuous curve. 

The following example shows that the condition is not necessary. Let 
By be the straight line intervals from (0,0) to (2,0), from (2,0) to (1, 1), 
and from (1,1) to (6,0). Let B, be the straight line intervals from (1, 0) 
to (4, 4); from (1,0) to (14, 4). Let B, be the straight line intervals 
from (4, 0) to (4, 3); from ($, 0) to (#, 3); from (14, 0) to (1}, 4); from 
(14, 0) to (1%, 4). Im general, the intervals of B;(i— 1, 2, 3,---) form 
with the intervals of B)-+ B,+.---+ B41 a set of 2 isosceles triangles, 
each of which is such that (1) the base is on the X-axis and is of length 1/2", 
(2) the x-coérdinates of the end points of the base occur among the numbers 


t 
“ : : ; e (3) the sides have the slopes +1 


gi-1’ 9i-1’ gi-i’ 9i-1’ °°"? 9i-1” 
and —1, (4) the y-codrdinate of the vertex is 1/2‘. Given B;, Bi+: is 
the set of 2‘+ intervals formed by joining, in each triangle, the mid point 
of the base to the mid point of each side. 

Let A, = B,+ B,+Bs+---. Let A, be the set (a’, y’) obtained by 
subjecting the points (x, y) of A, to the transformation 2’ =2+3V 2, y/=—y. 
Let M = A,+A,. (See Figure.) 

That every closed and connected subset of M is a continuous curve is 
best seen by means of Theorem IV. We shall next show that there exists 
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no finite set of points in M such that M can be expressed as the sum of 
a finite number of closed and connected sets each of diameter less than 1/2 
and each pair having in common only points of this finite set. 

Suppose such a finite set of points did exists in M. Call them P,, Ps, ---, Px. 
On the straight line interval from (}V2, 0) to (2, 0), which is common 
to A, and A,, there occur at least two points of the set, say P, and P,. 
If the x-codrdinate of P, is not of the form a/2°, where a and b are 
integers, P, is the sequential limit of a sequence of isosceles triangles 
in A,, whose bases contain P,, each triangle in the sequence containing 
and enclosing the triangles that follow. Similarly, unless the x-codrdinate 
of P, is of the form a/2’ + $V2, where a and b are integers, P, is the 
sequential limit of a similar sequence of triangles in A,. Since the 


8, and T18): ———— 


a-codrdinate of P, cannot be of both these forms, one of the above cases 
holds for any point P,. Suppose in this case that the x-codrdinate of P, 
is not of the form a/2°. 

One of the sets M,, M,---, Mn contains P, and an interval of the 
X-axis having one end at P, and the other end between (0, 0) and P,. 
Call this set M,. One of the sets, say M;,, contains P, and an interval 
of the X-axis having one end at P, and the other end between P, and 
(2+%4V 2,0). Since by hypothesis the z-codrdinate of P, is not of the 
form a/2°, there is an infinite sequence of triangles in A,, one end of 
whose base lies in M,, and the other end in M,. If @ is a number less 
than the distance from P, to any of the points P;, P;,---, Px, there is 
a triangle in A, of diameter less than @ whose base contains P, and 
whose other two sides join a point of M, to a point of M, by an are 
not containing any points of P,+P,+.--+ Py. Therefore M, = My. 
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If the x-coordinate of P, is also not of the form a/2°+34V2, P, is 
interior to a simple closed curve in M of diameter less than a, and 
therefore entirely in M,. In this case none of the sets M,, Ms, ---. M, 
contain P,. = 

If the x-coordinate of P, is of the form a/2’+4V 2, P, is an end point 
of two straight line intervals of slope +1 and —1 in A,. Denote one of 
these by P,Q. Let M; denote the set which contains P, and an interval 
of P,Q having one end at P,. There is an infinite set of line intervals 
in As, perpendicular to P, Q, joining P, Q to the X-axis, and approaching P, 
as a sequential limit. As before, there are an infinite number of these at 
a distance less than @ from P, and therefore joining a point of M, to 
a point of M@, by an are not containing any points of P, + P,+ --- + Py. 
Therefore M, = M;. Therefore, if M, contains P,, it contains an interval 
of each of the straight line intervals in A, having an end at P,. In this 
case also there is a minimum distance from P, to a point of any of the 
sets M,, Ms,---, Mn, and therefore none of them contain P,. 

Therefore P, can be eliminated from our finite set of points and 
P,+P,+ --- +P will serve as well. Similarly we can eliminate any 
other point lying on the interval from (32, 0) to (2,0), in which case 
this interval lies entirely in one of the sets, say M@,. M, is then of diameter 
greater than 1/2, contrary to hypothesis. This shows that the condition 
is not necessary. 

IV. 

In part III we have introduced the idea of a point-set being wniformly 
connected im kleinen relative to another point-set. This new idea gives us 
a characterization of the class of point-sets which R. L. Moore has called 
simple continuous curves,* namely the simple continuous arc, the simple 
closed curve, the ray, and the open curve,—the point-sets which are in 
continuous (1 — 1) correspondencet respectively with an interval of a straight 
line, a circle, a half-line, and a line. 

THEOREM VII: Jf M is a closed and connected plane point-set, such that 
M—W is uniformly connected im kleinen relative to W, where W is any 
closed and connected subset of M consisting of more than a single point, then 
M is a simple continuous arc, a simple closed curve, a ray, or an open curve. 

Proor. We have shown in part III that if 4 —W is uniformly connected 
im kleinen relative to W, where W is closed, then M —W is connected im 
kleinen. Since W is arbitrary, it follows that M is connected im kleinen 


*R. L. Moore, Concerning simple continuous curves, Trans. Amer. Math. Soc., vol. 21 
(1920), pp. 333-47. 

+A correspondence 7 which sends M into 7'(M) is said to be continuous if, in case 
the point P of M is a limit point of NV, a subset of M, then T(P) is a limit point of T(N). 
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at every point, and is therefore a continuous curve. There are two cases 
to be considered. 

CasE I. M contains a simple closed curve J. Since by hypothesis M— J 
is uniformly connected im kleinen relative to J, no point of J is a common 
limit point of a set of points of M interior to J and a set exterior to J. 

If M contains an are PQR, such that P and R are on J, and all other 
points of the are are either interior to J or exterior to J, then M contains 
three arcs, PQR, PSR, PTR, having only P and R in common. One 
arc, say PSR, lies within the domain bounded by the other two. Since 
M-—(PQR-+ PTR) is uniformly connected im kleinen relative to (PQR+ PTR), 
and since Pis a limit point of points on the are PSF interior to the simple 
closed curve (PQR+ PTR), there exists a positive number «¢,, which is 
less than the distance from P to any point of M exterior to the simple 
closed curve (PQR+ PTR). In the same way we can show the existence 
of positive numbers ¢, and ¢, which are less respectively than the distance 
from P to any point of M interior to (PQR+ PSR) and the distance 
from P to any point of M interior to(PSR+ PTR). Let us now select 
a positive number « which is less than the smallest of the numbers ¢,, 
&s, €s and also less than the distance from P to R. Let us also select 
a point U, on the are PSR, such that the diameter of the are PU of 
PSR is less than @/4. We shall now show that M—PU is not uni- 
formly connected im kleinen relative to PU. For, if we let ¢ = a@/4, no 
matter what value 6 is given we can always select a point X, different 
from P on PQR, and a point Y, different from P on PTR, such that the 
distances from P to X and P to Y are less than 0/2 and also less than 
a/4, The distance from X to Y is less than 6, and yet any connected 
subset V of M containing X and Y either contains R or contains a point 
not on PQR, PSR, or PTR (in either case, N contains a point whose 
distance from P is more than «) and therefore N cannot lie within a circle 
of radius «/4, nor is every point of N at a distance less than «/4 from 
a point of PU. We have thus shown that the asSsumption that the arc 
PQR exists, leads to a contradiction. 

If there are points of M not on J, and there are no ares in M joining 
two points of J, save arcs that lie wholly in J, then any point Q of M—J 
lies in a maximal connected subset 7 of M— J, which is closed save for 
a single limit point P on J. Let R be another point of J, and let us 
select a positive number « which is less than the distance from P to R. 
Let us also select a point U of 7 such that an are PU exists in 7 of 
diameter less than a@/4. Then we shall show that M—PU is not wni- 
formly connected im kleinen relative to PU by a proof exactly the same 
as in the preceding paragraph, save that N in this case necessarily con- 
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tains R. We have thus shown that the assumption that there are points 
of M not on J leads to a contradiction. Therefore, in case I, M = J. 

CasE II. M contains no simple closed curve.* Let AB be an arc in M. 
If AB contains a point P, A + P + B, which is a limit point of M—AB, 
and if 7’ is any maximal connected subset of M—AB havivrg P as a limit 
point, then M—(7'+ P) is disconnected, one maximal connected subset 
of M—(7'+P) containing AP— P, another containing PB—P. Since 
P is a common limit point of these two subsets of M—(T'-|- P), it is 
evident that M—(7’+P) is not uniformly connected im kleinen relative 
to (+P); for if we select X and Y according to our previous method, 
there is no connected subset of M—(7'+P) containing both X and Y. 
We have thus shown that the assumption that the point P exists leads 
to a contradiction. The points A and B may be limit points of V—AB 
so that M consists of a set of arcs having only their end points in common. 
Therefore, in case II, M is a simple continuous arc, a ray, or an open 
curve, and the theorem is proved. 

In conclusion, I wish to point out that the theorem is not true if M— W 
is uniformly connected im kleinen relative to W is replaced by either the 
weaker condition, M— W is connected im kleinen, or the independent con- 
dition M—W has the S-property. For example, under these hypotheses M 


might consist of three arcs having only their end points in common. 





*For a discussion of this type of continuous curve see S. Mazurkiewicz, loc. cit. 
pp. 119-130, and R. L. Wilder, Bull. Amer. Math. Soc., vol. 29 (1923), p. 118. 
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ON THE OSCILLATIONS OF A LINE NEAR A POSITION 
OF EQUILIBRIUM. 


By F. H. Murray. 


If a deformable line of finite length, and possessing a continuous linear 
density, is fixed at its end-points in the space of three dimensions, while 
its remaining points are in equilibrium under the action of forces which 
vary from point to point, then a small displacement from this position will 
give rise, in general, to a motion of the whole line which can be called 
an oscillation. It is the object of this paper to study the corresponding 
motion in » dimensions by two types of approximation; first, by supposing 
the equations of motion reduced to a linear form; and second, by considering 
certain related dynamical systems each possessing a finite number of degrees 
of freedom. In both cases a fundamental role is played by a system of 
orthogonal functions which has been studied by Hilbert.* 

A deformable line fixed at two points may be considered as a dynamical 
system with an infinite number of degrees of freedom; just as in the case 
of a finite number of degrees of freedom it is convenient to transform the 
quadratic forms in the kinetic and potential energies to sums of squares 
and to adopt as new variables those which appear in these sums, so it is 
convenient in the present case to transform the corresponding integrals or 
Sunctionals into infinite series of squares; the variables which appear directly 
in these series are the generalized Fourier coefficients in the expansion of 
the codrdinates of an arbitrary point on the line, in terms of certain orthogonal 
functions of the are length in-a “normal” state. In the first approximation 
the generalized equations of variation of the system are set up and inte- 
grated without difficulty; in the second, the coérdinates of an arbitrary 
point on the moving line are considered as represented by expansions of 
order » in terms of the orthogonal functions, while the equations are not 
restricted to the linear form. The degree of the resulting approximation 
is not taken up here. 

1. Suppose W(a,, xg, ---, Xn, i, V2, +++, Lp, 8) continuous together with its 
partial derivatives of the first three orders with respect to all its arguments 
in a region (D), and let C be a curve whose points are interior points 
of (D), defined by the equations 7, = 7?(s) OSs <1, i = 1,2,---, n; 


* D. Hilbert: Grundziige einer allgemeinen Theorie der linearen Integralgleichungen 
(1912), pp. 205-212. 
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suppose the first and second derivatives to exist and be continuous on this 
interval, and assume the equations 


dx; 
= 0, ab vie SS 7=1,---,n, 


ow d (er) 
ds’ 


_ Oa ds \Oat 
satisfied identically along C. If s denotes are length along C from an 
initial point, and g(s) the linear density along C, assumed positive and 
continuous, 0 < s < 1, the motion of a curve C having the same fixed 
end-points and such that C can be continuously deformed into C can be 
represented by a system of functions x = 7;(s, ft), i= 1, 2,---,m. Lets, g, 
denote the arc length from the initial point and the linear density, respectively, 
along C; then the kinetic energy and the potential energy of the curve C 
will be assumed to be equal,* respectively to the integrals 


= 3 SAB) - Ll EGA 


a _ 0% in 
vY= ea ——— , +++, —— 
J W (a, 1 im Fe as 18) de 


(2) 


The equations of motion of the line will be assumed such that Hamilton’s 
principle is satisfied ; in addition, it will be assumed that 2;(s, t)—=2?(s)+ ¢z,(s, t), 
where 2;(s, ¢) possesses continuous partial derivatives of the first and second 
orders with respect to both variables, and 2; (0, ¢) = 2; (1, #) 0. Consequently, 


T= 8D, t= SS [od (F) as 


V Vo + 67, v= > if Q(x: - En; a yttty a ,s)-+6 V}; 


(3) 


dV/de =O as a consequence of equations (1), and Q represents the sum 
of the terms of the second degree in the Taylor expansion of W in powers 
of «. From the equation 


* If the energy is given directly in terms of %,, 02/08, it can be thrown into the form 
above by means of the relations 


ds _ 2 i 0m, —9, dz Ge 
FaV3) e=n/F i= Ayereym. 


The equation of continuity, gds = gd3, is satisfied because C can be deformed into C, 
even though this deformation may not actually take place during the motion, and any 
such continuous deformation must satisfy the equation of continuity. 
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(4) af (7—vyat 0, 
we obtain 


(5) 6f"(7—Vat 0, 


and a first approximation to the motion can be obtained by setting « = 0. 
The equations become 


8° 2 1{a aQ 
(6) I9Sa = Pee, = sa 


Particular solutions of (6) can be found by assuming a solution of the 
form 2, = eu (s); the equations being linear, we obtain 





0Q 


8 UK 





= —p"9(s)ux, 


(7) Inu) = +(£(3)- 


These equations are in the form studied by Hilbert, (1. c., p. 207) for 


n = 2, by a method which can be applied without change for arbitrary, 
2 


if the Hessian ae. does not vanish on the given interval, as will 
J 


be assumed; and if, in addition,* the point s — 1 is not a conjugate point 
of s=0. 
The solution of the equations 


(8) Li(u) = fils), wi 
*The system of equations L,(u)=—/,,i=1,---,m, is equivalent to the system of 
order 2n, P 
u 


(a) tt 


where the functions gy, are linear combinations of the functions f;. If the 2n solutions 
of the homogeneous system obtained from (a), (u®, u™,.--, ui), k=1,---,m, form a 
linearly independent set, and if (G,, u,,---, u,,) is a particular solution of (a), the general 
solution can be written 


an 
w= 8+ Sou ae toons 


If a particular solution be required to vanish at s = 0, s=1, the resulting equations 


w,(8) + 2 C, ui” () = 0, 
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can be written in the form 


(9) “4 (s) = fl = Gir (8, 2) fr | dz, 


the functions Gx (s,z) satisfying the relations G(s, z) = Gri (ze, s), 
Giz (s, 0) = Gx (s, 1) = 0, and <. Gix(s, z) is discontinuous at s = z. Hence 
the function 
H(s, 2) = — Ga(s—it+1, z—k+1), 
(i,k =1,---, n) 


is symmetric in s and z. Then if 


(10) ee eh ee ee 
G—1<s< ij), 


we obtain 
n 
(11) u(6) = wt fH, 29 @ulae; 


and, if 4=4y*, x(s) = Vg(s)u(s), K(s, 2) = Vg(s)g(2) Hs, 2), 
equations (9) become, 


(12) a(s) =A % K(s, 2)x(z)dz. 


Since the kernel K(s, z) = K(z, s), the classical theorems of Hilbert and 
Schmidt can be applied; there exists at least one value of 4 for which (12) 
has a solution not identically zero, and all the characteristic numbers 4, 


vossess a unique solution for the constants C, if the determinant 


w'(O) «++ uO) | 
uy(0) «+ uO) | 
uO) == uO) | 
uw’! (1) vee u@*) (1) 


. . . . . . . . “Sat 
wr (1) es. ee (1) | 


does not vanish. The assumption D +0 is equivalent to the assumption that the point 
s=1 is not a conjugate point of s=0; (see Poincaré, Les Méthodes Nouvelles, t. 3, 
p. 262). If D=O, the integral in (9) cannot give the general solution of (8), since (9) 
implies that when f, = 0, i= 1,---, m, then u, = 0, i=1,---, ; while in this case there 
exists a solution of the homogeneous equations which vanishes at the end-points. In 
applying Hilbert’s formulae it is necessary, therefore, to assume D + 0. 
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are real. From (10) the corresponding particular solutions of (6) are 


obtained immediately. 
With the aid of the orthogonal functions the integral 


(13) J= 5 f ee: +++ In, Li+++ In, 8)ds 


can be given a simple form, if the functions x; (s) are continuous, together 
with their first and second derivatives, and vanish for s = 0, s = 1. 
Integrating by parts, 


(14) J = -{ Pe Ix (x)| ds 


and from (19), if Ly (x) = ux(s)Vg(s), k =1,---. , 


(15) - J= -fl> V g(s) vx of'(z Grr (8, z)V gle) Ur (0) ae|ae. 


If v(s) = ux (s —k+1), k = 1,---, n, 


(16) J =f" ["H6,)V G@9@) vs)v@) dsae =("["KG,2) v(s) v(z) dedz. 


Suppose gx (s) the normalized solutions of the equation 


(17) wléim% KG, Due ae: 


if |A:| < |4o| < --- < JAn|-+-«, then from the theorems of Hilbert and 
Schmidt, 


pees oo G ne 
J at Ck = gx (s)v(s)ds 
or if pe = Vg x (s) and 


ax =[7@x) UW (8) ds 
then 


J — 3, a. 
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From the last equation it follows that J can take on beth positive and 
negative values if the values of 4; are not all of the same sign; for if 
x(s) = Uy (s) then J = dx. 

The existence of an infinite number of characteristic values 4, follows 
from the fact that if there were only a finite number, m, 


19) KG, = PMOMO Ge, 4) — OO) 


it would follow that the function H(s,z) would possess a continuous 
derivative with respect to s, and the same would be true of the functions 
Gix(s,z), 0<.s<1 while the derivatives of these functions are dis- 
continous for s =z. 

If we = We(s—i+1), i=1,---,m, a particular solution of (6) is the 
set of functions 


iVi,t 
Le = V4, wi? (8), pe ee me, 


or, since equations (6) are linear, the set of finite sums 


(20) ay = Dee wh), 
=] 


is also a solution. 
A certain approximation to the solution of the non-linear equations can 
be obtained by supposing the codrdinates 2; in the form 


(21) tr (8, 1) = 2 Cult) we (6), 


If these functions are substituted in (4), we obtain at once 


bud = 
(22) tT=_L SQ v=VCG,-:-,C) 
2 k=1 


and consequently the equations (4) become, after the usual transformations, 


Cy aV 
(23) oo oe 
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as a result of the relations 


0,i +), 
1,i=j. 


NiO W;(s) W;(s)ds = 


If the integral V of equations (2) has a minimum for the curve C, the 
second variation J must be positive or zero for the functions admitted,* 
and hence the values 4, must be all positive; in this case the dynamical 
system of order m is stable in a certain neighborhood of C, for m arbitrary. 
If the values of 4, are not all of the same sign, there will exist systems 
of order m which possess . asymptotic solutions approaching C as ¢ 
becomes infinite. 





* Bolza, Vorlesungen iiber Variationsrechnung (1909), p. 620. 





NOTE ON TRINOMIAL CONGRUENCES 
AND THE FIRST CASE OF FERMAT’S LAST THEOREM.* 


By H. 8S. VANDIVER. 


Let us consider the relation 
(1) xP+ y+ & = 0 


where x, y and z are integers all different from zero and prime to the 
odd prime p. In this case there have been various criteria given for the 
solution of (1) which involve p only, such as 2?-! = 1 (mod p*), and 
p + (q—1)/2 where qg is prime. An examination of the literature shows 
that all the criteria heretofore published which involve » onlyt may be 
derived from the theorems: 

THEOREM I. (Sophie Germain.) If there exists an odd prime q such that 


(2) er 4 9? +? = O(mod q) 


has no set of integral solutions §, 4, ¢, each not divisible by gq, and such 
that p is not the residue of the pth power of any integer modulo q, then (1) 
has no set of integral solutions each prime to q. 
THEOREMS II. (Kummer, Mirimanoff.) Jf (1) is satisfied in integers prime 
to p then 
Aja) = 0, Bo-oe fi(t) = 0 (mod p) 


(¢ = 3, 5,---, p—2) where 
p-1 
fi) = Lane, 


n=1 


B; ts the ith Bernoulli number, and 
—t = aly, y/x, axle, 2/x, yle, 2/y. 


There is, however, another theorem due to Furtwangler'| which, although 
it has not yielded heretofore any criteria of the type we are considering 
which cannot also be derived from I and II, will be used here: 


* Presented to the American Mathematical Society, December, 1924. The author was 
enabled to carry out this investigation through a grant from the Heckscher Research 
Foundation, established by August Heckscher of Cornell University. 

T Excepting those involving ideals in an algebraic field in their statement. 

; Legendre, Mem. Acad. R. Sc. de l'Institut de France, 6, 1823, 1-60. 

§ Abh. Akad. Wiss. Berlin (Math.) 1857, 1858, 41-74. Jour. far Math., 128, 1905, 45-68. 

Wiener Bericht, Abt. ITa, 121, 1912, 589-599. 
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THEOREM III. Jf (1) is satisfied in integers prime to the odd prime p 
then every integral division of xyz (x, y, and z prime to each other) satisfies 


(3) 7? = 1-(mod p’). 


In the present note we shall derive Theorem IV (below) from Theorem IT, 
and show that the former yields new criteria. Also we use Theorem I, IV, 
and V to prove VI. 

We shall now prove the following theorem. 

THEOREM IV. Jf there exists an odd prime q such that (2) has no set of 
integral solutions each not divisible by q and such that q = 1(mod p*) then (1) 
has no solutions each prime to p. 

Assume that (1) holds under the conditions of the theorem; then it 
follows from the assumption regarding (2) that one of the integers x, y, 
and z, say z, is divisible by g. Also, if (2) does not hold, then g=1-+mp. 
Since z is prime to p in (1), we have by Theorem III, 


gq?) = 1 (mod p’), 


(1+ mp)? = 1+ mp (mod p’), 
mp = 0 (mod p*), 
m 0 (mod p), 


contrary to the assumption that g=1 (mod p*).* Wendt proved 

THEOREM V. If (2) has no solutions prime to q, and q = 1+-mp, m = 2° p*, 
v not divisible by p, then (1) has no solutions prime to p. 

Wendt’s proof is a bit complicated. We shall now show that the result 
follows easily from Theorem I. If we assume that (1) holds and (2) has 
no solutions prime to g, then p = «” (modq). From this it follows that 
p™ = 1 (modg) and m” = 1 (modg), or (2° p*)"=1 (mod q). The latter 
gives 2°" = 1 (modgq). Sincé v is prime to p, there is an integer a such that 
av =1+kp, k an integer. Also 20 = 1 = 2™0+*—) = 2™(modq). Let 
7, be a primitive root of g; then 2=r%?=r?(modg), since otherwise 
2” +1 (modq), and therefore 2—1—1 = 0 gives r? + (—1)? + (—1)”” = 0 
(modq), contrary to our assumption regarding (2). 

Lastly, with the use of the above results, we may prove 

THEOREM VI. Jf (2) has no set of integral solutions each prime to q, 
where q=1-+mp and m<10p, then (1) has no solutions in integers each 
prime to p. 


* Cf. also Furtwingler 1. c., p. 542. 
+ Jour. fir Math. 113, 1894, 335-347. 
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If m is prime to p this follows immediately from IV. If m = 0 (mod3) 
then (2) has solutions for p> 3. Since p and q are odd, mis even. If m= 2p, 
4p or 8p then by V Theorem VI holds. Hence the proof is complete. 

For p= 5 there are four values g and for p= 7, three values of g 
such that m<10p and (2) has no solutions.* It would be interesting to 
carry out an extended induction to see if the number of values of q tend 
to increase with p. 

By the use of Theorem IV much of the computation involved in Dickson’s 
proof that (1) is impossible in integers prime to p for p< 7000 may be 
avoided. 

As is well-known? the necessary and sufficient condition that the con- 
gruence (2) has solutions is that the circulant 


| oy ie Ps eee bes 


ist Gb 


DD, = 


| 
| 
| 
| 


| i'm / m m 
| s (7). neo Pe | Pe 
is divisible by gq, where q=1+mp. Also 
m 
Dm = [[ (+e)"—1) 
*=1 


where ¢ is a primitive root of x” — 1. Using either of these expressions 
for Dm, we may state Theorem VI in another form. 





* Dickson, Jour. fir Math., 135, 1909, 134-141. 
+ Bachmann, Niedere Zahlentheorie, II, p. 471. 








DEFINITE LINEAR DEPENDENCE. 


By Luioynr L. Drvgs. 
The m sets of » constants each 


au, aj2, 


M21 ; 22 y 


Ami, Gm2;, °***s (bmn; 


are commonly said to be linearly dependent if m constants c, C2, -+-, Cm, 
not all zero, exist such that 


(2) C1 Ay + C2 dar + +++ + Cm Omer = 0, r= 1,2,---, ”). 


In the present paper we shall assume that the constants aj, are all real, 
and we shall say that the m sets (1) are definitely linearly dependent if 
there exist » identities of form (2) in which not all the c’s are zero, and 
all the non-zero ones have the same sign. 

In a recent paper* Professor Carver has shown that this particular type 
of linear dependence is a necessary aod sufficient condition for the non- 
existence of solutions of the system of inequalities 


(3) Qi 21 + Ag te+---+ainIn>O, (¢ = 1,2,---,m). 


In an earlier papert the writer found conditions for the existence of 
solutions of the system (3) in terms of a concept which he called the 
I-rank of the matrix of elements (1). ’ 

From a comparison of the results of the two papers cited, one easily 
arrives at the logical equivalence of the three conditions: 

1°. That the m sets of constants (1) be definitely linearly dependent. 

2°. That the system of inequalities (3) admit no solution. 

3°. That the I-rank of the matrix of (1) be zero. 

The object of the present paper, in addition to emphasizing the notion 
of definite linear dependence, is to give a somewhat more direct approach 
to the equivalence of the three conditions 1°, 2°, 3°, than is furnished 





* Annals of Math., vol. 23 (1922), p. 212. 
ft Annals of Math., vol. 20 (1919), p. 191. 
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by the two papers cited. Incidentally a helpful geometric interpretation 
is introduced. 

It may be noted here that the notions considered in this paper admit 
analogies in other fields and, to some extent at least, generalizations in 
which the matrix of (1) is replaced by a function A(p, q) of two variables 
on general ranges. The author hopes to consider these in a later paper. 

1. Vector terminology. A set of constants (a;, d:,---, dn) may be 
interpreted geometrically as a point in space of m dimensions or as a 
vector @ = (a, dz, ---, dn) With initial point at the origin and with the n 
constants as components. Adopting the latter interpretation, we may think 
of the system (1) as a system of vectors 


S: Qg= (aa, Gig, °°*°; (in) ; (i ead a; 2, see, M). 


The sum of two such vectors is a vector whose components are obtained 
by adding corresponding components of the two vectors. The product of 
a vector by a scalar number c¢ is the vector whose components are the 
components of the given vector multiplied respectively by c. The definite 
linear dependence of the system of vectors S would therefore consist in 
the existence of constants cq, ¢,---,¢m, Of which not all are zero and 
the non-zero ones have the same sign, such that 


Cy Oy + Og tg +++ + om em = @ 


where @ is the zero vector 


wm = (0,0, ---, 0). 
The scalar product of two vectors 
a = (a;, de,-°*, Ga), E = (a,, %,°<-, In), 
is the scalar number defined by 
aE = a2, + dete t+-:>-+ ant. 
The system of inequalities (3) can therefore be written in the form 
(4) a;-§>0, 2,+++, m). 


For vectors in three dimensions (and after appropriate definitions in 
n dimensions) the scalar product @ .€& is equal to the product of the lengths 
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of the vectors and the cosine of the angle between them. Hence it is 
positive, zero, or negative according as this angle is acute, right, or obtuse. 
The condition 2° may therefore be interpreted as meaning that the system 
of vectors S is such that there is no vector § which makes an acute angle 
with all of them. It evidently has to do with the distribution of the 
vectors in space. It will be convenient to say that when the inequalities (4) 
admit no solution, the system of vectors 8 is definitely distributed.* 

2. Definite linear combinations of vectors. A system of vectors 


8’: Oy = C41 1 + Cin a +--+ + Cim Om, (i= 1,2,---, m), 


in which not all of the c’s with a common subscript i are zero and in 
which those c’s which are not zero have the same sign will be called 
a definite linear combination of the system 9, 

THEOREM I. Jf the system S’ is definitely linearly dependent, so is the 
system S; and if the system S’ is definitely distributed, so is the system 8S. 

The first statement of the theorem is an obvious consequence of the 
definition of definite linear dependence. To prove the second statement 
indirectly, suppose the system S were not definitely distributed. Then 
there would be a vector & such that 


a-E>0, (i= 1,2,---, m), 


and the m’ scalar products a-& (i = 1,2,---, m’) would all have the 
same sign; for 


m 
a8 = DS cyay-f, (¢ = 1,2,---,m’), 
J= 


and the cy are all of one sign. Hence either € or its negative would 
satisfy the system of inequalities aj-§>0O (i = 1, 2,---,m’). In either 
case the system S’ would not be definitely distributed, “This contradiction 
of the hypothesis shows that our supposition was incorrect and S is definitely 
distributed. 

The converse of the above theorem is not in general true. A simple 
case in which it is, however, vacuously true is that in which, for some 
definite r, all the rth components of the vectors S have the same sign. 
The system S’ will clearly have the same property, and it is easily seen that 
neither system can be definitely linearly dependent nor definitely distributed. 


*It j is oaally seen that two vectors in a plane are definitely distributed if and only if 
they are collinear and oppositely directed. Three vectors in ordinary space are definitely 
distributed if and only if they are coplanar and their distribution is such that no circular 
sector with vertex at the origin and with angle less than 180° contains all of them. 
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3. Reduction of a system of vectors. In this section we will assume 
that not all the rth components of the system S have the same sign, and 
we will describe an important definite linear combination for which the 
converse of the preceding theorem is true. 

Let us divide the rth components of S into three classes, viz., 


those which are positive: dir, (¢ = ty, %,---, dp), 
those which are negative: aj, (7 = j1,j2,°-+,jN); 


those which are zero: der, (k = ki, ke, ---, kz), 


the number of elements in the respective classes being denoted by P, N, 


and Z. 
Then the following system of vectors (P- N+ Z in number) 


ae ji =A, ty +++, ap 
aij = ir ct; — (jr ai, ) PE n ° ; 
S,: J = Jr J% ***> IN 


Ot}, = ak, (k — ky, ke, OOH. kz), 


is a definite linear combination of the system S with the noteworthy property 
that the rth component of each vector is 0. The system S, will be said 
to be obtained from S-by reduction with respect to the rth component. 

THEOREM II: The status of a system of vectors with respect to definite 
linear dependence and definite distribution is unchanged by reduction with 
respect to any component. 

Since by definition S, is a definite linear combination of S it follows 
from Theorem J that S, cannot be definitely linearly dependent or definitely 
distributed unless S has these respective properties. 

To prove the theorem we need therefore only to show /irst, that if S is 
definitely linearly dependent, the same is true of S,; and second, if S is 
definitely distributed, the same is true of S,. 

To prove the former, suppose there exist constants c, C2,---, Cm, none 
negative and at least one positive, such that 


(5) >, Ce Gs = w, 


s=1 


Limiting our consideration to the rth components, we may write 


a Ci ir +2 Gj in + Ck Ay = 0, 
. J 
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where the summation index 7 extends over the positive elements, j over 
the negative, and k over the zero elements. Hence, since 


== Q, 


= 264 dir. 


Furthermore, unless every «(7 = 4, i2,---, ¢p) is zero, we may assume 
on account of the homogeneity of the linear relation that 


we have 


(6) eG Wir = 1, 20 On = —1. 


We can now establish the definite linear dependence of the system S, by 
showing that the expression 


Gj (ir Oj — Aj wi) + 2) cme 
i=t,. ty,--+) tp 
J=Jp des dx 


vanishes identically. This expression may be written in the form 


> Ci dir Dj %|— D> 65 Or D4 e+ 2 ch tt. 
1 J J t 


In the exceptional case when every c equals zero, and hence also every 
cj equals zero, this reduces to the left side of (5), and so the expression 
vanishes. In the general case, in view of (6), the expression reduces to 


Da eit Deg ait Qc on 
j 


and therefore vanishes by virtue of (5). The system S, is therefore 
definitely linearly dependent. ’ 

To prove the second statement, our hypothesis is that there exists no 
vector § such that 
(7) a;-&>0, (¢ = 1, 2,---, m), 


and we are to prove that there is no vector § such that 
(8) «j-§>0 


for every vector « of the system S,. i 
We will prove it indirectly by supposing that there were a vector & 
satisfying (8) for every vector «’ of S,. Since the rth component of every 
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such vector @’ is 0, the rth component of § would be arbitrary, and § would 
have the form 


(9) § — (x1, eT Byr—1, Ly, r+1, ie In) 


with z, entirely arbitrary. M 
The fact that «.§>0 for every « in S, may be expressed by the 

system of inequalities 

Si 1, ie, eee ip| 


dt ’ LS {a 
10 iy Ajt — jr Mi > 0, ‘ ea : 
( ) p> (Gir Ajt — Ajr Git) Xt y = jr, ja, + | ’ 


(11) 2, tus He > 0, (k = kj, ke, ---, ke), 
==] 


where the apostrophe ’ above the summation sign indicates that the 
value r is to be omitted from the range of the summation index ¢. 

Since air is positive and aj is negative, the product — air aj, is positive, 
and upon dividing through by this product we may write the inequalities (10) 
in the form 


. - : Var ‘ 
: a > At — @ == MN, t2,°*°++, OP 

(12) Zz J uo 2 Lt; : a a . ? ip . 
t=1 —Ajr f==1 —— Ain JI = Sir J2,°** IN 


Now we choose for z, any number between the least of the N sums 
represented by the left side of (12) and the greatest of the P sums 
represented by the right side of (12). That is, 


n nu ‘ ioe , 
SS 7 at — 12 coe, 8 
(13) » jt 2% > xy > it Zt, 1) 42) 7 2 
t 


t=1 —— Qjr =1 — ir J = Jay Jes dialog 


Then (13) affords the inequalities 
2 »] 
a et Ajr Ly > O, (J = Jis Jay +++ JN)s 
ud ? 
= dit Xt + ir Ly > 0, (i — 4, le, poe ip), 


which together with (11) express the fact that the vector (9) satisfies the 
system of inequalities (7). This contradicts the hypothesis. Hence our 
supposition was incorrect and there is no vector & satisfying (8). That is, 
the system S, is definitely distributed. This completes the proof of 
Theorem II. 
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4, The equivalence of conditions 1°, 2° and 3°. The system of 
vectors S will be said to be J-definite with respect to the rth component, 
if the rth components of all the vectors have the same sign. We will 
say simply that the system is J-definite if there is any component with 
respect to which it is I-definite. The system S is of J-rank zero if it is not 
I-definite, and if no sequence of “reductions” of the type described in § 3 
will lead to an I-definite system.* 

THEOREM IIT. With reference to a system of vectors 


S a; = (Ain, G2, --:, Gin) ; (i = 1, 2,---, m), 
the three conditions — ; 

1°. That the system be definitely linearly dependent, 

2°. That the system be definitely distributed, 

3°. That the system be of I-rank zero, 
are logically equivalent. 

Suppose, first, that the system S is of I-rank zero. Then by a sequence 
of n—1 “reductions” there can be obtained from it a system 


(14) a; = (0,0, ---, 0, Gin); Gi =1, 2,--+, m’) 


in which each of the first n—1 components of every vector is zero, while 


not all of the mth components have the same sign. Suppose these last 
components are classified as follows: 
positive: Gin, (i = ity de, esay ip) 
negative: djn, (7 = jay jay ++ +s JN) 
zero: kn» (k = ky, hee, ---, kz). 


Let c, cg and cs be any three non-negative numbers? satisfying the equation 


C1 Gin + C2 2s in +s Co Aen = 0. 
z } 


¢ 
e , 
a a+ Dies a+ D>) cs a = w 
t 


will also hold, and the system (14) is definitely linearly dependent. Hence 
by Theorem II the system S is definitely linearly dependent. 

Furthermore, the system (14) is definitely distributed. For the existence 
of a vector 


Then the identity 





*The definitions of I-definite and I-rank here given are equivalent to those given by 
the author in his earlier paper, where however they had reference to a matrix rather than 
to a system of vectors. 

+ At least one of the three can and shall be chosen positive. 
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= (a4, Xe, eee, Xn) 


satisfying the inequalities 
aj -§>0, 


would necessitate the consistency of the inequalities 
din Xn > 0, (i = 1,2,---, m’); 


and this is impossible, since not all of the aj are positive nor are all 
negative. Therefore, by Theorem II, the system S is definitely distributed. 
We have now proved that, if the I-rank of the system S is zero, the 
system is definitely linearly dependent, and definitely distributed. 
Suppose, on the other hand, that the system S is not of I-rank zero. 
Then a sequence of “reductions” will afford a system 


(15) ef = (ait, Abi, bliss din), (¢=1,2,---, m’’), 


which is I-definite with respect to some component, say the rth. It is 
clear that this system cannot be definitely linearly dependent, since no 
definite linear combination of the »th components could vanish. 
Nor can the system -(15) be definitely distributed, since the system of 
inequalities 
a;-§ >0, (i= 1,2,---,."), 


admits solutions § = (a2, 2,---,%,) in which aj = 0, (j +r), while 
a, satisfies the conditions 


, 
iy Xe > 0, 


Since the system (15) is not definitely linearly dependent nor definitely 
distributed, the same is true of the system S. 

We have then proved that if condition 3° is satisfied, conditions 1° and 2° 
are also, while if 3° is not satisfied, neither 1° nor 2° is satisfied. This 
establishes Theorem III. 


UNIVERSITY OF SASKATCHEWAN, 
SASKATOON, CANADA. 





LEAST DISTANCE FROM A POINT 
TO A LINEAR (n—k)-SPACE, BOTH IN A LINEAR n-SPACE. 


By H. 8S. Un er. 


In A. N. Whitehead’s “Treatise on Universal Algebra”, vol. 1 (1898), 
article 226 pertains to distances from points to subregions. A formula 
for the least distance of any point a from any subregion Pp, of e—1 
dimensions is derived in 226(2). Article 227 deals with shortest distances 
between subregions and it: includes a formula for the distance from the 
point z in Q, to another subregion Po, where Q, is a subregion determined 
by o independent points q,, g2,---;@¢- Since Whitehead’s formulae are 
stated for elliptic space and in Grassman’s notation, they are not adapted 
to the purposes for which the formulae developed below are designed. 

The object in the present paper is to do the same thing for ordinary 
analytic geometry as article 226 just cited does for elliptic geometry. The 
chief result obtained will amount to a generalization of Hesse’s normal 
form* for the length of the perpendicular dropped from a point in flat 
space of n-dimensions, S,, to a subregion of (m—1) dimensions, S,—1. 

Incidentally, the writer was forced to solve this obvious problem in order 
to determine rigorously the parameters of the linear equations of a S,-% 80 
situated in S, as to make the sum of the squares of the perpendiculars 
dropped upon it from a large number of random points a minimum (or a 
maximum, etc.). The general minimum flat subregion when equal weights 
(or finite weights) are assigned to all of the » codrdinates has not been 
solved heretofore. The references given in the foot-notet will enable the 
reader to obtain a fair perspective of this phase of the Method of Least 
Squares. 

The success of the following analysis is due to the fact that in Euclidean 
space the perpendicular distance from a point to a Sp—x is identical with 
the minimum distance. In the derivation of the fundamental formula (7) 
the generalized concepts of angle, projection, trigonometric function, etc., 
have been avoided intentionally and the processes kept as purely algebraic 
as possible. 

Let the rectangular coérdinates of any point in S,—~. be 2, %2,---, Xn; 
and let the equations defining S,—; be 





*P. H. Schoute, Mehrdimensionale Geometrie, 1. Teil, p. 138. 

+ Karl Pearson, Phil. Mag., vol. 2, pp. 559-572 (1901). R. Meldrum Stewart, Phil. 
Mag., vol. 40, pp. 217-227 (1920). H. 8S. Uhler, Jour. Opt. Soc. Amer., vol. 7, pp. 1043-1066 
(1923). H.8. Uhler, Phil. Mag., vol. 49, pp. 1260-1271 (1925). 

eo 
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11 1 + Aye Xo + +++ + Ain In t+ dings = O, 
(1) far Li + 22 %2+--- + don Xn + ents = 0, 


es Hy + One He + +++ + din Xn + Oknvi = 0. 


It will be assumed that the matrix, M, composed of the coefficients of 
the x’s in the equations of set (1), is of rank k. 

Let the coérdinates of any point in S, but not in S,-», be wi, 72,---, 2h. 
Then the square of the distance A between this point and the point 
(a1, 22, +++, %n) Which lies in S,-» is given by 


(2) A’ — (ay— xj)? + (a2 ne x2)" - tee 4 (an — 2h)? . 


The analytical problem is to so vary or determine the x’s, while keeping 
all the a’s and 2’’s constant, as to make 4 attain its minimum value Apo. 
Differentiating equations (1) and (2), and putting dA = 0 gives 


(a1 — 23) day + (a2 — 2) da +++ +(an—a2n)dan 
ay, day + yg AX +++ Ain din = 
A dy + dag dtg+ +++ + Aon AXn 


aig da, + (xg dta+ +--+ 4 in An = 


Following Lagrange’s method of undetermined factors multiply the k+1 
equations of set (3) in order by mo, — m, — me, ---, — my, and add, and 
equate to zero the coefficients of the m differentials to obtain 


(a, — 21) Mo— Ay, M1 — a2 M2a— +++ — Aa Mm = O 
(x2 — x2) mp — Ay2 M— 2g Mea— --- — ako Mm = O 


(4) 


(Xn — Xp) My — Ain ™1— Gen Ma +++ — Aka Mm = Q, 


Let Fj (j = 1, 2,---, k) denote the value of the left member of the jth 
equation of set (1) when the primed codrdinates of the point outside S,—~ 
are substituted for the variable z’s. Then multiplication of the 1st, 2nd, ---, nth 
equation of set (4) respectively by (a1:— xi), (a2— 2%), ---, (an—2n), with 
subsequent addition and due regard to the fulfilling of the equations of 
set (1) by the unprimed coérdinates, leads to 


(5) A mo+ Fi m+ Fy me+ +--+ Fkm, = 0. 
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Next multiply the equations of set (4) in order by the successive coefficients 
of the z’s with their signs changed in the first equation of set (1), that 
is, by — a1, — dio, ---, —din, and add the results to obtain the first equation 
of set (6) below. In general, multiply the equations of set (4) by — ap, 
— Aja, +++, —Ajn (7 = 1, 2, ---, k) and add to get the jth equation of set (6). 


Fi m+ (S ay ay) m+ aij ay) Me+ +--+ (Say ax; m, = 0 


< 
~ 


(6) F'3mo+ (S ay ay) m+ a2; ay) met... + (Say avy) om = 0 


Fi; mo + (> AK; ay) m, + (> kj ay) Mo+ +++ + (> akj ax m = 0. 
Elimination of the m’s from the homogeneous equations (5) and (6) gives 


| Fl Fh... Fe 
Fi 739 Chk | 
Po +++ Cok = 0, 


Fi "ye (ho °° + Chk 

j=n 
where ¢;,3 = pa Ay,j As,j = Ce,r. 

j=1 

Equation (7), the left member of which is a symmetrical bordered deter- 

minant of order k+1, constitutes the formal solution of the problem. In 
any numerical case all of the a’s and F’’s would have known values so 
that equation (7) could be solved for A? directly. Incidentally when k = 1, 
that is for S,-1, formula (7) reduces to the well-known form 


Ao = tR/V 2d, 


which may be transformed immediately into the normal form of Hesse. 
For k > 1 formula (7) shows that, in general, A, is not a rational function 
of the F's. 

The facts stated below in italics facilitate very appreciably the applica- 
tion of equation (7) to practical algebraic problems. Let this equation be 
solved for 4p and written in the form DA; —N—0, where D denotes 
the symmetrical determinant of order k bordered by the F’’s in (7). 

D equals the arithmetical sum of the squares of all the n!/(k!(n— k)!] 
determinants of order k that can be formed from the matrix M. This 








68 H. S. UHLER. 


fundamental property of D is a consequence of the well-known process of 
compounding the matrix M with its conjugate.* 

N equals the arithmetical sum of the squares of n'\/[(k —1)!(n—k+1)!) 
determinants of order k in every one of which the first column read down- 
ward consists of Fi, Fz,---, Fx-1, Fi: and the remaining k —1 monomial 
columns constitute collectively one of the combinations of the n columns of the 
matrix M taken k—1 at a time. This fact may be proved by first 
employing Cauchy’s theorem7y for the expansion of a determinant in products 
in pairs of the constituents of a row and column, and by then showing 
that the homogeneous quadratic function of all the F's thus formed may 
have its terms collected into squared determinants as a consequence of 
the symmetrical nature of the complement of c,, in M, that is, the 
coefficients of F; F; and F; F; are algebraically equal, etc. 

For a straight line (S,) in 5-space (S;) k = 4, n = 5, and 


2 ’ , j , i } i2 
Ao = {|FY, aor, daz, a4s\*+ | Fi, dor, ase, dsa|® + | Fi, aor, ase, 45) 
’ inv 2 ! 12 

+ | FY, dor, css, d4a|? ++ | FY, Gor, dss, @as|® + | Fi, dor, Asa, 45) 


+ | Fi, 22, 33, aag|* + | Fy, 22, M33, a4s|* + Fi, (22, As4, das |* 


+ \FY, 2g, 34; ags|*} / {| au, 22, A338, tga |® + 11, d22, Ass, Aas |* 


ig 21 | i 
+ |a11; doe, aga, G45|* + | G11, Geog, Asa, O45'* + | C12, dos, Asa, A45| }, 


Further reduction of any determinant involved in N may be effected by 
substituting for all the F's their values in terms of the x’’s and all the 
a’s conformably to the equations of set (1). 

In conclusion atiention should be called ts the fact that the equations 
of set (6) can be solved for the k ratios of the m’s to any finite one of 
their number. The expressions for these ratios may then be substituted 
for them in the equations of set (4). Hence the codrdinates (2, 22,---, Zn) 
are uniquely determined so that there is only one minimum distance from 
a point to a linear (n —k)-space in n-space. The angular or directional 
characteristic of perpendicularity usually employed is implied by the first 
equation of set (3). 





*R.F. Scott and G. B. Mathews, Theory of Determinants, 2d Ed., p. 53, Art. 6. 
+ Scott and Mathews, p. 47, Arts. 24 and 25. 


YALE UNIVERSITY, 
December 13, 1924. 





NOTES ON THE AMPERE-CAUCHY DERIVED FUNCTIONS. 
By H. L. Smrra. 


In this paper will be given some notes supplementary to the writer’s 
article* “On the Ampere-Cauchy Derived Functions”. All page references 
in the present paper are to this article. 

1. A mean value theorem. Let the numbers 2%, ---, 2, be on ab and 
consist of r distinct ones a, ---, a repeated respectively 7,,---, 2, times 
(4, + +--+ +7 = n-+1), and suppose that a; is a root of y(x) of multiplicity 
ix (at least) (k = 1,---, 7) in the sense defined on p. 136. g(x) has thus 
(n+1) roots (at least) on ab. On writing down the expression for 
gy!) (a,.-+-, 2m) in terms of partial fractions by aid of equation (15), p. 128, 
it is seen that g'")(a,---, an) = 0. We thus have _ 

Lemma 1, If o(x) has (n+ 1) roots (at least) on ab there are numbers 
Xo, +++, Xm on ab such that y'™) (ax, ---, an) = 0. 

We also have a 

LEMMA 2. If (x) is continuous on ab and has there (n+ 1) roots (at 
least) and g'(x) exists (jinite or infinite) on ab, then there are numbers 


-S tn < Xn 


> In—1,n 


such that xj < %,i41 < Hi41 (i = 0, ---, n—1) and 


gl") (x, +++, tn) = 9" (wen, +++, tn-1,n) = 0. 


This lemma follows from Lemma 1 and Rolle’s theorem which shows 
that gy’ has n roots distributed like the 2;,:+: of the lemma. 

Now let f(x), P(x), have the meanings assigned on p. 135 and let f(x) 
be continuous on ab and /’(x) exist (finite or infinite) there. Then as 
stated on p. 136, »(x) = f(x) — P(x) has (n+ 1) roots there. On applying 
Lemma 2 we get the aa 

MEAN VALUE THEOREM. Jf f(x) is continuous on ab, f'(x) exists 
(finite or infinite) on ab and x < 2, <--- < an are on ab, then there 





* These Annals, (2) vol 25, pp. 123-136. 
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are numbers 21, +++, Xn—1,n where 7 < Viitr S Mi § =O, ---, n—1) 
such that 
| sage. (x01, eas In-1,n) 

~ ; 





S™ (xo, +o In) = 


More generally, if f’, f", +--+, $" are continuous on ab and f™ exists 
(finite or infinite), then there are numbers Xone Xin+1, +++, Ln-k,n where 
Li << Xiitk S Li+n (i = 0, ---, n—k) (kK = 1, ---, m) such that 


Soin (aon, eit, XLn—k,n) 
] eee — 

FO" (oy +++» Ln) n(n—1)--- (n—k+1) 
For by Lemma 2 





(k = 1,--+, m). 


= ll 
0 = 9’ " (cco, se XLn—1,n) = F acs ‘ (aro1, aren g XLn—1,n) re n fi”! (xo, peo Ln); 


which is the first part of the theorem; the generalization follows by 
induction. 

We may apply this mean value theorem to secure various forms of the 
remainder term in Newton’s interpolation formula. Thus 


m-+-1) {n—m etait 
Be = (=a) tena Sle 





where oz, ---, §n—m,z are between the smallest and the largest of x, ---, %n, x 
and where there is an interval ab containing :», ---, xm, x such that 
So F's +++, f™ are continuous on ab and f+» is finite or infinite on ab. 

2. On functions whose Ampere-Cauchy derived functions are 
bounded. We now prove 

Lemma 3. Let f be continuous on ab and f’ exist (finite or infinite) 
on ab. Then, if | f™ (ao, ---, xn)| << M for all distinct xo, +--+, xn on ab, 
it follows that | f’™— (a, +--+, an—1)| < nM for all distinct xo, +++, Xn 
on ab. Conversely, if | f(a, --+,@—-)| < nM for all distinct 
Xo, +++, tn—1 on ab, it follows that | f™ (a, +++, 2) |< M for all distinct 
Zo, ++*,) Xn on ab. 

More generally, let f, f’,---,f"— be continuous on ab and f™ exist 
(finite or infinite) on ab. Then, if | f™ (xo,-++,%n)| < M for all x, +++, Xn 
on ab, it follows that | f®™—4 (a, +--+, an—K)| < n(m—1)---(n—k+1) M 
for all distinct x, +++, %m—~ on ab (k = 1, +--+, m). Conversely, if 
| FM n—4 (x, +++, Xn—K)| S2(m—1) --- (n—k-+1) M for all distinct xo, +++, nx 
on ab, it follows that | f™ (xo, +++, an)| < M for all distinct 2, +++, xn on ab. 

To prove this first part note that by (2) and (6), p.124, f’™—™ (a, «++, am—1) 
can be expressed as the limit as approaches 0 of the sum 
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S™ (ao +h, Zoy***s n—1) +f (ao +h, a +h, Uy***, XIn—1) + — 
+f™ (to +h, ieee Ln-ath, Ln—1) 


which is less than M. The converse follows from the mean value theorem 
of the previous section. The generalization then follows by induction. 

Lemma 4, If | f™)(a,---,an)| < M for every 2%,+--, %n distinct on 
ab, then 


| FM (a), ++, ey—1)— "4 (ad, «++, ana)| S (b—a) nM 


for every Xo, +++, Xp—1 distinct on ab and xi,---, xj_y distinct on ab. 

If some of the x’ coincide with some of the x”, we may suppose the 
notation such that they are the first r; thus 2) = 2) = co say, --- 
Lp—-1 = La = Cr—1 SAY, ANA Co, +++, Cray Hy +++, Ln—1, Hr, +++, Hpi are 
distinct. We can then express f™— (x, ---, 2p—1)—f™ (at, -- +, a1) 
as the sum 


(ar — ary) f™ (69, +++, Cr—a Lp Lp Leta, +++, Lar) 
+ (Gra — arpa) £1 (Coy ++, Cra Ur Mpa Lega Leta, +++, Lar) 


Se ae (xp—1— Xn-1) f™ (C1, +++. Cy—4 Lr - Ln—2 Ln—1 Ler) 


which is less in absolute value than ()—a)(n—r)M and a fortiori less 
then (b—a)nM. a 
LemMA 5. If | f™ (a, +--+, an)|< M for all distinct x, ---, x, on ab, 
then there are numbers Mo, ---, Mn—1 such that | f(a, +++, 2)| < My for 
all x9, +++, X, distinct and on ab (r = 0,---,n—1). 
Let us prove this lemma for r = n—1; by induction the lemma will then 


: (b—a) (i =0,---, n—1). 


be true in complete generality. Set a’ = a-+- ——* 


Then by Lemma 4, 


[FO Boy +++ ua) ES | FO (Ao, +++, An—a)| + (O—G) MMS Mas 


if My: is taken as | f™-" (ap, +--+, an—-1)| + (6—a) nM. th 
THEOREM. If | f™(a,+++,%n)| <M for all x, +++, % distinct on ab, 
then f’,---,f"— exist and are continuous on ab and | f\"—* (a, ---, nx) | 
<n(n—1) ---(n—k+1) M for every xo, +++, Xn—x distinct on ab (k =1,---,n—1). 
We prove first that’ exists on ab. Our hypothesis implies (by Lemma 5) 
that | f!) (a a, 2)! < My for all distinct x 2, 2, on ab. Hence 


| £7) (a 94) —f™ (a Xe) | = |x: — ae || f?) (xo m1 2) | < |x, — 49 | Me. 
7 
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The limit as 2, and z, simultaneously approach 2» of | f"" (a 2,)—f™ (a x3) | 
is therefore 0, which is the Cauchy condition for the existence of /” (29). 
Moreover /’ is continuous. For, since 





f' (@+h)—f' (@) 
h ? 


lim f(x;hk) = 
k>0 
we have 
| @+hy—f'@)| = || j him fe; hh) | 
= |h| [Tim {f° (@, oh, e+ h+ hfe (a, otk, e+ h+h)} | <2M,\h|\, 


and therefore jim Lf’ (a+h)—/f’ (x)]=0. /” (x) thus exists and is continuous. 
—0 
By a precisely similar argument making use of the inequality 
| f’P) (ao a, 2)| < 3My it is shown that f”(z) exists and is continuous. 
The complete theorem follows by induction. 


THe UNIVERSITY OF MINNESOTA, 
November, 1924. 





NOTE ON THE EXISTENCE OF 
ANALYTIC SOLUTIONS OF NON-HOMOGENEOUS LINEAR 
q-DIFFERENCE EQUATIONS, ORDINARY AND PARTIAL.* 


By C. Raymonp ADAms. 


Introduction 


The existence of analytic solutions of the homogeneous linear ordinary 
q-difference equation was. demonstrated by Carmichaelt some time ago; 
recently the existence of analytic solutions of a class of homogeneous linear 
partial g-difference equations has been shown by the author.{ In the present 
note are proved certain theorems concerning the existence of solutions of 
non-homogeneous equations of the same general types. To obtain 
solutions of a non-homogeneous difference equation of any type (difference 
or q-difference, ordinary or partial, etc.) when the solutions of the associated 
homogeneous equation are known, it is necessary only to discover suitable 
evaluations for an operator. Such evaluations, effective in an extensive 
class of cases, are easily found in the present instance. No originality can 
be claimed for the general methods used here, but it seems to the writer that 
the results found make a sufficient contribution to the theory of q-difference 
equations to warrant their being set down. 

For the sake of uniformity of notation we find it desirable to recall 
briefly the main facts concerning homogeneous q-difference equations. In 
the system 


(1) 9 (qx) = aij (2) gj (a) (i = 1,2,---, n), 


or in matrix notation 
G(qz) = A(@~)G(z), , 


let the coefficient functions a(x) be expressible as 


ay (x2) = 2* [ag t+ an 2+ ayex*®+ ---] for |a|<r, 
aay (x) = x" [ay + agr/a + ajp/x*?+ ---] for |x|>R (i,j = 1, 2,---,n). 


* Presented to the American Mathematical Society, Dec. 30, 1924. 

+ ‘The general theory of linear q-difference equations”, Amer. Journ. of Math., vol. 34 
(1912), pp. 147-168. 

t“The general theory of a class of linear partial q-difference equations”, Trans. Amer. 
Math. Soc., vol. 26 (1924), pp. 283-312. 
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Then if |q| is +1 and if certain conditions concerning the roots of the 
characteristic equations for zero and infinity 


JfO,i+9 


| aij — Oy | = 0, | aij — dy 0" | —- 0, dij = 1, im j 


are satisfied, the system (1) possesses two matrices of solutions 


x 
— (#@— t) 
: as oy (x)!, 


Soe 
(3) (gy (x)) . ‘ 


(hy (x) = (73 te 2 By (a), : — loge 


logg ° 


The functions a(x) and A(x) are analytic at « = 0 and x = © respect- 
ively, and the determinants of the leading coefficients in the expansions 
of these functions at these points are not zero. Only the case in which 
such solutions exist is to be considered here. If the coefficient functions 
in (1) are analytic throughout the plane except for certain singularities, 
the region of analyticity of the solutions gj (x) and hy (x) is extensible by 
repeated use of (1). 
Secondly, let the system 


4) Gi (Qa, ry) = ay (x, y) gj (x, y) G= 


or in matrix notation 
G(qz,ry) = A(z, y)G(a, y), 


have coefficient functions expressible in these forms: 


ay (x,y) = 2% y* [ay+ ayo et+ayn yt+---] for |al<rn, ly|<re; 
ay (x, y) = why” [ay + ayno/ e+ aiyon/y+ +++] for |x| > R, |y|> Re; 
ay (x,y) = x y"[aj+ ajo x+aijn/y+---) for |zi<n, |y|>R 
ay (x,y) = ay? [aij + ajjio/x + ain yt+---) for |x| >R, ly|<re. 
(¢,7 = 1,2,---, 2). 
When |q| and |7| are not 1 and certain conditions concerning the roots 
of the characteristic equations for (0, 0), (co, 0), (0, o), and (@, 0) 
lay—dyo |= 0, |ay—dyo’ | = 0, by = {its 
|aj—dyo”| = 0, jay’—dyo”| =0 "Wim J, 


are satisfied, the system (4) possesses four matrices of formal series solutions 





q-DIFFERENCE EQUATIONS. 
x 
gyi mm ‘a 


Pet) (2) o’ 


By (x, »)) ’ 


A 
(@—t) v2 (t*-T) x 


ay (x, y)) ’ 
(hy (x,y) = (, 


§ 7 . 
>) 2-1) 
(uy (x, y) = (92 re os ya (a, e 


y y 00 
(vy (x, y) = (q2” OE a iy (x, ”), $ a cae —E. 
where «j(x,y) is a development in powers of x and y, Ay(x, y) one in 
powers of 1/x and 1/y, xy (x, y) one in powers of x and 1/y, and dy (x, y) 
one in powers of 1/x and y. If |q| and |r| are both greater or less 
than 1, the series ay (x, y) and Ay (x, y) converge in the vicinity of (0, 0) 
and (0, oo) respectively; if one of the quantities |qg|, |r| is greater and 
the other less than 1, the series yy (x, y) and dy (~, y) converge respectively 
in the neighborhood of (0, ©) and (0,0). The determinant of the leading 
coefficients in each matrix of expansions is not zero. If the coefficient 
functions ay (x,y) are analytic throughout the z- and y-planes except for 
certain singularities, the region of analyticity of the solutions gy (zx, y) 
and hy (x, y), or w(x, y) and vy(z, y) can be extended by repeated 
use of (4). 

1. The non-homogeneous ordinary q-difference equation. Let 
us consider the system 


Gi (qu) = D ay (x)g; (a) (¢= 1, 2,---,n—1), 
(7) ps 


n 


Gn (qx) =X ang (x) 95 (2) + O(c), 
where |q| is +1, the ay(x) are such that the associated homogeneous 
system obtained by deleting b(x) has solutions (3), and where b(z) is 
expressible in the forms* : 


ba) = a [(b +h e+ o?+---] for |x|<r; 
b(a) = a? [+b /a+bs/a*+--.] for |x|>R. 


It is assumed further that x and w are positive or negative integers or 
zero (an hypothesis not needed heretofore). There is no added generality 
in making each equation of the system (7) non-homogeneous, for the 
solution of such a system is obtainable by summing the solutions of the 
n systems each of which is formed from that one by deleting all but one 
of the additive terms like b(x), If x[w] is zero, we make also the hypo- 
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thesis that g”+ [q°~] for 7 = 0, 1, 2, --- is not a root of the characteristic 
equation for O[0o] of the associated homogeneous system. Under these 
conditions the system (7) possesses two formal series solutions:* 


(8) si(x) = 2 * [4+ 8 2 + 5207+ ---], 
(9) si(x) = x° [s+ siy/at so/a*+---] (6 =1,2,---, ); 


the s’s and s’s may be calculated by substituting the series in (7) and 
reckoning out the coefficients directly. It is our purpose to show that 
under certain conditions these series converge respectively in the vicinity 
of x= 0 and of c= &. 

Let now (gj(x)) be the matrix solution of the associated homogeneous 
system which is valid at x= 0. In a manner suggested by the method 
of variation of the constants in the theory of linear differential equationst 
we put 


(10) Gio) = Dea) gue) ra ree 


and seek to determine the (x7) (k = 1, 2,---,m) so that the g;(z) 
(¢ = 1, 2,---, m) will be a solution of (7). If we set 


lx (qa) — k(x) = Ak (x) 


and substitute the expressions (10) in (7), the following set of equations 
for the determination of the Al,(x) is obtained: 


& Ale (x) gar (q2) 0 i= 1,2,---,n—1), 


= Alu(x) gux(qx) = b(z). 


The determinant of the coefficients |gj(¢x)|, which we shall denote by 
G(qx), does not vanish identically, since the determinant of the leading 
coefficients in the expansions of the gj(x) is different from zero. Therefore 


*The forms given in (8) and (9) are used because they hold in all cases. It turns 
out, however, when x >0O, that the s, and s, for i=1,2,---,m—1; j =1,2,-++-, 2x, 
and s, and s,, for j= 1,2,---,~, are all zero. Similarly, when ~<0, the s; and sj, for 
i=1,2,---,m—1; 7 =1,2,---,2m, and s and 8; for 7 = 1,2,---,#, are zero. 

+ This device has already been employed in the theory of ordinary difference equations 
by Birkhoff, “General theory of linear difference equations’, Trans. Amer. Math. Soc., vol. 12 
(1911), p. 258 and by Williams, “The solutions of non-homogeneous difference equations 


and their asymptotic forms”, ibid., vol. 14 (1913), pp. 213-214. 
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we can solve for A(x), and if we allow Gx(gx) to designate the minor 
of the element in the last row and kth column of G(qz), we find 








Alk(x) = (—1)"+* b (x) Gx (qx) 


















G (qx) 
or 
_ y(—1)"**b@) G&@z) , _ 
(11) (x) == G (gz) (k = 1, 2,---, n), 





= being used to denote the operator which is the inverse of A (i.e., such 
that SA f(x) = A> f(x) = f(2)). 


The operator = admits two simple series evaluations: 


(12) 24) = £(=) +7(S) 47(S) +--- 
(13) f(x) = —f(e) — fax) —f (Gx) —-- 
The quotient in (11) may be written as 


-. 


nL 
. 7 eo 














(14) ~—— [0+ 2+ 6a%+---]. 









Let us now suppose |q|> 1; then it is clear that of the evaluations (12) 
and (13) only the first can possibly be used to secure analytic solutions 
here. Employing (12) we have* 


cara) (2) 





Ms 





(a) = i 
I: ( ) a 6 | £) ye 
(15) ga at 
oO j gim—Dx y¥-e { ; 
Yb, k zx fi 
= 6 6, — eA | : : 
2, ” sae *—0,)+-+2+----+-m)x : ine | + 1 q™ + . 


— — 








Let for the moment x be regarded as fixed, not zero, and within the circle 
of convergence of the series in (14). Then the ratio of the (m+ 1)th 













*The quotient here is in general an infinitely many-valued function because of the 
presence of 2” —* In order that it may be a single-valued function of position it is 
therefore necessary to regard x as free to wander over a Riemann surface with infinitely 
many leaves, like that used for logx. This being the case, we stipulate that the passage 
from the point x to the point x/q, and similarly from that point to 2/q?, and so on, be 
made along a logarithmic spiral in a clockwise direction, let us say, through a distance 
which subtends at the origin an angle that is negative or zero and greater than — 27. 
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term to the mth for sufficiently large m is clearly seen to be approxi- 
mately a*/q”~%*™; as m increases, this ratio tends toward zero if x is 
positive. Thus, for x>0O, the series converges rapidly, at least beyond 
a certain point. The 2”~—* and the power of g beneath it in (15) can 
be absorbed into the series and, since the series converges absolutely, it 
can be rearranged according to powers of x; thus we have for all values 
of « within some circle about the origin 


a ~% 
y+ he thet+--. 


ze 


(x) = - 


and hence 
(16) 7 (x) = 2 Git+gnet+gGextt+---] G=1,2,---,n). 


These functions must constitute a solution of (7) and, inasmuch as the 
equations determining the coefficients in (8) have unique solutions, the 
series (16) and (8) must be identical.* Hence the formal series (8) converge 
and represent an analytic solution of (7) in the vicinity of «= 0. 

If |g| is <1, the sum formula (13) may be used; the resulting series 
converges if x is <0, and can be identified with (8). 

When « is zero the situation is somewhat different; then the series (14) 
is simply 
(17) a [06+ 06,4+ 627+... 


We shall now make the additional assumption thatt R[o,—y] be +7 for 
k=1,2,---,n; 7 = 0,1,2,---.f Let us suppose |g|>1. Then if 
Rly—ox] is >0, we use evaluation (12) for =. If R[y—eo] is <0, 
let 7 be the largest integer less than R[o,—y] and break up the series (17) 
into two parts thus: 


+Y—oO 6 6 3 
git7—e, BK -f. 54 or | o,| 


+ a HI [0141 + O12 0+ Ors a7+---], 


(18) 


Now the operator = is distributive; thus = operating on (17) is equal 
to the sum of the results of = operating on the parts of (18). 2 operating 

* Cf. first note, p.76. It appears that g, and g,, for i=1,2,---,n—1; j= 1,2,++-,% 
must be zero; this is also shown by carrying out the calculation of these constants. 

+ We shall use the notation R[x] to denote the real part of x. 

tIn case y and e,(k = 1, 2,--+, m) are all real, the possibility of Rle,—y] being a 
positive integer or zero has already been precluded by the assumption which we found it 
necessary to make immediately before (8) in order to secure formal solutions, 
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on the first part of (18) will be evaluated by (13) and = operating on 
the second part by (12). In all these cases the series involved are seen 
to converge since after a time the terms decrease in approximately geometric 
ratio. If |q| is <1, the use of the sum formulas (12) and (13) is interchanged. 
An entirely parallel discussion can be given to demonstrate, in corres- 
ponding cases, the convergence of the series (9). Naturally the matrix 
solution (hy(x)) of the associated homogeneous system replaces (gj (x)) 
in the foregoing treatment. If we denote the matrix (aj(x)) by A(z) and 
its inverse by A~‘(x), the results may be summed up as follows. 
THEOREM I. In the following cases 


lqi>1,*>0; ; lal >1,">0; 

lai<1,%<0; |lal/<1, # <9; 

'q| 21, *=0, Rlo,—yv] +79 for | |\q| 21, »#=0, Rlo,—94] + j for 
k= 1,2,---,; 7 =0, 1, 2,---; k=1,2,---, "3; 7 = 0,1, 2,-->; 


the formal series solutions (8) and (9) converge respectively for x in the 
vicinity of 0 und co and so represent analytic solutions there.* By the 
aid of the system (7) itself the region of validity of these analytic solutions 
can be extended. The solution which in the vicinity of x = 0 is represented 
by (8) ts analytic away from that point with the following exceptions: ©; 
when |q| is >1, the singularities of A(x) and b(x) and points externally 
congruentt to them; when |q| is <1, the singularities of A(x) and b(x) 
and points externally congruent to them. The solution which in the neigh- 
borhood of x = © is represented by (9) is analytic away from that point 
with the following exceptions: 0; when |q| is >1, the singularities of A (x) 
and b(x) and points congruent internally to them; when \q| is <1, the 
singularities of A(x) and b(x) and points congruent internally to them, 

It would be of interest to know what is the significance of the formal 
solutions (8) [(9)] in the cases |g] <1, x > 0 and |g| > 1, «<0 
(|g) <1, # > 0 and |g) >1, # <0]. The sum formulas (12) and (13) 
when applied in these instances yield rapidly divergent series. Are there, 
however, other evaluations possible for = which will yield analytic solutions 
in these cases—solutions which can be identified with the formal develop- 
ments (8) and (9) or which are asymptotically represented by them? 

2, The relation between the solutions. Frequently the system (7) 
possesses two solutions; let them be called g; (x) and hi(x) (6 = 1,2,-++,n). 


* At the point 0[%] the solution is analytic or has a pole according as the exponent 
of x appearing before the series has a real part which is >O[<0] or <0[>0]. 

fT Of the points q‘x (i= 1, 2, ---, —1, —2, ---) those whose moduli are >| x|[< |x|] 
will be said to be externally [internally] congruent to x. 
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It is clear that the set of functions 9; (x)—/j(x) (i = 1, 2,---, n) con- 
stitutes a solution of the associated homogeneous system. But any such 
solution is related to the solutions of the matrix* (Aj (x)) in the following way: 


where the functions 0;(x) are periodic, satisfying the relation f (qx) = f(z). 
The equations (19) may be regarded as a non-homogeneous system for the 
determination of the 6;(x). Since the determinant of the coefficients | hy (x) | 
is not identically zero (the determinant of the leading coefficients | sj | is 
+ 0), we can solve for the 6’s. We find 


(J — 1,2,-+-, 9); 


where (x) stands for the determinant | hj(x)| and $;(x) for the determinant 
formed from $(x) by replacing the jth column by the left-hand members 
of (19). 

In certain instances the nature of the 4;(~) can be completely determined. 
In particular it is seen that if the a(x) and b(x) are rational functions, 
then 6;(x) (j = 1, 2,---, m) away from 0 and ©, is analytic save for poles. 
Indeed the 6;(a) may be subjected to further analysis by the method 
employed by Birkhofft in examining the character of the periodic functions 
of the same type that arise in connection with the homogeneous system (1). 
The results are stated in 

THEOREM II. When the coefficient functions in (7) are rational functions 
with x >0, #0 and |q| is >1 (or x< 0, w<0, and |q| <1), the 
relation between the solutions of (7) may be expressed in the form (19) where 
the 0;(x) (j = 1, 2, ---, n) satisfy the relation f(qx) = f(x) and are analytic 
save for poles over the entire plane away from 0 and o. If we make the 
transformation x = q' and sel 0;(x) = w;(t), we find 


oj(t-+ 1) = aj(f), 


2aV —1 
oft ae 


] = (— 1) e— 2 —1 (at-+ej)}+ 27p"log w; (t). 


*The matrix (9,,(@)) may equally well be used here. 
+The generalized Riemann problem for ---”, Proc. Amer. Acad. of Arts and Sci., 
vol. 49 (1913), pp. 561-564. 
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w;(t) is then expressible in the form 
w(t) = c@@t o(t—a,) o(t —ay) --- o(t— ayn), 


where a(t) is the Weierstrassian sigma function belonging to the periods 1 
and 2nV —1i/log q, and c, a, b, and the «’s are suitable constants. 

3. A class of non-homogeneous partial g-difference equations. 
We next consider the system 


gi(Q2, ry) ee > u(x, y) gi (x, y) (¢=1,2,---,n—1), 
(20) ce 


gu (ger, ry) = 2 anj(e, y) gil, y) +(x, 9), 


where |g| and |r| are +1, the ag(x,y) are such that the associated 
homogeneous system obtained by deleting b(x,y) has solutions (6), and 
b(x, y) can be expressed thus: 


b(x, y) = a yF ib +b t+biyt---] for jain, ly|<re, 
d(x, y) = oy? [b) +00/e+bu/y+---] for |x|>R, |y|>Rs, 
b(a, y) = 2? y"[b" +h a+bu/y+---] for |xa|<n, |y|>Re, 
b(x,y) = a y [04+ bo/e +b y+---] for |x|>R, lyl|<re. 


It will be assumed that x, 4, u, », &, 7,9 and yw are positive or negative 
integers or zero; we further impose the condition that, if « and 4 [w and 7] 
are both different from zero, they are of the same sign, and that, if 
§ and 7 [g and wy] are both different from zero, they are opposite in sign. 
As in §1 no generality is lost in taking but one equation of (20) to be 
non-homogeneous. If x and A [w and 7] are both zero, we make the additional 
hypothesis that g*+? r?+ [g”-‘ »?~) (i, 7 = 0, 1, 2, ---) is not a root of the 
characteristic equation for (0,0) [(«, o)] of the associated homogeneous 
system; corresponding hypotheses are made in the casés § = y = 0 and 
y = w= 0. Under these conditions it can be shown by direct sub- 
stitution and calculation of the coefficients that the system (20) possesses 
four formal series solutions: 


(21); (ayy) = a®* FI, + 50 e+ 5m: yt -- 41, 
(22) (a,y) = ay?" [si + sho/a+ sin/y+ ---], 
(23) si’ (a, y) = a "si! + sito e+ sin/y+ ---], 
(24) si"(a,y) = a? Fy? [si + sito/a + sin yt -+-] (= 1,2,+++,m). 
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The convergence of these series under certain conditions can be established 
by the methods of § 1.* In the discussion there arises a new operator A 


defined by the relation 


Af x, y) — S(qz, ry) —f(z, y); 


we call its inverse = and employ for ZS the following evaluations: 


she. =s(2, 2) 47/44) +4(S 4) t-- 


2f(z,y) = —fiz2,9)—f@z, ry) —f(q?x, r?y)—---. 


The results may perhaps best be classified according as |q| is 21 and |r| 
is 21 and grouped in four theorems of which the following is typical: 


THEOREM IITA. 


x>0,4>0, but not both zero; 


l . 
x=A=0, Bl a—eut i+ (8+m) oe" | +0 


Sor any 1 and m that are positive 
integers or zero (k = 1, 2,---, ); 


(lq| > 1, |r| > 1): 





In the following cases 


= 0, v0, but not both zero; 


er 
logg #0 
Sor any l and m that are positive 
integers or zero (k = 1, 2,---, n); 


p=v=0, Rly—eh- 1+(d—m) 


the formal series solutions (21) and (22) converge for (x,y) in the vicinity 
of (0,0) and (©, ©) respectively and so represent analytic solutions there. 
By the aid of the system (20) itself the region of validity of these analytic 
solutions can be extended. The solution which in the w*~>horhood of (0,0) 
is represented by (21) is analytic away from tha place ‘h the following 
exceptions: x= ©; y=; the singularities oft A(x, y) w.rd b(x, y) and 
places externally congruent{ to them. The solution which in the neighborhood 





*In the typical case |q|>1, |r| >1, the only point in the treatment essentially 
different from that of § 1 arises when x and A are zero and 2 operates upon a function 


ate oP (0+ O:0.%+Ony¥+ vee]. 
If R[«—e,] or R[f] is negative, or both, complications arise; but it is not difficult to 


show that if R[a—e,+1+ (+m) al is +0 for any / and m that are positive 


integers or zero, this function can be broken up into a finite number of pieces for each 
of which one or other of the evaluations for 2 given here can be employed. 

ft A(@, y) is used to denote the matrix (ay(x, y)); A~*(x, y) stands for its inverse. 

} When |{q| and |r| are >1 the places (g‘a,r‘y) @ =1,2,---) [i= —1,—2,---] 
will be spokon of as externally [internally] congruent to (2, y). 
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of (@, @) is represented by (22) is analytic with the following exceptions: 
x=0; y=0; the singularities of A(x, y) and b(x,y) and places con- 
gruent internally to them. 

4, The relation between the solutions. The system (20) often has 
two solutions; let us call them 9i(x, y) and h(x, y) (i = 1,2, ---,) con- 
fining ourselves to the typical case |g| > 1, |r| >1. The set of functions 
gi (x, y) —hi(x, y) (6 = 1,2, ---, m) constitutes a solution of the associated 
homogeneous system, and so may be expressed thus in terms of the matrix 
solution (A(x, y)) of that system: 


(25) Gile, y) — hile, y) = 2 (a, y) hue, y) i= 1,2,--+,m); 


the 6;(x,y) are periodic functions, satisfying the equation f(gz,ry) = f(a, y). 
We may solve for the 6;(x,y), obtaining 


Dj, y) 
D(x, y) ’ 


where (x, y) denotes the determinant |hy(x, y)| and $;(x,y) the determ- 


inant formed from $(z,y) by replacing its jth column by the set of 
functions on the left in (25). 


When the coefficient functions in (20) are polynomials, we can subject 
the @;(x,y) to an analysis like that made by the author* in the case of 
the periodic functions of this same type that arise in connection with the 
homogeneous system (4). A statement of the results follows. 

THEOREM IVA. (\g| >1, |r| > 1): When the coefficient functions in (20) 
are polynomials and the system possesses two solutions, the relation between the 
solutions is expressed by the equation (25), where the 6;(a, y) (j = 1, 2,-+-, ) 
satisfy the relation f(qx,ry) = f(x,y) and are analytic over the entire 
xz- and y-planes away from x= 0, x= @, y=0, and y=a. Under 
the transformation x = q', y= 7", 0;(x,y) becomes a function w;(t,t) that 
is found to be triply quasi-périodic and of the sort studied by Cousin.t 

The theorems of this and the preceding section can be extended at once 
to a system like (20) in which there are any number N of independent 
variables. 


0; (x, y) sc 


* Loc. cit., pp. 304-307. 

+ “Sur les fonctions triplement périodiques de deux variables”, Acta Math., vol. 33 (1910), 
pp. 105-232. 

Brown University, Provipence, R. L,, 
December 26, 1924. 



















































































































INCIDENCE AND PARALLELISM 
IN BIAFFINE GEOMETRY. 


By ALBERT A. BENNETT. 


Projective geometry of space admits of a duality between point and plane, 
and has no specialized points and planes. Affine geometry does not admit 
of such a duality and is distinguished as a subgroup of projective geometry 
by the invariance of a plane “at infinity”, this plane being excluded as 
“improper”, from the subgeometry. In affine geometry any two points 
are equivalent, the “points at infinity” being excluded entirely from the 
discussion. In the affine geometry of vectors, a subject of long standing 
and of increasing importance, there is a unique invariant zero vector. 
Following Euclidean precedents the zero vector is usually accepted as 
a vector in full and regular standing without question, although it fails to 
have the familiarly stipulated property of “direction”. However an explicit 
exclusion of the zero vector from the application of the term, “vector”, 
leads to a self dual geometry, (which we therefore designate as Biaffine 
Geometry) of considerable interest and simplicity, and which is the direct 
geometrical interpretation of the algebraic relations among matrices of the 
third order. 

We may imagine a space with a given fixed “center” or “origin”. By 
the term “point” will be meant any finite point other than the origin, while 
the origin will never be called a point. A complete linear one-dimensional 
set of points will be called a line if and only if the origin is not included 
in the set, and so on. 

We shall state without proofs the elementary relations of incidence 
and parallelism holding in biaffine geometry of three dimensions, making use 
of the duality to define relations among points hitherto only familiar in the 
case of planes and vice versa. The discussion presents no difficulty and 
its algebraic interpretation is often trivial. Its novelty and usefulness are 
sufficient justification for its presentation. The classification of quadrics 
and the applications of inner and outer products, and other such familiar 
topics of geometry and vector analysis are capable of equally simple 
treatment. 

For the figures indicated the following are complete systems of non- 
vacuous, mutually exclusive types of relations. 

1. Two distinct planes, (i) on a common line, (ii) parallel. 


2. Two distinct points, (i) on a common line, (ii) parallel. 
84 
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3. A point and a plane, (i) incident, (ii) the point parallel to a unique 
point of the plane and the plane parallel to a unique plane through the 
point, (the point and plane are then said to be relatively skew), (iii) parallel. 

4, Two distinct lines, (i) doubly incident, that is meet in a common point 
and lie in a common plane, (ii) point-incident, that is, meet in a common point 
but do not lie in a common plane, (iii) plane-incident, that is, lie in a common 
plane but do not meet in a common point, (iv) doubly parallel, that is, 
have no common point or common plane but for each point of either line 
there is a point of the other parallel to it and for each plane through 
either line there is a plane through the other parallel to it, (v) skew-parallel, 
that is, have ne common point or common plane, but for these there is 
a unique pair of parallel points, one on each line, and a unique pair of 
parallel planes, one through each line, (vi) doubly skew, that is, have no 
common point or common plane, and there is no point of either line parallel 
to a point of the other and no plane through either line parallel to a plane 
through the other. 

5. A point and a line, (i) incident, (ii) point-parallel, that is the point 
is parallel to a unique point of the line, (iii) doubly parallel, that is, are 
contained in no common plane and there is no point of the line parallel 
to the given point, (iv) independent, that is, are contained in one and only 
one common plane. 

6. A plane and a line, (i) incident, (ii) plane-parallel, that is, the plane is 
parallel to a unique plane through the line, (iii) doubly parallel, that is, contain 
no common point, and there is no plane through the line parallel to the given 
plane, (iv) independent, that is, contain one and only one common point. 

The following are further relations of incidence and parallelism. 

1. If a point and plane are parallel, each point parallel to the given 
point is parallel to each plane parallel to the given plane. 

2. If a point and line are independent, the same is true of any point 
parallel to the given point with any line, point-incident to the given line. 

3. If a point and line are point-parallel, the same is true of any non- 
incident pair, where the point is parallel to the given point and the line 
is doubly parallel to the given line. 

4. If a point and line are point-parallel, the same is true of any non- 
incident pair which is not doubly parallel, where the point is parallel to 
the given point, and the line is point-incident to the given line. 

5. If a point and a line are doubly parallel, the same is true of any 
pair where the point is parallel to the given point and the line is either 
plane-incident or is doubly parallel to the given line. 

6. If a plane and a line are independent, the same is true of any plane 
parallel to the given plane with any line plane-incident to the given line. 
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7. If a plane and line are plane-parallel, the same is true of any non- 
incident pair, where the plane is parallel to the given plane and the line 
is doubly parallel to the given line. 

8. If a plane and line are plane-parallel, the same is true of any non- 
incident pair which is not doubly parallel, where the plane is parallel to 
the given plane and the line is plane-incident to the given line. 

9. If a plane and a line are doubly parallel, the same is true of any 
pair where the plane is parallel to the given plane and the line is either 
point-incident or is doubly parallel to the given line. 

10. If two lines are doubly skew, these may be uniquely distinguished, 
one as the point-bearer, and the other as the plane-bearer. The point- 
bearer has a unique point doubly parallel to the other line and the plane- 
bearer has a unique plane doubly parallel to the other line. The point- 
bearer has no plane either plane-parallel or doubly parallel to the other 
line, and the point-bearer has no point either point-parallel or doubly 
parallel to the other line. 

11. Given two doubly incident lines, any line doubly parallel to one of 
the lines is skew-parallel to the other. 

12. Given two doubly incident lines. Any line plane-incident to one of 
the lines is in one and only one of the following relations to the other, 
(i) doubly incident, (ii) skew-parallel, which occurs when the new line is 
plane-parallel to the plane of the given two lines, (iii) doubly skew, which 
occurs when the new line is doubly parallel to the plane of the two given 
lines. In this case the second of the given lines is the plane-bearer and 
the plane of the given lines is the plane doubly parallel to the new line. 

13. Given two doubly incident lines. Any line point-incident to one of 
the lines is in one and only one of the following relations to the other, 
(i) doubly incident, (ii) skew-parallel, which occurs when the new line is 
point-parallel to the point of intersection of the given two lines, (iii) doubly 
skew, which occurs when the new line is doubly parallel to the point of 
intersection of the two given lines. In this case the second of the given 
lines is the point-bearer and the point of intersection of the given lines 
is the point doubly parallel to the new line. 


















NEW PROOFS OF THE SIMPLICITY OF EVERY 
ALTERNATING GROUP WHOSE DEGREE IS NOT FOUR. 


By G. A. MILLER. 


C. Jordan proved that every alternating group whose degree is not four 
is simple, Traité des substitutions, 1870, page 66. Several years earlier 
he had proved that equations belonging to this group are simple, Paris 
Comptes Rendus, volume 60 (1865), page 773. In what follows we shall 
establish an elementary theorem from which the simplicity of every al- 
ternating group whose degree exceeds 5 and of certain other groups can 
readily be deduced. This theorem may be stated in the following form: 
If every subgroup composed of all the substitutions which omit a given 
letter of a substitution group G whose degree exceeds 4 is at least triply 
transitive then G must be at least fourfold transitive and cannot involve 
more invariant subgroups than every one of the given triply transitive sub- 
groups contains. In particular, when one of these triply transitive sub- 
groups is simple G must be simple. The fact that this theorem does not 
apply to all the groups of degree 4 is illustrated by the symmetric group 
of this degree. 

It is evident that this theorem establishes the simplicity of every al- 
ternating group whose degree exceeds 5 provided the simplicity of the 
alternating group of degree 5 has been established. Hence we shall prove 
that this group is simple before proving the theorem in question. It may 
be of interest to note that this special case is also included in a very 
elementary general theorem relating to the subgroups composed of all the 
substitutions which omit a given letter. This theorem may be expressed 
as follows: Jf a subgroup composed of all the substitutions which omit a 
given letter of a transitive group is of class p and of degree p+1, p being 
an odd prime number, then this transitive group is simple and there is only 
one such group for a given value of p. 

It is obvious that the subgroup in question is of degree 2“ and involves 
invariantly the abelian regular group of order 2“ and of type (1, 1,1, ---). 
Since this subgroup is primitive the transitive group G must be of degree p+ 2. 
The group G cannot involve invariantly a regular group of degree p+2 
since the subgroup composed of all the substitutions which omit one letter 
of the holomorph of such a regular group cannot be multiply transitive. 
For the same reason G cannot involve an invariant subgroup of order 
(p+1)(p+2) since such a subgroup would be of class p+1 and hence 
would involve a characteristic regular group of order p+2. Since G is 
87 - 
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generated by its Sylow subgroups of order p it cannot involve an invariant 
subgroup whose order is divisible by p. Hence G must be simple. For 
p = 3 this theorem establishes the simplicity of the alternating group of 
order 60. Not more than one group of degree p-+2 can contain such a 
given subgroup of degree p-+1 since the substitutions of degree p+2 
which transform a subgroup of order p contained in @ into itself are 
completely determined by this subgroup and the letters of G. 

When G is assumed to be transitive the word “every” in the theorem 
stated near the close of the first paragraph may be replaced by “a”, since 
all the subgroups composed of all the substitutions which omit a given 
letter are then conjugate under G. As this is the case which applies to 
the alternating groups we shall consider it first, and shall prove later 
that G must be transitive whenever the conditions of the theorem are 
satisfied. It is obvious that whenever the subgroup composed of all the 
substitutions which omit a fixed letter of a given transitive group @ is 
primitive then the degree of this subgroup is exactly one iess than the 
degree of G. Hence it results that when this subgroup G, is at least 
triply transitive then G must be at least fourfold transitive. Moreover, 
G, is a maximal subgroup of G«ince G is primitive, and every invariant 
subgroup of G besides the identity must involve more than one of the 
substitutions of G,. The latter part of this statement results from the 
fact that such an invariant subgroup would have to be transitive since G 
is primitive, and it could not be regular since the subgroup composed of . 
all the substitutions which omit one letter of the holomorph of a regular 
group cannot be more than doubly transitive whenever the degree of this 
regular is not 4. An invariant subgroup of G must therefore involve an 
invariant subgroup of G, which cannot be the identity whenever the in- 
variant subgroup of G is not the identity. Hence every invariant subgroup 
of G is generated by the conjugates of an invariant subgroup of G, under G@. 

The fact that G must be transitive whenever the conditions imposed 
by the given theorems are satisfied is involved in the following theorem: 
At least one of the possible subgroups composed of all the substitutions which 
omit a given letter of an intransitive group is either intransitive or regular. 
When an intransitive group G has at least one transitive constituent which 
is non-regular a subgroup composed of all the substitutions of G which 
omit a letter of such a constituent must be intransitive unless G is both 
simply isomorphic with this constituent and this constituent is not generated 
by all its substitutions whose degrees are less than the degree of this 
constituent. In the latter case these substitutions must generate an in- 
transitive invariant subgroup of this constituent. This invariant subgroup 
must correspond to the identity of the group formed by the remaining 
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transitive constituents of G unless a subgroup composed of all the sub- 
stitutions of G which omit a letter of the non-regular transitive constituent 
in question is intransitive. When this intransitive invariant subgroup 
corresponds to the identity of the group formed by the remaining transitive 
constituents of G then the subgroup composed of all the substitutions of G 
which omit a letter of any one of these remaining constituents is obviously 
intransitive. That is, if an intransitive group involves at least one non- 
regular transitive constituent then at least one of the subgroups composed 
of all the substitutions which omit a fixed letter of this intransitive group 
must itself be intransitive. 

It remains therefore only to consider the case when every transitive 
constituent of G is regular and also every subgroup composed of all the 
substitutions of G which omit a fixed letter is transitive. It is obvious 
that both of these conditions are satisfied whenever G is the direct product 
of any two regular groups and only then. In fact, to the identity of one 
of these regular transitive constituents there must correspond a transitive 
subgroup of G. This must be regular since all the transitive constituents 
of G were assumed to be regular. This completes a proof of the theorem 
in question, and hence it establishes the fact that every substitution group 
which satisfies the conditions imposed on G in the theorem noted towards 
the close of the first paragraph must be transitive. 

From the given theorem it results directly that if the alternating group 
of degree 5 is simple and triply transitive then the alternating group of 
every larger degree must be siniple. The fact that the alternating group 
of degree 5 is simple results also directly from the well known theorems 
that an invariant subgroup of a primitive group must be transitive when- 
ever its order exceeds the identity and that the order of a transitive group 
is a multiple of its degree. Hence it results that if the alternating group 
of degree 5 were not simple its invariant subgroup whose order exceeds 
the identity would contain six Sylow subgroups of order 5. Its order 
would therefore be 30 and it would involve four sets 6f conjugate cycles 
of order 5. As it could not have more than four sets of conjugate cycles* 
it could not contain any cycles of order 2 or of order 3. From Sylow’s 
theorem it follows that cycles of both of these orders must be present in 
every substitution group of order 30. That is, the alternating group of 
degree 5 must be simple. The theorem of the first paragraph includes 
also a proof of the fact that the two fivefold transitive groups discovered 
by E. Mathieu are simple since their respective maximal subgroups of one 
lower degree are known to be simple. In fact, in the case of the fivefold 





*G. A, Miller, Proc. Nat. Acad., vol. 9 (1923), p. 62. 
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transitive group of degree 24 its simplicity as well as the simplicity of its 
maximal subgroup of degree 23 are established by the theorem in question 
if it is noted that a maximal subgroup of degree 22 contained in the latter 
is simple. 

When the degree of G is not of the form 2° the theorem stated at the 
close of the first paragraph remains true if the term “triply transitive” is 
replaced by the term “doubly transitive”, since the subgroup composed 
of all the substitutions which omit a given letter of the holomorph of a 
regular group cannot be doubly transitive unless the order of this regular 
group is of the form 2*. It may also be added that for the sake of 
proving the simplicity of every alternating group whose degree exceeds 4 
the theorem in question might be replaced by the following: Jf a subgroup 
composed of all the substitutions which omit a given letter of a multiply 
transitive substitution group of degree n is simple and involves a substitution 
besides the identity whose degree is less than n/2 then this transitive group 
must be simple. A proof of this theorem follows directly from the proof 
given in the second paragraph and the fact that each substitution of a 
subgroup composed of all the substitutions which omit one letter of a 
holomorph of a regular group omits exactly as many letters of this holomorph 
as the number of the substitutions of this regular group which it trans- 
forms into itself. This number must be a divisor of the degree of this 


regular group, and hence it results that if the alternating group of degree 6 
is simple then the alternating group of every higher degree must be simple. 





SYMMETRIC TENSORS OF THE SECOND ORDER 
WHOSE COVARIANT DERIVATIVES VANISH. 


By Harry Levy.* 


In a paper appearing in the Transactions of the American Mathematical 
Society, vol. 25, p. 303, Professor Eisenhart obtained, in analytic form, 
necessary and sufficient conditions that a Riemann space admit a symmetric 
tensor of the second order whose covariant derivatives are zero. Here 
we consider this problem from another point of view, and obtain a new 
set of necessary and sufficient conditions for the existence of such tensors. 

1. Let us begin by considering a covariant tensor of the second order, 
the determinant of whose components vanishes. If we denote the com- 
ponents by by, the equations 


(1.1) by Xi = 0 i = 1,2,--+,n, 


admit a non-zero solution in the X’s as functions of the codrdinates 
x, x*,---, 2" of the space. If we define functions X of variables x, when 
the z’s are the space codrdinates, by means of the tensor equationst 


ae . oat 
4 j . 
(1.2) A* =: = ta ; 


it follows that the left hand side of equations (1.1) are the components 
of a vector, and hence equations (1.1) hold in every coérdinate system. 
On the other hand, from equations (1.2) X‘ are the components of a contra- 


variant vector, and as such defines, in the space, a congruence of curves. 


If we introduce new codrdinates, taking these curves as the curves of 
parameter x’ it follows that in this codrdinate system 


(1.3) X'4+0, XxXr=0, i eeee a 


and from equations (1.1) we have that 


(1.4) bn = 0, jm 1,9,--, 





* National Research Fellow in Mathematics. 

+ We employ the usual convention that, unless otherwise stated, an index appearing 
twice, once as a subscript and once as a superscript, is to be summed over all values 
from 1 to n. 
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Hence we have the theorem: 

If the determinant of the components of a covariant tensor of the second 
order is zero, there exists a codrdinate system in which the components 
bi (¢ = 1, 2,-+-+, ) are zero. 

If the determinant b = |bj| is of rank less than n —1, then the determ- 
inant of b,; for r, s = 2,3,---,m vanishes, and we may make in any 
hypersurface x' = constant, a transformation of the codrdinates x’, z*,-.-, x” 
similar to the preceding one. Hence we have the theorem: 

If the rank of the determinant of the components, bj, of a covariant 
tensor of the second order is p, we may make the components bic = 0 
(@=1,2,3,---,m; a=1,2,3,---.m—p) in a suitably chosen variety 
of p+1 dimensions. 

We observe that in general it is not impossible to make the above 
reduction throughout the space; for in order that bj. = 0 fori = 1,2,---,n 
and a = 1, 2,---,n—p it is necessary and sufficient that the equations 

oa ost 


(1.5) bik =F red 0, 


be satisfied fori = 1, 2,---,m and«—1, 2,---,m—p; since the Jacobian 


| 4 cannot vanish, we are led to a Pfaff system of equations 


dak 


koma — 9, J=1,2,---,n; @=1,2,---,m—p. 


(1.6) Ob; 
Equations of this type have been studied extensively and it has been shown 
that, for (1.6) to admit n independent solutions, certain restrictions must 
be imposed upon the b’s. 

2. Let us consider the case when by is a symmetric tensor (bj = dj) 
whose covariant derivatives with respect to a fundamental quadratic 
differential form are zero. We take as the fundamental form 


(2.1) 9 = gy dai dai, 


where gi; = gj, and the determinant g = |gij| +0, and we denote by Nigh 


the Christoffel symbols of the second kind formed with respect to the 
form (2.1); the covariant derivative, by,x, of bj with respect to x* and the 
form (2.1) is, by definition, 


(2.2) bux = 24 by, {Sou . 


If we choose a coérdinate system in which equations (1.4) hold, the conditions 
that bj,x = 0 reduce upon substitution of (1.4) in (2.2) to the set of equations 
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brs ty el Bhi. es 


2 

a * Qe n 
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k= 1, 2,---, 2; 7,8, ¢€ = 2,3, ---,n. 


From the middle of these three sets of equations combined with equations (1.4) 
we observe that the b’s are independent of xz’. If the rank of b = |by| 
is less than n—1, the equations (1.1) have at least two independent 
solutions, one of which is given by equations (1.3), which solution we 
denote by Xi), and the second is a solution of the equations 


n 
(2.4) > brs X* = 0, y= 2,3,+-+,n. 
s=2 


Denoting this solution by Xai, we observe that X»;' is arbitrary and that 
X2\* (s = 2, 3, ---, m) are functions only of x’, 2’, ..-, *, and consequently 
by reasoning similar to that employed in the preceding section, we may 
make a transformation of the codrdinates x*, x*,..-, 2" which makes 


(2.5) X2; + 0, Xo! = ’ r = 3,4,---, mn, 


and since x’ is left unchanged by this transformation of codrdinates, 
equations (1.4) still hold, and the solution X;,)° satisfies (1.3). Substituting 
equations (2.5) in equations (2.4) we obtain that 


(2.6) be = 0, r = 2, 8, 4,---, . 


If we substitute this result first in the equation from the last set of 
equations (2.3), for r = 2, s + 2, and then for ¢t = 2, r, s + 2, we obtain that 


ab 
oat — % 


” . 
Zrelouf ses 0, k= 1, 2, ree MN; r,s = 3,4,-+-,m. 


ba 


If the rank of b is less than n —2, the determinant |b,s| for r, s = 3, 4,---, 
vanishes, and the b’s are functions of x*, ---, 2” only; we are able to continue 
the reduction in the above fashion. If we let the rank of b be p, equations (1.1) 
admit »— p independent solutions Xa (a = 1,2, ---, n—p; i = 1,2, ---, n) 
and a coérdinate system may be determined such that 


(2.7) Xu’ = 0, a=1,2,---,-n—p; iz=a+l,---,n. 
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94 H. LEVY. 
It then follows that in this codrdinate system 
(2.8) bee = 0, a=1,2,---,n—p; i=1,2,---,n. 


The conditions (2.3) that the covariant derivatives of bj be zero, reduce 
by virtue of (2.8) to the equations 


Es Foot 0 8 brs 
a 0 a* 
8 brs . {a a | 
sf a b ine 
dat zal rtf pe “e - st! 0, 
»2,°++,N—p; r, 8, & = n—ptl,---, n; 
2, +++, MN. 


= 0, 


a= 


1 
k 1, 


. 
ak 
which we observe is a condition only on the space, we introduce an ortho- 
gonal ennuple, that is  contravariant vectors, 4), subject to the con- 
ditions that 


(3.1) 


3. In order to interpret the first set of these equations, that is zero, 


Gi Ani de? = 0, 
Yij Ani" Any? =m, A k=—1,2,---, 2; AE, 


where en, is plus or minus one. For our purpose we take the first n — p 
of these congruences linearly dependent upon the X’s, that is 


n—p 


(3.2) dei = Aap Xpi, a = 1,2,---,n—p;i = 1,2,---,n. 
1 


The problem of finding functions A,, such that (3.1) hold, is equivalent to 
the problem of finding a generalized tetrahedron self conjugate with respect 
to a quadric hypersurface, for 


‘ H u—p j a 
Gj hal Ap? = > (gi; Xa|' Xp\’) Any Ape, 


«,p=1 
and this is possible. 
From equations (2.7) it follows that 


(3.3) = 1,2,---,n—pir = n—ptl,---,n. 


The remaining congruences are chosen arbitrarily, except that (3.1) hold; 
if we denote the covariant components of a congruence by Anji so that 
Anji = gy Ani’ We must have from equations (3.1) by virtue of equations (3.3) 
that 


CUCM ME NIE SiO NIC NG TEI TEED OS iT hes 
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n— 
Zitat inp = 0, a 1,2,-:-,n—psr 
=1 


from which it follows that 

(3.4) drip = 0, B 1,2,---,n—p; r = n—ptl,---,n. 
The invariants*, yi, of an orthogonal mple are defined by the equations 
(3.5) Vik = Aan,r Aj” Ax! 


where Aijn,z is the covariant derivative of 44, with respect to 2’ and the 
fundamental form (2.1). In particular 4,j«,;, for « = 1, 2,---,n—p; 
r=n—p+l,---,n;i=1, 2,---, m, vanishes by virtue of equations (3.4) 
and the first set of (2.9). From (3.3) it then follows that 

4 = 1, 2,--+,a—p; 


(3.6) Yrai = O r= n—ptl,---,n; 
j =1,2,--+, 0. 


Since yyx+ jx = Ot, from (3.6) it follows that 7s,, = 0 and 7,¢, = 0. 
These, the author has shown,{ are sufficient conditions that congruences 
Ay), 42}, +++, An—p| be the normals to a family of varieties, V,, of dimen- 
sionality p, and that congruences 4,—»+1), ---, 4nj be the normals to a family 
of varieties, Vn—p, of dimensionality n — p. We let the family of V,’s be 
defined by the system of equations 


(3.7) So (x, x7, --+, 2”) = Ca, a = 1,2,---,n—p, 
where the c’s are parameters, and similarly we take the equations 


(3.8) Sr) (a', 27, +++, a") = &, r=n—pt+l,---,n, 
to be the equations defining the family of V,—,’s. From equations (3.7) 
Ofa\/da* for any « = 1,2,---,m—p and for i—1,2,---,m are the 
components of a vector orthogonal to Vp, and hence 0fa,/82* must be a 
linear combination of 41);, Ao, ---, An—p|i- Similarly 3f,;/02* is a linear 
combination of An—ptiji, An—p+o|i, +--+, 4njz» From (3.1) written in the form 


* Ricci and Levi-Civita, Méthodes de calcul différential absolu, Math. Annalen, vol. 54 
(1901), p. 148. 

+ Ricci and Levi-Civita, loc. cit., p. 148. 

t“Normal congruences of curves in Riemann space”, Bull. Amer. Math. Soc., vol. 31, 
(1925), p. 41. 








96 H. LEVY. 


Gf! Ani nj = O (h + k) it follows that any one of the hypersurfaces 
fai = constant (« = 1,2,---,m—p) is orthogonal to every one of the 
hypersurfaces f,; = constant ( = »—p-+1,---,m). Consequently if we 
effect a transformation of codrdinates, taking the hypersurface /;, — constant 
for the hypersurface x‘ = constant, in the new codrdinate system 


(3.9) far = 0, ss 1, 2, ote, BP r=n—p+l, cee, Ne 


The varieties V, are now given by the set of equations x’ = constant, 
x* = constant, .--, z*-? = constant, and since Aq); fori = 1, 2,---, m are 
the components of a vector normal to Vp, 4e\, = 9 for «—1,2,---,n—p; 
*=n—p+l1,---,n. From (3.9) it follows that 4.;” = 0, and from (3.2) 
that Xu” = 0. But Xa)‘ for « = 1, 2,---, m—p are independent solutions 
of equations (1.1), from which we obtain that equations (2.8) hold. Hence 
equations (2.9) and (3.9) hold simultaneously. 

If we denote the Christoffel symbol of the first kind by [27, k] so that 


(7, k)= gat) it follows from the first of equations (2.9) and (3.9) 


that [e«k, r] = 0 for a = 1, 2,---,-n—p; r—=n—pt+l,---,n; k=1,2,---,n. 
From this it follows that g, is independent of x” and that g,s is independent 
of 2 for a, 8B = 1, 2,---,n—p, and r,s = n—ptl,---,n. The 
fundamental form (2.1) is then expressible as the sum of two forms 


n 


sf 
9 = D gop da da? + D  greda" dat 
a, B=1 


r,s=n—p+1 


where the g’s are functions only of the «’s of its form. We may sum up 
these results in the form of a theorem: 

If the covariant derivatives of a symmetric tensor of the second order are 
zero, and if the determinant of the components of the tensor is of rank p, 
the fundamental form of the space is expressible as the sum of two forms, 
one in n—p variables, the other in p variables, the coefficients in each form 
being functions only of the x’s of that form. The tensor is reducible to a 
tensor in the space of the p variables whose components are functions only 
of the x’s of that space, and whose covariant derivatives with respect to the 
Sundamental form of the space of the p variables are equal to zero.” 


*This result is in accordance with that obtained by Eisenhart, loc. cit., p. 303, under 
the assumption of a positive definite form. Quadratic forms of the above type, that is 
forms which are expressible as the sum of several forms, were obtained by Kisenhart in 
the above mentioned paper, and have also received the attention of Kasner in his paper 
“Separable quadratic differential forms”, Proc. Nat. Acad. Sci., vol. 11 (1925), p. 95. 
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4. We consider finally the case of a tensor whose determinant is not 
zero, and whose covariant derivatives are zero. Take as the fundamental 
form of the space the general quadratic form 


(4.1) y = gyda dx’, 
where g = |gi| +0; we then have 


i h \ Ree... 

(4.2) bij x = ak Oni sah om jk = 0. 

If we denote the Christoffel symbols of the second kind with respect to 
h : 

the tensor by by ; Aa the equations 


8 by A ea 
Sas Fat MN a, — Be lw, ° 


are always true. If we subtract one of this set of equations from the 
corresponding equations of the set (4.2), and if therein we interchange i, j, k, 
we obtain the equations 


fh fh\ _ 
(4.4) Viki ‘tte = e. 


It has been shown* that a necessary and sufficient condition that two 
Riemann spaces whose fundamental forms are (4.1) and 
(4.5) gy’ = by dai dri, 


respectively, be in geodesic correspondence is that 


(h|_ 19) 1 (bans op ins 
(4.6) léklo ink 4 (2? Dex + 9 bii ), 


? 


where 0? is a Kronecker delta, that is 


pn _ fO, h $i, 
a ul, A=. 


Hence by virtue of equations (4.2), (4.6) are satisfied. A further necessary 
condition that (4.2) be true is that 


(4.7) bij, bjt Onc,j = 0. 





* “Geodesic representation between Riemann spaces”, Levy and Bramley, these Annals (2), 
vol. 25 (1923), p. 55. 
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But these equations are the conditions that bj be a quadratic first integral 
4 

of the equations of the geodesics of (4.1),* that is, that bj oe oe be 

constant along the geodesics of (4.1). Conversely these two conditions are 

sufficient to make bj, vanish. For if (4.7) hold, we obtain that bi; vanishes, 


and from (4.6) it follows that ir, = fe 
that (4.2) hold. Hence we have the theorem: 

A necessary and sufficient condition that a symmetric tensor, by, (b = | by| +9) 
of the second order have covariant derivatives equal to zero is first, that the 
tensor be a first integral of the geodesics of the given space, and second, 
that the Riemann space defined by taking bi as the fundamental tensor be 
capable of geodesic representation upon the given space. 

5. Suppose (4.1) represents a space of constant curvature, Ky. Then 
we have the relation? 


(5.1) R xa = Ky (dj, git — 91 Gix) 


iz substituting in (4.3), it follows 


where R’z is the Riemann tensor of the second kind referred to the 
fundamental form (4.1). Beltrami has shown{ that the spaces which admit 
of geodesic representation upon a space of constant curvature are themselves 
spaces of constant curvature. Hence from the hypothesis that equations (4.2) 
and (5.1) hold, it must follow that 


(5.2) : R na = K, (Ok bp — 61 bye) 


where R” ja refers to the fundamental form (4.5) and K, is the constant 


curvature of that form. But from (4.4) it follows that R’‘j.— R’ja; equating 
from (5.1) and (5.2) for i= k+/ we find that 


Ko gu = Ky dj. 


Hence we have the theorem: 

Tf, in a space of constant curvature, a symmetric tensor of the second 
order with non-vanishing determinant has first covariant derivatives equal 
to zero, it must be a constant multiple of the fundamental tensor of the space. 





* Ricci and Levi-Civita, loc. cit., p. 183. 
¢ Schouten, Der Ricci-Kalkiil, p. 171. 
{ Schouten, loc. cit., p. 204. 






























GENERALIZATIONS OF THE EIGHT SQUARE 
AND SIMILAR IDENTITIES. 


By E. T. Bett. 


1. Introduction and summary. In generalizing Euler’s four square 
identity (all references are in § 5), Lagrange’ merely writes down the 
result without stating what led him to it. Seeking to reconstruct his 
computation we find an extension of his formula, and an extremely simple 
method which enables us to generalize the eight square identity in a similar 
manner. The same process can also be applied at once to yield like 
generalizations of the norm theorems, first given by Lagrange*, for algebraic 
integers of any degree, and to the norm theorems for linear algebras. 

The gist of the method is as follows. First, the usual proof of Euler’s 
identity by means of norms of quaternions (Tait*, Dickson‘), may be modified 
by taking quaternions over a given algebraic number field. One of the 
simplest examples leads in § 2 to the above mentioned generalization of 
Lagrange’s identity, viz., the form 


x? +bey?+cau?+ abv® 


repeats under multiplication. The field here is of the sixth degree, and 
is defined by 


&—(ab+be+ca) f+abe(atdb+o #—ab? ce? = 0. 


For its bearing on the next application we note that the above gene- 
ralization is included with that of Lagrange in the important theorem of 
Hermite®, that the quaternary quadratic form «*+ 9 (u, v, w) where ¢ (u, v, w) 
is the adjoint of the (general) ternary quadratic form, repeats under 
multiplication. It would be interesting to know whether Hermite’s theorem 
can be obtained from Euler’s by taking quaternions over the appropriate 
field. If so, the like could be tried in the next instance. 

Extending the norm theorem for the algebras of order 8 of Cayley® or 
Dickson’, we are led in the same way, as the simplest example, to the 
repetition under multiplication of the octenary quadratic form 


pPe+abc#+ gh (au? + beg’) +hf(bv? + car*) + fg(ca? + abs’); 
that is, if this form be denoted by 


F(», q, 7; 8, t, u,v, x), 
then (cf. § 3, end), 


F(», -++, 2)-F(n, see, 2) = F (pr, +++, De), 
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where ps, +++, 2 are rational and integral in px, +++, Li; Po, +++, Le, a, b, 
c, J, 9, h, with rational integer coefficients. The field here is of degree 14; 
it is unnecessary to write down its defining equation. 

In all such theorems, unless otherwise noted, it is postulated that the 
new variables pe, gz, --- occurring in the compound form shall be rational 
and integral in all of the letters appearing in the component forms, and 
further that the numerical coefficients shall be rational integers. 

These two theorems together suggest the existence of a theorem for 
octenary quadratic forms analogous to Hermite’s for quaternary, but I have 
not found this. They further hint that the complete theory of composition 
for octenary quadratic will be amenable to treatment similar to the recent 
discussion by Brandt* for quaternary quadratics. Other lines of evidence 
point in the same direction; e. g., the fact that 8 is the maximum order of 
quadratic forms for which the principal! genus is represented by a single 
class. There can be no true analogue of Hermite’s identity for quadratic 
forms in 16, 32, 64, --- indeterminates, since, if there were, we should 
have multiplication theorems for these numbers of squares, and such are 
known not to exist. 

There are similar extentions of the norm theorems for algebraic number 
fields of any degree. The simplest example for fields of degree > 2, given 
in § 4, shows that the ternary cubic 


a+ ab? y>+ a® b2’@—3ab xyz 


repeats under multiplication. This is obtained from its special case a= b= 1, 
the case a = 1 has been discussed by several writers in connection with 
Diophantine analysis. 

Finally, the whole question of repetition under multiplication of forms 
whose coefficients are integers of a given algebraic number field has barely 
been opened. The only instances in the literature appear to be the ternary 
cubic of Eisenstein? and the quinary quintic of the writer,!® belonging 
respectively to the theories of trisection and quinquesection in cyclotomy. 

2. Extension of Lagrange’s identity. A full treatment of this case 
will enable us to omit several longer formulas for the next. In Euler’s 
identity 

(2+ yt w+) aityituitey) = atytuyt vy, 
where 
Lr. = LL,— YY, — UU, — 007", 


Y,= (ey t+y' x) + u'v,—v' uw), 


Uy = (a' u, +u' a3) —(y' vi —v'y;), 


v, = (vy, +0' ae) +y’u—u'y)), 


“ 
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take ie se de 
(a, y,u,v) = (a, y' Va, wVB, v'Vy), 


with a similar substitution for the letters with suffixes, and impose the 
conditions that the resulting form 


+ ay?+ Bu?+ yr* 
shall repeat under multiplication. We have 
= 2’ x, —ay’y, — Bu'u—yrv,, 
y, = Vale'yi ty x)+V by wv —v' wu), 
u, = V B(x" ww, + wu! x) — V ye (y’ v,—v' yi), 


o, a Vy (2’ vu, teat) +I ap (y' ui —u’'y}). 
The conditions will be satisfied provided 


, 


y= Le, Yo = Yo Va, u, = u’ V2, U, Vy, 


where x’, y’, u’, v’ satisfy the conditions of rationality and integrality as 
stated in § 1. These require that 


— 


Vby=«'Va, Vya=~pVB, Vasp=;'Vj7. 


where «’, 8’, y’, are new parameters. From these, attending only to the 
positive roots, we get 
oe = B’ Ze B nee ya’, y== a’ B’. 


Finally, writing (@’, 8’, 7’) = (a,b,c), and dropping accents, we have 


(a* + bey? + cau? + abv?) (at + bey} + caut + abv?) == a3 +- bey? +- cau? + aln?, 


where ‘ 
2 = rx,—beyy,—cauu,—abvr,, 
= ry, tyx, + a(ury— vm), 
= 2m, + ux,— b(yr, — vm), 


7 == xy, +va, + c(yu, —uy,). 


Other forms of this are obtained by changing the signs of some of the 
variables. For c = —1 it becomes Lagrange’s identity. 
In this example the process leads to a determinate system of equations 
for finding «, 8, y, but this is the exception. Thus, in the next, the corre- 
9 
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sponding set contains 21 equations between 7 parameters. As the main 
discussion is precisely similar to the above we need consider only the 
equations and the final result. 

' 8. Extension of the eight square theorem. The eight square identity 
is given in full by Dickson’. If desired it can be written down from our 
final formula by taking therein each of a, b, c, f, g, h equal to unity. Pro- 
ceeding as before we make the substitution 


(p, 4,7. 8 t, u,v, 2) = (p', Va, VB, Vz, (V0, Ww Ve, VE, «' Vo), 


and impose the conditions (upon the eight square identity as transformed 
by the substitution) that the form 


p’+eq*+ Bretys? +o teu? + ty?+ 6x" 


shall repeat under multiplication. The integrality conditions are met as 
they arise in the course of the solution; the rationality conditions are 
satisfied provided the following system of equations has a rational solution 
for a, 8,---, 6 in terms of parameters, 


By = ada, de = ea, C0 = aa, 
ay = BiB. ét = BB. €@ BB. 
af = yir, 60 = 737, é y37; 
ae == 050, Ao = é24, yO = 034, 
ad = se, BO = ae, y= ee, 
ee=t, s0= Gt, rvée= Gt, 
ef = 638, fe == 630, yo = 639, 
in which the letters with suffixes denote rational integral functions of 


parameters to be determined. 
From the first three in the first column we find 


a= An, B= 1%, y = @8,; 
from the first three in the third column, 
& == @, By7s/es, C= Bi ysas/Bs, 0 = 71 Hs Bs/ys. 
To get integral solutions in terms of new parameters take 


a = hes, B= BB, 1 = rire. 





EIGHT SQUARE IDENTITIES. 
From the first three in the second column we find now 
= al Ay3a, By, 
which will give a rational d provided 
@—=kej, be=kBi, x2 = kyi, 


where k is a new parameter, giving 3 = kaj Aj7}. 
To satisfy the fourth row we must have 


d= Brsk, = ek, 85 = af Bk, 
and to make these integral we must take 
tts = kag, Bs = kbs, vs = kys, 


and therefore, for rationality, k — 1. Hence 6 = «| Aj7j, and (as, As, 73) 


= (ag, Bs, 7). 
We have therefore in summary 


a= Bribsys, B= r7iGiysas, yy = a biaghs, 8 = a1 7, 
c 


c= a; Bs 7s, —— Bi ¥s &s, 6 = 71 as Bs 


as a rational integral solution in terms of the parameters aj, Ai, 71, &s, 
Bs, v3 Of the 12 equations in the first 4 rows. It remains to choose 
aj},---, 73 80 that the last three rows are satisfied in the same way. Direct 
substitution shows that the above values give the required solution, and 
we have also the following subsidiary results, needed in writing out the 
final formula: 

@, = Gs, = Bhs, 1 = 77s, 

as = ah, . A = A, 72 7*, 

Jd; = Bs 73; 2 = 73 &, ds as Bs, 

& == Biyi, .& = 7ies, & = Bias, 

2% = 7 8s, Co = ay V1, ss = a} As, 

A; — Bi ¥3; Ae — ce} ¥3; Os — rat Bi. 


By means of these it is easily verified that the stated values of «,---, 6 
are a solution of the original 21 equations having the desired properties. 


Write 
(a, Bi, 71; 3, Bs, 7s) <= (a, b, tJ; gq; h). 
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Then the required values of ps, ---, 2 in § 1 (1) are 


Pp = prtabctt,+gh(aum+beqqn)+hf (bur, +carr;)+fg(cxa,+abss,), 
Qe = pm—qmn t+af(rs —sr) +a(tum —ut) +f(vxm —2xn), 
Ye = pn—rp, —bg(qn —squ) Fdb(tvy. —vt,) +g(ua, —zxwM), 
8S = py—sp, +eh(qri —rqm) +cl(ty, —axt) th(ur, —vwm), 
tp = pt,—tp, —gh(qum —uqg) +hf(ru —vn) Ffgo(sx, —2xs), 
Up = pu—up, +be(qt —tgm) Fef(ra —an) Fbf(su —vs), 
ve = pyu—vp, —cg(qa —rq) Fea(rt —tr) tag(su —us,), 
re = py—xp, +bh(qu —vq) tah(ru—ur) +ab(st, —ts). 


The result of taking any one of a, b,c, f,g,h equal to zero in this 
is readily identified with the extension in § 2 of Lagrange’s identity. 

4, Extensions of algebraic norm theorems. The simplest norm 
theorem for a field of degree > 2 is 


e+yt 2—3aryz = (extyt+z) («+wyt+w’z) (e@+w*y+ we), 


w being a complex cube root of unity. Replacing (a, y, z) by (7’V«, y VB, 2 V7), 
and requiring the resulting form to repeat under multiplication, we get 
easily the following final result. Write 


g(x,y, 2) = z+ ab y’®+ a®be’—3aberyz. 
Then y (x, Y; 2) *&— (1, Y1; 21) re y (x2, Y2; 22), where 


Lg = xa, +abyez,+abzey,, 
Y2 = TYit+yr -+aezn, 
Ze = 24, +bduy, +22. 


This example is sufficient to show the character of such extensions. 

5. References. 'Lagrange, (uvres, vol. 3, p. 201. *ibid., vol. 7, 
pp. 164-179. * Tait, Quaternions, 3d. edit., pp. 63, 147. * Dickson, Annals 
of Mathematics, vol. 20, p. 157. * Hermite, wvres, vol. 1, p. 213; ef. also 
Bachmann, Zahlentheorie, vol. 4, pp. 13, 409 (the last for a point of de- 
parture for the suggested extension to octenary forms). ®Cayley, Coll. Papers, 
vol.11, pp.368-371; vol.1, p. 127. * Dickson, Annals of Mathematics, vol. 20, 
pp. 157-159, 164. *Brandt, Mathematische Annalen, vol. 91, pp. 300-316. 
* Eisenstein, Crelle’s Journal, vol. 28, pp. 289-274; vol. 29, pp. 19-53. !° Cyclo- 
tomic Quinary Quintic (New Era Press, 1912), pp. 1-5. Papers bearing on 
the discussion are analyzed in Dickson’s History, vol. 2, pp. 277, 281, 283; 
vol. 3, pp. 215, 226, 232, 259. 
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I. FAMILIES OF PATH-CURVES 
OF CONTINUOUS ONE-PARAMETER GROUPS OF THE PLANE.* 


By B. pE KergeKJARTO. 





1. The purpose of the present paper is to investigate the continuous 
one-parameter groups of topological (i. e. continuous one-to-one) trans- 
formations of the plane into itself from a purely geometrical point of view. 
The analytical theory of continuous groups as developed by Lie gives for 
this problem actually only the answer that every one-parameter group of 
the plane can be generated by one single infinitesimal transformation which 
can be represented, for properly chosen codrdinates (a, y) and parameter f, 


by the infinitesimal operator 

0 
ay 
this is equivalent to saying that all the transformations in the neighborhood 
of the identity can be expressed in the form: 






y = yt. 


U 
x= 2, 









Our purpose is to determine all the different geometrical types of one- 
parameter groups of the plane. The problem is similar to that treated by 
Poincaré concerning families of curves defined by differential equations. 
Indeed, if we assume that the group is defined by functions 


2 = S@,y; 9, 









y = g(x,y; b) 





which are analytic in the variables (x,y, ¢), the question of considering 

the path-curves of the group is essentially the same as that of considering 

the integral curves of the differential equation 
dx dy 


&@,y)~— az, y) a ! 


S(x,y) = (2femO) slot Gen (rete Oy” i | 





reese ei ape te ee 
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Re - = 6 
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* Presented to the Hungarian Academy of Sciences in the meeting of June 8, 1925 
(except § 9 and § 10). 
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¢ = 0 denotes that value of the parameter ¢ to which corresponds the identity 
and we assume that the group is represented by functions such that £(z, y) 
and 9 (x, y) do not vanish both identically and none of them is infinite. 


However, we do not assume the analyticity of the functions defining 
the transformations of the group but only their continuity; and so we shall 
first investigate the structure of the family of path-curves of a continuous 
one-parameter group of the plane and then construct for a given family 
of curves a continuous one-parameter group of continuous one-to-one 
transformations of the plane into itself. 

2. We understand by a one-parameter group a group formed by trans- 
formations S; whose set is a continuous one-to-one image of the real 
parameter values ¢ (—ao<t< +o). 

Given a continuous one-parameter group of topological transformations 
of the plane into itself, we consider a point P and the set of all the 
points into which P is carried by the different transformations of the 
group. These points form together a continuous curve (i.e. continuous 
uniform image of the infinite straight line) which is called the path-curve 
passing through the point P. 

If P is not invariant for any transformation of the group except the 
identity (¢ = 0) for two different values ¢ and ¢ of the parameter, the 
point P is transformed into two different images; indeed, if the trans- 
formations S; and -Sy carried the point P into the same point Q, the 
transformation S;S;° would carry the point P into itself contrary to our 
assumption. Hence the path-curve passing through a point which is not 
invariant for any transformation S;(¢ +0) is a simple continuous curve 
(continuous one-to-one image of an infinite straight line). On this line 
transformations other than the identity: have no invariant points; con- 
sequently the group on such a path-curve is an ordinary translation group.* 

If a point P is invariant for all the transformations S corresponding 
to a certain interval 4 << ¢<¢,, then P is invariant for all the trans- 
formations of the group. Indeed, if (> 0) is sufficiently small, the trans- 
formation S;4, is the same as the transformation SS, where vc’ (>0) 
is arbitrarily small if ¢ is sufficiently small. Hence the effect of the trans- 
formation S;4- is the same with regard to the point P as that of the 
transformation S;, Sy = S;+- where again ¢” (> 0) is arbitrarily small. 
tf we remark that the parameter values ¢ for which P is invariant form 
a closed set, it follows that P is invariant for all the values of ¢. Such 
points are called fixed invariant points or invariant points of the group. 
For a fixed invariant point the path curve reduces to one single point. 





* Brouwer, Math. Annalen 67 (1909), p. 256. 
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If Pis not a fixed invariant point but only invariant for certain trans- 
formations of the group, then the parameter values ¢ for which P is carried 
into itself form a closed set. Consider one of the complementary intervals 
t <t<4t, of this set; as the effect of the transformations 


St42 (« >0, sufficiently small) 
with respect to the point P is the same as that of the transformations 


St+e (c’>0), 





it follows that the closed’ continuous curve corresponding to the set of 
images of P for the transformations S;(% <¢< 4) is transformed into 
itself by all the transformations of the group. From this it follows that 
this must be a simple closed curve; otherwise there would be two values 
% and % of the parameter ¢ such that #<4H#<%<t, and 


Sy (P) = Sx (P); 

























the closed continuous curve S;(P) (t < ¢< #{) would then be transformed 
into itself by all the transformations of the group; but as P does not 
belong to this curve this is a contradiction. Hence the path-curve passing 
through a point which is invariant for certain transformations of the group 
without being invariant for all the transformations of the group, is a simple 
closed curve on which the group is an ordinary rotation group.* 

As every path-curve is invariant under the group, two different path- 
curves cannot have any points of intersection. Hence the family of path- 
curves has its only singularities at the invariant points of the group. 

We call a path-curve also a characteristic and we understand by a semi- 
characteristic of an open path-curve any one of the two parts into which 
it is divided by one of its points. A semicharacteristic can either converge 
to infinity, or to an invariant point of the group, or to a certain point set (§ 6). 

3. So far we have considered the different path-curyes making use 
chiefly of the continuity of the group. But if we consider that the image 
S:(P) of a point P for the transformation S; depends continuously on the 
simultaneous variables (P,t) we can easily see that for the family of path- 
curves the following condition is satisfied: 

Around every non- -singular point P there is a a neighborhood Vp such 


that, for any sequence of arcs of the family PQ Q:, Pe P, Qe, - ++ which lie 
in this neighborhood and whose extremities converge to one and the same 





* Brouwer, |. c., p. 257. 
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point Q of Vp, the ares P,Q; also converge to the single point Q. (That 
is, if R; is an arbitrary point on P;Q;, the points R,, R.,--- converge to Q.) 

Let Vp be a neighborhood of P which does not contain any singular 
points nor a closed path-curve of the family, and let P;Q; (¢ = 1, 2,---) 
be a sequence of arcs lying in Vp whose extremities converge to a point Q 
of Vp. If we denote by ¢; the smallest absolute value of the parameter ¢ 


for which 
St (Pi) = Qi 


the values ¢,, t:,--- converge to zero. Indeed, since the transformation 
S:(P) is continuous in (P,?#) and consequently uniformly continuous for any 
finite region of (P, 7), there is a certain positive number ¢ such that for 
any two points Q and Q’ of Vp the smallest absolute value of the para- 
meter ¢ for which S;(Q) = Q’ is less than «. Thus, R,, Bz, --- being any 
sequence of points chosen on the ares P, Q,, Ps Qs, -+-, the smallest values ¢; 
for which 
Sy (Pi) = Bi 


converge to zero and, since the points P,, Ps, --- converge to Y, consequently 
the points R,, Rz,--- also converge to @. So we have shown that the 
above condition is satisfied for the considered family of path-curves in the 
neighborhood of each point different from the fixed invariant points. 

Hence it follows* that the family is equivalent to a family of parallel 
lines in the neighborhood of every non-singular point. This means that we 
can map the neighborhood of a non-singular point on a region of the 
(x, y)-plane by a topological transformation so that the ares of the family 
lying in this neighborhood are transformed into parallel lines «x = const. 

We understand by a cross-arc a simple are a neighborhood of which can 
be mapped on a plane region so that the arcs of path curves lying in this 
neighborhood are carried into parallel lines and the cross-are into a segment 
orthogonal to these parallel lines. 

4. Consider now an arbitrary family of curves in the plane which we 
assume has a finite number of singular points and is regular in the sense 
given in § 3 in the neighborhood of every non-singular point. 

In order to define the index of a singular point in the way due to 
Hamburger+ we surround the singular point by a small polygon which is 
composed of a finite number of arcs of the family and of cross-arcs and 
which does not contain in its interior any other singular points. A vertex 
of this polygon is called convex or concave according as the continuation 


* Kerékjarté, Vorlesungen tiber Topologie, I, Berlin, 1923, p. 249. 
t Sitzungsberichte der PreuB. Akademie der Wiss., Berlin, 21 (1922), p. 258. 





CONTINUOUS GROUPS. : 109 


of the arc of the family beyond this vertex goes into the exterior or into 
the interior of the polygon. The index of the singular point is then 


where c and c’ denote the number of convex respectively concave vertices 
of the polygon. 

Another way to define the index of the singular points, due to Poincaré, 
is as follows. Assume first that the curves have continuously turning 
tangents and consider the variation of the direction of the tangent while 
a variable point describes a small circuit arround the singular point; this 
variation will then be 2e”, where @ is the index of the singular point. 
If we do not assume the existence of a continuously turning tangent, we 
consider two continuously variable points P and P’ which lie at every 
moment on the same are of the family sufficiently near to each other but 
not coinciding. While the point P describes a small circuit around the 


= 
singular point, the direction of the vector PP’ will change by 2e7, @ being 
the index of the singular point. The equivalence of these two definitions 
is obvious. 

For the indices of the singular points the following relation holds: 


> ei — 2, 


where the sum is taken over all the singular points. This relation, also, 
is due to Poincaré. 

By definition the index of a singular point is either an integer or the 
half of an integer. 

If the family in question is that of the path-curves of a continuous one- 
parameter group, we have, on every curve a positive sense of orientation 
corresponding to increasing values of the parameter; this orientation changes 
continuously with the curves. It follows that for this case the variation 


of the direction of the vector PP’ (where P’ is the image of P for a fixed 
sufficiently small value of the parameter) while P describes a small circuit 
around the singular point, must be a multiple of 27; hence for the family 
of path-curves of a continuous one-parameter group every singular point has 
an integer as index. 

5. For the singular points the same propositions are true which Poincaré 
and Bendixson have found for the family of integral curves of a linear 
differential equation of the first order and which the writer has developped 
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for the general topological case in “ Vorlesungen iiber Topologie, I.” I repeat 
here these results in a few words. 

A singular point is called a center if there is no semicharacteristic whose 
points converge to this singular point. In any neighborhood of a center 
there is a simple closed curve of the family. 

A singular point to which one or more semi-characteristics converge is 
called a multiple point. A neighborhood of a multiple point which is 
bounded by a polygon WZ formed by path- and cross-ares falls into a finite 
number of regions of the following three types: 


A E 


BYR YP 








Fig. 2. 


1) col; bounded by two semi-characteristics 
converging to the singular point, by two cross- 
arcs and by an are of a path-curve on the 
polygon 77; every path-arc in this region goes 
from a point of one of the bounding cross-arcs 
to a point of the other cross-are. (Fig. 1.) 

2) open nodal region; bounded by two semi- 
characteristics and by a cross-arc; every path- 
arc in this region is a semi-characteristic which 
converges to the singular point. (Fig. 2.) 

3) closed nodal region; its boundary consists 
of the two semi-characteristics of one and the 
same path-curve which converge to the same 
point (together with this point the curve forms 

Fig. 3. a simple closed curve). Every curve of the 

family in this region is of the same type, that 

is to say, both of its semi-characteristics converge to the same singular 
point. (Fig. 3.) 
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Regarding the singular points of families of path-curves of a continuous 
one-parameter group there are no other restrictions than that of § 4 which, 
using the last observations, is equivalent saying that at every multiple 
point the total number of cols and closed nodal regions must be even. 

6. Concerning the ends of the semi-characteristics we know from the 
results of Poincaré and Bendixson that for families of integral curves an 
end consisting of more than one point is a simple closed curve of the 
family around which the characteristic turns like a spiral. We know also 
that, for the analytic case, in the neighborhood of a closed integral curve 
either all the other curves are closed or all of them are open.* 

For the topological case, there might be in any neighborhood of a closed 
curve of the family a closed and also an open curve of the family. If 
between two closed curves there are no singular points and no other closed 
curves, the family between these two curves is one of the following two types: 


ee ; 
= t+ tg (r—2) > 

fl Sr 8, —w<t<+o, 
yg = t+tg|r—2|> 


where yr, gy are polar coérdinates in the ring-shaped surface bounded by 
the circles r = 1 and r = 37. . 

If closed curves of the family converge to a closed curve, there are, 
in general, in any neighborhood of the latter ring-shaped regions consisting 
only of closed curves and regions of the first type, while the second type 
cannot appear in every neighborhood of the limit curve. 

For the case of families of path-curves of a continuous group we may 
make the following additional remark with regard to the periods. We 
understand by the period of a closed path-curve the smallest positive value 
of the parameter ¢ for which every point on this curve is transformed 
into itself. From the continuity of the transformations S;(P) with regard 
to (P, t) it follows that the periods corresponding to a sequence of closed 
path-curves converge to the period of the limit curve of the sequence. 

7. Given a regular family of curves in the plane with a finite number 
of singular points of integral index, we want to construct a continuous one- 
parameter group of topological transformations of the plane into itself whose 
path-curves are the curves of the given family and whose invariant points 
are the singular points of the family. 

Our first step is to determine a positive sense of orientation on every 





* See, for instance, Bieberbach, Differenzialgleichungen, Berlin, 1923, p. 59-60. 
+ Kerékjirté, Vorlesungen iiber Topologie, I, p. 255. 
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curve corresponding to the increasing values of the parameter which will 
be defined. This orientation should change continuously with the curves 
of the family in the following sense: if we take two cross-ares in the 
neighborhood of a non-singular point which do not intersect each other 
and which intersect the very same ares of the family in this neighborhood, 
then the point of intersection of an are of the family with the first cross- 
are should lie in the positive direction from the point of intersection of 
the same are with the second cross-arc, for all the ares of the family in 
consideration, where a positive or negative direction means that direction 
corresponding to the given positive or negative sense on the path-curve. 

For this purpose we order a positive direction to a certain curve c of 
the family; then we take two points P and P’ on c, P‘ lying in the positive 
direction from the point P. If P describes any continuous curve, we let 
P’ describe a continuous curve so that at every moment P and P’ lie on 
the same curve of the family but never coincide. While P describes 
a simple closed curve, the point P’ returns to c, into a point P” which 
lies from P in the same direction as P’. Indeed this last proposition is 
obvious if we restrict the variation of P and P’ to a sufficiently small 
neighborhood of a non-singular point; furthermore, we have assumed that 
the singular points have integral indices so that this holds also for the 
neighborhoods of the singular points; from this and from the simply- 
connectedness of the plane it follows that the same is true without any 
restriction upon the variation of P and P’. Consequently the continuation 
of the positive direction on the curve ¢ leads to a positive sense on each 
curve which changes continuously with these curves. 

Our second step is to determine a scale of addition for every curve of 
the family which changes continuously with the curves. By the scale of 
addition we shall mean that there will be ordered to every couple of 
points P, Q, lying on one and the same curve of the family, a real valu 
(P, Q) = —(Q, P) which is zero if and only if P = @ so that for any 
three points P, Q, R on the same curve of the family we have (P, Q)+ (Q, RP) 
+(R, P) = 0. 

For this purpose it is convenient to represent the plane by a stereographic 
projection on a sphere and to consider the point at infinity as an ordinary 
point of the plane. 

We exclude first the singular points by constructing around each of them 
a small polygon consisting of arcs of the family and of cross-ares. Each 
of these polygons may be assumed to be a closed curve of the family in 
the neighborhood of a center and to have the normal forms given in § 5 
at a multiple point in every region of the three different types discussed 
in§$ 5. The region 2 outside of these polygons can be devided into a finite 








CONTINUOUS GROUPS. 113 


number of “squares” that is to say into regions each of which is bounded 
by two arcs of the family and two cross-arcs and in which the ares of 
the family are situated like lines parallel to an edge in a square. In each 
of these squares we take a diagonal, that is to say, a cross-are which 
joins two opposite corners of the square. In this way the whole region R 
is divided into a finite number of “triangles”; each triangle is bounded by 
two cross-ares and by one are of the family which we shall call the base 
of the triangle. 

We take an arc of the family which is an edge of the triangulation on R; 
its extremities should be corners of the triangulation but besides these it 
should not contain any other corners of the triangulation. We determine 
on this are a system of scale-values 0 < ¢< 1 by a continuous one-to-one 
correspondence such that the corner corresponding to the value 1 should 
lie (according to the positive sense on this path-curve) in the positive 
direction from the corner corresponding to the value 0. In the same way 
we determine the scale on every arc of the family belonging to the edges 
of the triangulation. 

We take a triangle A and map it by a continuous one-to-one trans- 
formation into a regular triangle whose edges have the length m, where 
n-+1 denotes the number of the corners of the division lying on the base 
of 4; we determine this transformation of A into the representing regular 
triangle in such a way that the corners on the base of A should be trans- 
formed into equidistant points on the bass of the representing triangle and 
that two arbitrary points on this last one should have a distance equal to 
the scale-value of the corresponding points; finally the ares of the family 
lying in A should be transformed into parallel lines. Then we understand 
by scale-value of any two points of A lying on the same arc of the family 
the distance of the corresponding points in the representing triangle supplied 
with the proper sign. 

In order to extend the scale for the whole plane, we consider first 
a center. Around this center we take a sequence of *closed curves of the 
family c,, c, --- converging to this point and we determine successively 
the scale for the region lying between c; and cj:; which should be the same 
on cq as the scale already determined on this curve. 

In a similar way we take for an open nodal region a sequence of cross- 
arcs which converge to the singular point; we order to two consecutive 
ones the scale-value 1 and extend it for the region between the two cross-arcs. 

For a col we take two cross-ares AC and EC (fig. 1) joining the two 
corners of the polygon ZZ with the singular point C. We assign to the 
points of the cross-arc AB the values of ¢ from 0 to + ©; let P be a point 
of AB, ¢ the assigned value, Q the point of intersection of the are passing 
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through P with the cross-are AC, then we order to P, Q the scale-value 
(P, Q) = t. Mapping the triangle ABC into a regular triangle as above, 
we extend the scale for the whole triangle. (In the same way for CDE). 
For the triangle ACE we extend the scale already determined for the are AF 
by the above method. 

Finally for a closed nodal region we preceed as follows. We replace the 
neighborhood in question by a smaller one. By such a reduction of the 
neighborhood the closed nodal region will be replaced by a finite number 
of closed and open nodal regions and cols. For that part of the first 
neighborhood which does not belong to the second one, and for the cols 
and open nodal regions of the second neighborhood, we determine tie scale 
by the above method; hence the only part for which the scale is not yet 
determined will consist of a finite number of closed nodal regions whose 
diameters are smaller than that of the first nodal region. Consequently, 
indefinite repetition of this process (replacing neighborhoods by smaller ones 
which finally converge to the singular point) leads to a determination of 
the scale for the whole region. 

In this way we determine the scale of addition in every triangle in such 
a way that the determination will be unique on the common part of the 
basis of neighboring triangles. In order to determine the scale for the whole 
plane we define the scale-value for any two points P and Q lying on the 


same curve of the family as the sum: 


(P, Q) = (P, P,)+ (P,, P, + aol + (Pa; Q), 


where P;, P2,---, Py, are the consecutive points of intersection of the 
are PQ with the edges of uhe triangulation (whose number is necessarily 
finite). 

The scale defined by the above considerations satisfies all the imposed 
conditions. By the following prescription we order to every value ¢ of the 
parameter a topological transformation of the plane into itself which carries 
every curve of the given family into itself: take an arbitrary point P, denote 
by Q that point lying on the same path-curve for which the scale-value 
(P, Q) = t. The inverse of this transformation corresponds to the para- 
meter value —?¢. The product of the transformations corresponding to the 
parameter values ¢ and ¢’ has the parameter value ¢+?’. Finally it follows 
that the transformations depend continuously on the parameter ¢. 

8. Regarding the case of groups with infinitely many fixed invariant points, 
the above methods can be extended if the set of fixed invariant points is 
a discontinuous point set. If the set of fixed invariant points contains 
continua, the same reductions may be used as those that the writer has 
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developped for the analogous problem concerning the parametric represen- 
tations of continuous surfaces.* ; 

9. In view of an application of the above results we want to determine 
the conditions under which a continuous one-parameter group of the plane 
is equivalent with the group of translations of one and the same direction: 


y == 9, a’ = xt+t. 
The path-curves of a group of this type form a family with the only singular 
point at infinity. However this property of the family of path-curves is 
not sufficient for their characterisation, as is shown by the example of the 
following group, which is not a translation group: 


for y<—1: 2’ =2-t, y'=~y, 


fory=+1: a =a2t+t, y=y, 
(¢ = parameter 


Y 
a! = at|t+ tg 2t —|% eI, of the group). 


for —1l<y<+1 


oe ( . 
| Be = arctg t+ tg 9 ’ 


We shall understand by the spherical distance of two points in the plane 
the spherical distance of the points on the tangent sphere of radius unity 
corresponding to them by a stereographic projection. Thus we see that 
the family of path-curves of a one-parameter translation group has the 
following property: if the points P,, P:,--- converge to the point P, the 
curves of the family ¢,, c.,--- passing through P,, P:,--- converge uniformly 
to the path-curve c passing through P. We understand by uniform con- 
vergence of the curves ¢;, 2, --- to the curve c that the spherical parameter- 
distances (or écart’s)t of the curves c, and ¢ converge to zero if n>. 

On the other hand we want to show that a one-parameter continuous 
group without fixed invariant points (other than infinity! whose path-curves 
satisfy the last condition is equivalent with the group of translations: 


= 9, a =-a+t. 


First we want to prove that the family of path-curves is equivalent 
with the family of parallel lines y = const. It is clear that the family 


* Proc. Nat. Acad. Sc., Washington, 10 (1924), p. 268-271. 
t Fréchet, Rend. d. Cire. Mat. d. Palermo, 22 (1906), p. 53. 
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cannot have any closed path-curves;.otherwise the interior of such a curve 
would contain a singular point of the family* which would be a fixed 
invariant point, against our assumption. Hence it follows that every path- 
curve converges to infinity in both directions.7 

For our next purpose it is convenient to represent the plane on a sphere 
by a stereographic projection. The family of path-curves will then appear 
as a family of simple closed curves each of them passing through the 
pole O of the sphere. We show next: if c, cs, cs are three arbitrary 
curves of the family there is one of them, say c,, which separates the 
other two from each other in the sense that every are joining a point 
of c, to a point of cs, without passing through the point O, intersects the 
curve cz.—Denote by (¢, ¢;) the region on the sphere bounded by the 
curves c, and cs. Take a point P of c, different from O; if P’ is a point 
of (¢, ¢3) sufficiently near to P, the path-curve c’ passing through P’ 
has a very small parameter-distance from the curve cs; then it is easy to 
see that c’ separates c, and es from one another. In the very same way 
we can see that if a curve c. separates c, from cs all the curves of the 
family in a sufficiently small neighborhood of c. have the same property. 
On the other hand, if c', c*,--- are curves of the family which separate 
c, and cs from each other, any limiting curve of this sequence different 
from c, and cs has the same property, according to the remark just made. 
Hence it follows that all the curves of the family lying in the region (c, cs) 
separate the’ curves c, and cs from one another. In this way we have 
obtained a linear order for the curves of the family. After this the 
homoeomorphism of the family with the family of the circles which are 
the images of the parallel lines y = const. by a stereographic projection, 
can be proved in the same way as in the analogous problem concerning 
families of concentric circles.{ 

We map then the path-curves of the group into the family of parallel 
lines y = const. by a topological transformation of the plane into itself. 
We order to a point P lying on a path-curve c as coérdinate x that value 
of the group-parameter ¢ for which the point of intersection of the line c 
with the y-axis is carried into the point P. In this way we obtain a 
system of codrdinates in which the given group is expressed by the formulas: 


U 


y= 9 


* See Kerékjarté, Vorlesungen iiber Topologie, I, p. 253. 

+ Hamburger, Sitzungsberichte der PreuB. Akademie der Wiss., Berlin, 21 (1922), p. 258-262. 

; Kerékjarté, Vorlesungen iiber Topologie, I, p. 241-246. A simpler proof is given by the 
writer in the paper: Sur les familles de surfaces et de courbes, I (under press at the Acta 
Lit. ac Scient. of the University of Szeged). 
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By similar reasonings it can be proved that every periodic continuous 
one-parameter group of topological transformations of the plane into itself 
is equivalent with the group of rotations around the origin. 

10. From the translation theorem of Brouwer* combined with the result 
of the preceding paragraph we obtain the following characterisation of 
plane translations: 

- A topological transformation of the plane into itself with invariant indicatrix 

is homoeomorphic with a plane translation if and only if it has no invariant 

point and its powers form a uniformly continuous set of transformations. 

The uniform continuity of the powers 7” (n = +1, +2, ---) of the given 
transformation 7’ should mean that for any finite region of the plane and for 
any positive number « there is a positive number 6 such that two arbitrary 
points of the region whose distance is less than 6 are carried by every trans- 
formation 7” into points P,», Qn whose spherical distance is less than «. 

By the translation theorem of Brouwer we can construct to any point 
of the plane a translation field.t Hence it follows by the uniform con- 
tinuity of the transformations 7” that it is possible to determine for any 

positive number «¢ and for any path-curvet passing through a point P 

a positive number 6 such that through an arbitrary point Q whose distance 

from P is less than d a path-curve can be constructed whose spherical 

parameter-distance from the path-curve passing through P is less than e. 

We thus construct for a number ¢ (> 0) a finite sequence of non-intersecting 

path-curves such that two, consecutive ones always have a parameter- 

distance less than ¢; then we interpolate between any two consecutive 
curves of the first sequence a finite sequence of path-curves such that 
two consecutive ones always have a parameter-distance less than ¢/2; 
and so forth. Finally we obtain a regular family of path-curves covering 
the whole plane for which moreover the condition of uniform convergence 
also is satisfied. There is a continuous one-parameter group whose path- 
curves are the curves of this family (§ 7); this group is equivalent with 

a translation group (§ 9). Furthermore we can construct such a group 

in a way that it gives for the value ¢ = 1 of the parameter the trans- 

formation 7' given before. Consequently the transformation 7 is equivalent 
with the plane translation: 


a’ =2+1, yy =—y. 
* Brouwer, Math. Annalen 72 (1912), p. 37-54. 
+ Brouwer, l. c., p. 46 et seq. 
{A path-curve is a simple open line invariant for the transformation T; see Brouwer 
lc, p. 38 et seq. 
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GROUP VELOCITY AND THE PROPAGATION OF 
DISTURBANCES IN DISPERSIVE MEDIA. 


By FrREepRIcK Woop. 


1. Introduction. The relation between the group velocity UV and the 
wave velocity V of a disturbance propagated in a dispersive medium has 
been studied by Stokes, Rayleigh, Kelvin* and others. A paper by Greent 
and a book by Havelockt form the basis for much of the discussion in this 
paper. After discussing the method of Kelvin these writers have given 
certain special examples in which the group formula leads to very satis- 
factory results. However, it is apparent from the very fact that confirmation 
of the results is sought in special cases, that there should be further study 
of the mode of derivation of the group formula and of the limits within 
which it may be expected to apply in the case of a given initial disturbance. 
In this paper examples are given in which only a very limited part of the - 
disturbance is given by the group method. Furthermore, some of the 
integrals§ to which the group method has been applied in the past are 
divergent. These points have been discussed and illustrated by special 
examples of both finite and infinite displacements at the origin and the 
discussion of these examples throws further light upon the group method. 

2. Kelvin’s group formula for an infinite displacement at the 
origin. In 1887 Kelvin derived a formula), for the approximate displacement 
resulting from an initial infinite displacement at the origin. This formula 
is the one used by Havelock, Green and others. With Havelock consider 
dy 
ot 
t=0. The disturbance at any position and time is given by 


a displacement y, a function of x and ¢, and let y = f(a), = 0, when 


Dae af 9 (k) cos k(a—V 2) art f y (i) cos k(a+V 2) ak, 





* Lord Kelvin, On the waves produced by a single impulse in water of any depth, 
or in a dispersive medium, Proc. Roy. Soc., 42, 1887, p. 80. 

7 G. Green, On group velocity and the propagation of disturbances in a dispersive medium, 
Proc. Roy. Soc. Edin., 29, 1909, p. 445. 

tT. H. Havelock, The propagation of disturbances in dispersive media, Cambridge Tract 
No. 17, 1914. Bibliography, pp. 85-87. 

§ Sez e. g., Havelock, loc. cit., p. 32, equation 37. 

Kelvin, loc. cit., p. 80. 
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where 


(2) y (k) = [7 cosko da, 


and V is a function of k. 
In the special case* where f(x) is zero everywhere except in the range 


—é<ax<e, and equals or in that range, »(k) approaches 1 as ¢ approaches 


zero. The initial disturbance is then an infinitely intense displacement at 
the origin, and at any subsequent time 


=i [" ae ae 2 aE 
(3) ¥“s7 4 cos k(a —Vt) dk + nef cosk(a+Va)dk, 


provided that V is such a function of & that the integrals which occur 
are convergent. 

The usual procedure is to assume that the principal part of the disturbance 
in the region where x is positive is given by the first integral. It is then 
assumed that positions and times can be found at which an exceptionaily 
large number of elements of the first integral in (3) have the same phase; 
if this were the case these elements would reinforce each other and would 
presumably produce the predominant part of the total effect, all the other 
elements mutually interfering because of differences of phase. Mutual rein- 
forcement of waves of nearly the same wave-length will occur when the 
phase k(a—Vt) is stationary with respect to k, i. e., when 


d - 
Tk {k(xn —Vt)} = 0, 
or 
(4) x—Ut =0, 


where U is the group velocity.+ Corresponding to this value of U there 
will be one or more particular values i satisfying this’ relation. If ko is 
fixed, a definite relation between x and ¢ is determined, or if particular 
values of x and ¢ are considered, ky) is determined. 

The evaluation of the predominant part of the disturbance is accomplished 
by assuming that sufficient time has elapsed for it to be given by the 
predominant group consisting of an infinite number of waves for which k lies 
in the vicinity of the value k given by equation (4). Assuming that the 
phase is given with sufficient accuracy by three terms of a Taylor series, 
and by making the substitution 


* Havelock, loc. cit., p. 19. 
+ Havelock, loc. cit., p. 20. 
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and taking ¢ large, the limits for o can be taken as + © and the value* 
of the predominant group is given by 

4 ‘ 

| cos {he (a — Vo t) + rut 


SOR Prag 


‘ ee | 2 
(6) » i diy 
\ak 0! 


ky being given in terms of x and ¢ by (4). Equation (6) is the result reached 
by Kelvin; the notation and details are due to Havelock, and a similar 
treatment is given by Green. 

For an arbitrary initial disturbance symmetrical with respect to the origin, 
if the amplitude factor (Xk) is sensibly constant, the group formula is 


Ss ee ee a ae 
he ae npn geea 


? 1 Q7 rss Sav } +h 
(7) ‘bes f(a) | § (ko) COS yko (x —Vot) Fy, 
PAE diol 
dk || 


This, according to Havelock, appears to limit the application of the formula 
to places and times associated with values of ky in the vicinity of values 
of k for which ¢ (sk) is a maximum. 

3. The integral f, cosk(a#+Vt)dk. The group formula (6) was derived 
from a consideration of the first integral in (3) for large values of ¢. Since 
the initial disturbance has been resolved into an infinite number of com- 
ponents each one being propagated equally to the right and to the left 
with its appropriate velocity, the second integral in (3) will of course 
represent an appreciable part of the disturbance for smaller values of t. 
Since the group method assumes the contribution of this second integral 
to be negligible it is possible to place certain restrictions on the range of 
values within which the method is applicable by studying the effect of this 
integral. So far as I am aware no attempt has been made to connect the 
restriction that ¢ shall be sufficiently large with the effect of the second 
integral in (3) nor to indicate definitely a method of determining the range 
of applicability of the group formula in a specific case. 

4. Infinite displacement at the origin. V = k. Consider first the 
ease of flexural vibrations of an elastic rod. Herev 

J k, =: Sk, kyo = 54° 
* Havelock, loc. cit., p. 22. 
7 Havelock, loc. cit., p. 30. 
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In the case of the infinite displacement at the origin of section 2, 
equation (3) gives the displacement at any subsequent time and the group 
solution (6) takes the form 





, 1 ae 2 
(8) y= 3 (rb) 2 cos (7-4). 





Now the integrals in (3) can be evaluated by exact methods. After 
putting V =k, completing the squares, and changing the variable, we 
get finally equation (8). 

Havelock concludes that, since we get equation (8) in each case and 
also since the Taylor series for the argument of the cosine is exact, that 
this is a case for which the group method gives a result exact for all 
times. It is true that the Taylor series is an exact expression for the 
argument of the cosine but to say that the group method is exact for all 
times is to contradict the whole method, it being expressly stated that 
the formula (6) was derived on the supposition that ¢ was large. It was 
supposed that sufficient time had elapsed so that after the change of 
variable the limits of integration could be taken to be —oo and oo. This 
is the sole justification for this choice of limits. 

As a matter of fact, using the limits of integration — oo and oo amounts 
in this particular case to including the integral involving «+V¢# and 
therefore to the exact calculation of the sum of the two integrals in (3) 
and not to an approximate calculation of the first, as it might seem at 
first sight. We conclude in the case V = k, for an infinite displacement 
at the origin, that although the group method leaves out of consideration 
the second integral, it is included by integration from —oo to o, and 
that instead of being the real group solution, which for ky) Vt very small 
would give but one-half the result, it is really the exact solution by or- 
dinary integration. Accordingly we cannot permit the agreement in this 
case of the result of the application of the group formula with the exact 
result, to increase too greatly our confidence in the group method. As 
the foregoing calculation has shown the agreement for all values of ¢ is 
due to the unusual circumstances of this particular case in which V = k 
and »(k) is constant, corresponding to an infinite displacement at the origin 
of the type assumed. If y(k) is not constant, and this is the usual case 
when the initial displacement is arbitrary, entire agreement of the group 
and exact solutions will not be found even for the case in which V= k. 

The second integral can be expressed in terms of Fresnel integrals. 
In order that these integrals may be neglected, the lower limit must be 
moderately large, of the order of magnitude given by 
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which means approximately that 2 > 22 Vt, arestriction upon the range 
of applicability of the group method. A weaker restriction can be used 
if we allow for a moderate error, e. g., 10 percent. 

In other examples similar restrictions on x and ¢ will be shown, which 
enter as in this case through the method of derivation of the formula from 
the first integral alone. 

5, Relation between ¢(k) and f(x). In the case of an arbitrary initial 
displacement »(k) plays an important role in the group formula (See 
section 2), the usual statement being that the formula holds only for »(k) 
sensibly constant.* In the particular infinite displacement at the origin 
just considered g(k) = 1 for all values of k. We will now consider both 
finite and infinite displacements at the origin, determine y(k), and seek to 
find, by means of special examples and by use of equation (2) the limits 
within which the group method may be expected to hold for a given 
initial disturbance. 

Consider the case where 

ie 
fe)= Taw, V=k, 9® =e #. 


vt 


The group solution is 


(9) y= 


$ 
—agaR a4 
e cos (5, ek 


1 
2V ant 


To obtain the exact solution substitute in (1) and obtain 


y= e ae coskzx cosk*t dk, 


which when evaluated becomes 


a 


16 = +t") ; 
16 (Ga MV ds +Vaarte | + # cos | 
. 


1644 


+) o+Vaarte Tea + sin fe. 


(Feat +e) : 




















* Sendinth, ies: cit., p. 26. 
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If in equation (10) we assume that ¢ is large compared with 1/4y*, we 
get equation (9). We then conclude that the group method holds for ¢ 
large compared with 1/4*. If mw is very small, ¢ must be very large; 
J(z) has a broad maximum at the origin, and (Xk) has a sharp maximum. 
As m increases to unity, ¢ must be large compared with }, and as p 
approaches infinity, the restriction on ¢ is gradually removed. The maximum 
of f(x) becomes sharper and sharper and approaches an infinite displace- 
ment at the origin, while y(k) broadens out, approaching a constant value 
over a wide range. The group and exact solutions then agree as in sec- 
tion 4 because the calculation by the group formula really amounts in 
this case to the exact calculation of the two integrals containing «—Vt 
and «+Vt. This situation is approached more and more nearly the sharper 
the maximum of f(x) at the origin. 

This single example furnishes a good illustration of the way in which 
the group method works. The group formula holds in this case when /(zx) 
has a sharp maximum at the origin. This will be seen in other examples 
which will be presented. The failure of the group method for small values 
of w is to be traced primarily to the rapid variation of » () in the vicinity 
of ky with the consequence that y(k) cannot be treated as a constant 
and removed from under the integral sign as in section 2. 

It is possible to perform the integration and get exact results for 









fle) = 





8 
Wa x®e-#”* and f(x) = = e # cos wx 
mn 


when Vk. It is found that the group and exact methods agree better 

and better as mw increases, i.e., as the maxima of f(z) become sharper. 
As another example indicating a similar relation between ¢(k) and f(x) 

consider the initial displacement 

sinnx 


fe) = = 





and let Vk. For subsequent values of ¢, 





(il) y= F[ 9@ costka—a4) dk+ + |” 9 W)cos(ka + kA) dk, 
where 
(12) g@) = 2, k<n; 9H =F, k=n; 9h) =0, k>n. 


The group solution is 
Va 


2Vt 


a* 1 


4t 4 





(13) y= ), kg <n; y= 0, k>n. 





cos 
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Equation (11) becomes, making use of (12) and changing variables 


Vi(a-F 
u ™ svt 
(14) az} cos (« i) ae 


a OV —kVt 
+ se le (+=) do 
Vt Seyi asi 


The group method leads to the first integral with limits —eVt, «Vt, if 

0 < (ko — &) < (ko + 8) <n; with limits —k,)Vt, «Vt if ky is very small; 

and with limits —eVt, (n—k))Vt if ko is very nearly equal to n. 
The last two cases indicate the restrictions 


if to a high degree of approximation the limits of the integral corresponding 
to the one from which (6) is obtained are to be taken to be —o and @., 

For particular values of », x, and ¢, the values of y can be calculated 
by using Fresnel integrals, and the group and exact solutions can then be 
compared graphically. 

This is an example of a constant y(k) in the range 0<k< m which 
should insure the holding of the group formula. However, it will be subject 
to the following restrictions: 


)~a5, 


-- : x Ot 
a>22Vt; r<2tn, since rT ko <n; and EE (n sit 


in which case, the exact solution reduces to the group solution (13). For 
exact agreement the conditions then are, the second being included by 
the third, 

w>22Vt, a«<2tn, x<(2tn—22V?t). 


The following table shows the limits for x corresponding to given values 
of m and tj, ax<a<b. 

From this table it follows that the group formula holds only for large 
values of ¢ if m is small. If m is increased the group formula holds for 
smaller values of x and ¢. If attention is fixed on any particular value of t, 
the range on x is increased as n increases. For a large n f(x) has a sharp 
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maximum at the origin as in the previous examples. As /(x) = sane 


tends toward an infinite displacement at the origin, 9 (k) is a iniacuita: 
different from zero, over a wider and wider range. 





n t a b n t a b 


1 | 484 | 484/484] 10 | 16 | 88) 232 
1 | 529 | 506 | 552) 10 | 25 | 110 | 390 
1 | 576 | 528 | 624) 20 
1 









































2 | 31| 49). 
625 |550| 700) 20 | 3) 38) 84 
10 5} 49) 51] 20| 4) 44/116 
10 66/114} 20 | 5) 49| 151 




















It is clear that because of the restriction z > 22V t which results because 





the group method neglects the integral in cosk(a-+ Vt)dk, and also from 
the fact that »(k) = 0, ky >n, we have here an example of a rather 
limited range of applicability of the group method. In fact, the table shows 
that for » = 1 the method has little value. That the exact solution gives 
a displacement when »(k) = 0 will be shown later. 

In case of the same initial displacement y = = and V = e? 
the group solution can be written down at once and the exact solution 
treated as in the preceding examples. The conditions resulting are similar 
to the ones given above. As no new points arise in the problem, the conditions 


eS — cae areas 
PP 6 ay aa es a ee en Fen A ; Ss eee ae artes: 
~ fer ” *~ - x- 4 ~s zs . 
Sex Le . j 
‘ . : ? 













3t “heer a 4 \ip 
2 > aes | 
on x will be merely stated here. 2 > Vn «>|35,+ (Sen tc isa) |: 


2 
ax +5: Vx must be large. 
The following are further examples of displacements which have sharp 
maxima at the origin and which can be made to become infinite displace- 
ments at the origin resulting in a constant » (k) and the consequent holding 
of the group formula when V = k, 





an a 


(a) S(@) = a[a*+ (an)*] co on (4)+2] 
n 








ka 


g (k) =, £@) coske dw =e”, k>0. 4 
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S(a) = ne&®, —aw<2r<0, f(x) = ne, 0<r< om, 
2 
9 (k) = ——7T 
1+ (5) 


S(2) = ~ cose, —c<a<c; f(x) = 0 elsewhere, 


bf sinc(A+1) , sine(kK—1) 
=| k+1 apes |. 





gy (k) = 


In each of the first two cases as n becomes infnite, and in the third as c 
approaches zero, f(x) represents an infinite displacemeut at the origin, and 
y (k) is constant. Such examples are plentiful and others will be given later. 

In fact, if we take an even function f(x), which is different from zero 
in the interval —¢«<a2<e, and essentially zero elsewhere, and which has 
a maximum at the origin, we get for small values of « and k, 


g(k) = 2 ["F(w)coske deo = 2 [“r(w) de = a constant, 


since coskw is practically equal to unity if ¢ is sufficiently small and & has 
moderately large values which can be taken larger as « is taken smaller. 
This then establishes the fundamental relation between f(x) and 9 (k) which 
the examples indicated, i. e., a sharp maximum at the origin of f(x) gives 
a broad slowly-changing y(k) for which the group method will hold. 


6. Discussion of y(k) = 0. In the example in which (2) = fmnes — 


the solution given by the group method was steadily zero for k, > since 
y(k) was zero. That the exact solution gives an appreciable displacement 
for ky >m can be shown by changing the integrals in (14) to Fresnel 
integrals and substituting particular values of n, x, and #4. For example, 





y n t x | 
—.02 A} 1 | 121 250 | 
—014A| 1 | 144] 400) 

1 


—.01 A 196 400 | 


























Calculation by the group formula shows that, within the range within 
which it can be applied, the maximum value of y is approximately 0.08 A 
when ¢= 121. The values of y for the region in which ¢(k) = 0 are 
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of this order of magnitude while the group method would give the dis- 
placement zero. 


In other examples g(k) is zero at isolated points. Thus if f(z) = 4, 
—c<a<c; f(x) =0 elsewhere, g(t) = 2A Oe, if f(x) = “E42, 
—ce<2<0; f(r) = — 42, O<a<e; f(x) =0 elsewhere, 


y (k) = a (eos ke). In the first example with V=—k& it is found 


that the exact solution gives a displacement that is negligible for values 
of k which make ¢(k) = 0. In the second example the displacement is 
not negligible. In both cases as the initial displacement approximates an 
infinite displacement at the origin better agreement of the exact and group 
solutions is found. 

Another example of the same type is found if we let 


Br a Sar Sieies 





t(x) = neos n® 2? 
where V =k. 

The examples in this section show the possibility that the group method 
will fail for » (k) = 0, but that the error becomes of less importance as 
the maximum of f(x) at the origin becomes sharper and sharper and dis- 
appears in the case of an infinite displacement at the origin. 

7, Divergent integrals. The integrals in equation (1), which represent 
the displacement at any time and place, may not be convergent in certain 
cases. In fact, we get an interesting example if we take the infinite dis- 


placement at the origin discussed in section 2 and take V = Vz. Then 
the integral given by Havelock* is obtained, viz., 


(15) y = ofl cost (eV t) ar+ Af cont (2+) # t) dk. 


These integrals are not convergent and it is doubtful if results obtained 
by discussing by the group method have any value. In particular the 
integral given later by Havelockt is not equivalent to (15). 

Let 






S(v) = 


x>0; f(a) = a<0, 


V a 





a. 
Vix’ 


* Havelock, loc. cit., p. 32. 
t Havelock, loc. cit., p. 33. 
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where V = Vz. We get y(k) =2 eS and the group solution is 


ee 2 
(16) Y= ar Ee 


The exact solution is given by 


oa dk 
cos V kg t coskx ——. 
0 9 ¥ Vk 


This gives, after replacing k by k* and integrating, a result identical 
with (16). The presence of the factor ne in the integrand insures the 


Vk 
convergence of the integral. In this case there is complete agreement 
between the group formula and the exact result. 





ON AN EXPRESSION OF A MINOR OF ORDER TWO OF 
THE Mth COMPOUND OF A DETERMINANT A IN TERMS 
OF MINORS OF A OF ORDER HIGHER THAN M. 


By W. H. Merzuer. 


In 1893 the writer* gave an expression for the most general minor of 
the second order of the second compound of a determinant of the fourth 
order in terms involving minors of order greater than two which are either 
coaxial or pairs of conjugates. Thus using inclusive notation 


12 a as 9 hoes ot beg 1 ak nba — | ieee 

(41) (5 34|) = 1|934/* 2\ 1341 2/134| 7 1/934|— | 1284): 

1234 

1234 

The next case where we take a minor of order two of the third com- 
pound of a determinant of order six or greater is 


(40) (13556) 


_ {128 _ {123| | 456 
— 1123 456 || 123 


Ipew 56| , |1235| |46 


Where ; | - stands for a; Ani and | is the determinant of order 4. 


+ ee 
1234! 156 1235! 146! ' |1236) |45 
1236| |45 1235| |46 1236 


- 








; pg poss be 
1235!" |46 1236" | 45 "| 56 1236|'| 45 
1235} |46| {1234 ‘ve I 

" | 46 


1234! |56 1235 
12345 6 12346 . +1} 
1234516 ' |1234615 ' |12356 

anaes _. aaa | aie aj emer 
12346/5 |12356/4 ' |12345/6 ' | 1235614 
12346|5 | 12345 8] 

1234516 |12346/5 

123456 

ni 123456 

= §,—& +8, 


* Amer. Journ. Math., vol. 16, pp. 131-150. 
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where S, represents the terms in the first square brackets, S, represents 


those in the second square brackets, and S; represents sy . If we 


represent the left-hand side of (A,) by S,, we may write 
(Ag) — 8 +8,— &+ 8s = 0. 


To prove the truth of (A,) we have but to show that any minor of order 

three together with its cofactor has a total coefficient zero. 

For instance the first term in &, contains Parle 
123 a + ‘ | 
193|'|46|5’ and the 7th term contains 

. 123| | 456 
three together gives tae | 456\" 


cm pe ee 
193|"|456 making three in all. Similarly for S, and 8. 


It is therefore readily seen that the total coefficient 


ie 
6\ 4 the last terms 


123 
123 


There are two other sets of three terms 


contains — 


a ; 
Be , which 


in S, which give | 


123| |456; . oe 
of 193|"|456| 8 [—1+3—3+1] = 0, 


of | tol*lazg| #8 | O—-1+2—11 = 0, 
123 | 456 
145 |"| 236 
128 |, 456 
456|"| 128 











of -is [| 0+0—1-+1] = 0, 





of is (+1+0+0—1] = 0. 

These are the type products and any others give the same result. 

To indicate the next case briefly we have 

1234 | | 5678 | 

(4s) Osea eave! 
1234| | 5678 1234| | 5678 
19341" |5678|— |5678 | "| 1934 
12345| | 678 a 12346 | | 578 
12345! | 678 12346! | 578 
12345 | | 678 12346 | | 578 
12346! |578 12345! | 678 
12345) | 678 /12348| | 567 
12348|°| 567! |12345/"| 678 
12346| | 578 4 12348) | 567 
12348! | 567 12346! |578 
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a | proseed BEd ea preoned pst £8 povaenns © Jad pecan hag 
123456! |78 123457 | | 68 123458) | 67 123467! | 58 





B brevet ad BM beri fg bend bd FE rend 
123468 | | 57 123478 | 156 123457! 168! |123456! |78 
+ ete. 36 terms| 
+[ oe OF ented 4 | 1284578 6 +paee 5 

1234567|8 " |1234568/7 ' |1284578!6 ' | 12346781/5 
a pon eit | 
123456817 |1934568/8 * ®t 16 terms 
__ | 12345678 
12345678 









or 


(As) 


It is just as readily seen here that the total coefficient 

















— & + 8,— 8: +8;— & = 0. 

















of | tose |‘leeve| is [—1+4—6+4—1] = 0, 
of | ioes|'leevg| # | O-1+3—8+41] = 0, 
ot | orel‘leeve| BL O+0—1+2—1] = 0, 
of | teen |+/ongg| 8 { O+0+0—1+41] = 0, 
of | ron || soya] 8 [+1+0+0+0—1] = 0. 





The general case may be stated as follows 


« , 














(n | m) | (n | m) 
= (ci a) 
* (m, (Mm), (n|m)(n|m|k)| | (n|m|k) 
= PDE EI" iy ol || (nlm) | 











(n | m) 


where represents a coaxial minor of order m of a determinant of 


(n | m) 


order n, where (m|m|h) is the complementary of the combination (n|m|%) 
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with respect to m, i. e. (n|m|h) and (n|im|h) are complementary com- 
binations of the numbers (n|m) and where v; is the sum of the number of 


inversions in (n|m|k)(n|m|k) plus the number of inversions in (n|m|k) 
vs 2 BJ 
(n| |). 
Here the m values of k give the m groups of terms 4,, S82, ---, Sm. 
If we write as before 


(A) — So + 8: — 83+ ++» + (— 1)" By, = 0, 
then the proof follows precisely as in (Az) or (As). 


It is to be observed that the number of terms in Sp is {(m),}*® and that 
the terms involve either coaxial minors or pairs of terms having the same 
sign in which the minors in one of the two are the conjugates of those 
in the other. ’ 

By properly adjusting the numbers indicating the rows and columns we 
may, from this relation, get that giving the value of any minor of the 
second order of the mth compound. 

Thus in (A,) if we put 2 for the 4 in the columns we get 


134| , 1/234 


34 | 
| 132|* 2/132 


) = 0+5 


132 | bests 




















(2 34) _ 2/184], 1/234, 
i2/!93') ~ ~— 2}198) * 2! 1931” 


and if we put 2 for 3 and 3 for 4 in the rows and columns we get 


211231" 


{ 12 23 | 2 | 123 


1121 123 


It is also seen from the foregoing relation (A) that if all minors of 
order m-+-1 of the original determinant vanish them, since all minors of 
higher order vanish as a consequence, all minors of order two of the 
mth compound vanish, and if in addition the coaxial minors of order m 
vanish them not more than (”)m—1 of the minors of order m do not vanish. 


New York Stare CoLLeGe For TEACHERS, 
May 1925. 













THE NULLITY OF A MATRIX RELATIVE TO A FIELD.* 
By ©. C. MacDurrer. 


I. Let x be an n-rowed square matrix whose elements 2 are elements of 
a field F. The rank r of x is the order of a non-vanishing minor determinant 
of x of maximum order. Following Sylvester, we call s = n—~r the nullity 
of x. It is a well known theorem?t that a necessary and sufficient con- 
dition that x be of nullity s is that the system of homogeneous equations 
i=n 


C x = 0 (j = 1, 2, ---, ) 


~. 
| 


have exactly s linearly independent solutions 
(1) (<4, é, ++, ) (¢ = 1, 2,---, 8) 


the Ge being elements of F. An equivalent condition is that 


i=n 
2, 4% = 0 (7 = 1, 2,---, m) 


have exactly s linearly independent solutions. Hence s might have been 
defined as the number of linearly independent linear relations among the 
columns of X, or as the number of linearly independent linear relations 
among the rows of xX. 

This latter definition of nullity admits of generalization. Let the zj now 
be elements of a semi-field S, i. e., a set which has all the properties of 
a field except that division by elements not zero need not always be possible. 
Let Fo be any field all of whose elements are in S. We define x (x), the 
column-nullity of X with respect to Fy, as the number of linearly independent 
linear relations among the columns of xX with coefficients in Fj; i. e., the 
number of linearly independent sets (1) all of whose elements ct are in Fy. 
Similarly we define @ (x), the row-nullity of X with respect to Fy, as the 
number of linearly independent linear relations among the rows of x with 
coefficients in Fy. 

If S= Fy, evidently @ = x = s. Usually, however, @, x and s are all 
distinct. 

2. If a and b are two non-singular »-rowed square matrices with elements 
in Fy, and if 

u=axb, 


* Presented to the American Mathematical Society, April 10, 1925. 
7 Of. Bécher, Introduction to Higher Algebra, p. 50. 
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we can show that the column- and row-nullities of u are equal respectively 
to the column- and row-nullities of x. 
Since 
x= a 'ab-1, 


Sy Tig 5 ete i 


the relation is a reciprocal one, and we may choose our notation for the 
two matrices so that the row-nullity @ (x) of x is greater than or equal to 
the row-nullity @ (a) of u. We shall show that these nullities must then 
be equal. 

In case e(x) = 0, then e(u) = 0 and our theorem is true. In the remaining 
case there exists at least one set of numbers f; not all zero in Fy such that 


GS ine Sh Se th St. 
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i=n 
(2) 2, kim = 0 (j = 1, 2,---, n). 


- Since @ is non-singular with elements ay in Fy, the system of equations 


j=n 
(3) ki = p> yi ¢; (i = 1, 2,---, n) 
Jz 


eo 


i cade 


has a unique solution (c, cs,---, ¢n) Where the c; are numbers of Fy not 
all of which are zero, namely 


ee 


aS NET aA wie 
Bae i 2 RT i as oh ei 
REPS DBE NRPS ere TRG AOS a STE OO 


a. aa ¢. = - 
Sarto Regie te eee ee IS 


oe 
ee = kj (i = 1, 2,--+, m) 


HY 
+h 
i 


where A;; is the cofactor of aj in a, the determinant of a. 
Then 
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Hence to every linear relation in Fy among the rows of x there corresponds 
by (3) a linear relation in F, among the rows of u. 
Since there are exactly g(x) linearly independent linear relations 


(ki, Ki, ghia: kK) (i = 1, 2, ---, @ (x) 





satisfying (2), there are at least g(x) linear relations 






(4, ch, wee ch) (i = 1, 2, ---, @(x)) 









satisfying (4). We must show that these last g(x) linear relations are 
linearly independent. Let us denote by & the matrix (k/) and by ¢ the 
matrix (c/). Then from (3) we have 














k=ca 


and inasmuch as @ is non-singular, the rank of ¢ is equal to the rank 
of k, namely @ (x). 

We have now proved that o(u) > e(x), which together with our assumption 
that e@ (4) < e@(x) gives e(u) = e(x). 

We may show that the column-nullities x(x) and x(u) of x and u with 
regard to Fy are equal by considering the relation 








i — bxa 


where % denotes the transpose of W, i. e., the matrix obtained from uw by 
changing rows into columns. Then 


x(x) = 9(%) = e(@) = x(u). 













3- The arithmetic invariants x(x) and o(x) of the matrix x under the 
transformation 4 = axb lead directly to projective invariants of analytic 
functions and algebraic forms. For instance, let /,, /2,---.Jfn be m analytic 


functions of m independent variables 2,, 22, ---, 2, with coefficients in 
a field Fy. Let f; become fj (xi, 22,---,x,) under the projective trans- 
formation 

j=n 
5) m= Zay2j,  \ayl $0  — G=1,2,---,m) 


Meditate 
oF 


where the ay are in Fy. Then 
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and therefore the jacobian matrix 


i’ = (24) = (4) a = ja 


020} Ox; 


is an invariant matrix. Hence e(j), its row-nullity over /), is an arith- 
metic invariant of the » functions f,, fa, ---, fn. 

Let us suppose that o(j)>0 so that there exist linearly independent 
sets of elements in Fy 
(7) Gye ns) (i = 1, 2,---, e(J)) 


such that 
k 


k=n [= 
; OSk 0 ; ° ° 
a — at ._——- — ¢ “ee 
1 8 2; 2 4 fi= 0 (yj = 1, 2, ,n). 





ki Oxy K 


Then : a 
(8) Zi he= ¢ (¢ = 1, 2, .--, ed 


where c is in /. Evidently every relation (8) leads to a set of con- 
stants (7), so that o@ (J) is the number of linearly independent linear relations 
with coefficients in Fy among the functions f,, fo, ---. fn. 

This result is an interesting analog of the theorem* that the ordinary 
nullity s(j) of J gives the number of functionally independent functional 
relations among the functions /,, fe, ---, Sn. 

4. By means of the invariant «(f) of the hessian matrix of an algebraic 
form, the complete solution of Hesse’s problemt may be very simply stated. 
This problem is to determine necessary and sufficient conditions that an 
algebraic form in » variables be projectively equivalent to a form in 
n—1 variables. Hesse stated that the vanishing of the determinant after- 
wards named for him was such a necessary and sufficient condition, and 
gave two unsatisfactory proofs.{ The theorem was finally shown to be false 
by Gordan and Néther,§ who proved the existence of quinary forms whose 
hessians vanish but which cannot be written in terms of »—1 variables. 

Let f(x, %2,-+-+, %n) be an algebraic form of degree greater than 1 in 
n variables with coefficients in Fy which becomes /' (xi, 73, ---, an) by 
transformations (5). Then 

arf S Of ba, “St Of’ = bak 


02x; Ox} Mm, 8a; Oa, O25; KO Oa Oa, Oa 
J J J 








* P. Gordan, Invariantentheorie, Teubner, Leipzig, 1885, pp. 128-131. 

+ For a quite complete history of Hesse’s problem, see Sir Thomas Muir, The Theory 
of Determinants, Macmillan and Co., Vol. 2, Chap. XIII. 

t Crelle’s Journal, vol. XLII, pp. 117-128, and vol. LVI, pp. 263-269. 

§ Mathematische Annalen, vol. X (1876), pp. 547-569. 
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In the notation of matrices, this is 


i oy (5) = 208 (52) ( ae) 

















k=" Oy; +. 
Since “ Oak 1, we have 
a, Ome ON 
(sures) = (oat) (Gerba) (a) 
Ox; aj] — \baj) \ 004 A2;) \ Oa; 


or 


(9) h'’ = aha 









where ft is the hessian matrix of /. 

Since A is symmetric, @(h) = «(h). From (9) we see that «(A) is an 
arithmetic invariant of A and hence also of /. 

Let us denote by y the minimum number of variables in terms of which 
f can be written. Then we can so transform / that A will have n—r rows 
of zeros. Then «(h)>n—r. 

Since h is the jacobian of the first partial derivatives of jf, there are 
exactly «(h) linearly independent linear relations (8) with coefficients in Fy 
among these partials. Since f is a form, of degree greater than 1, the 
right-hand members are zero. That is, we have 













of fi= 0 (j = 1, 2,---, (A) 


1 


? 





i 


II 





whose matrix (c/) is of rank x (A). 
Let us set 
ay = ef (i = 1, 2,---, ; j=1,2,---, #(M) 









and let ay for 7 = %*-+-1,-:-, be any numbers of Fy such that 







> Reenter Set aah ibd oh gat ga eames 


Set Bete . 
eae ile al) ee sree Oe ne oe Sams Fs : Pe Rie A pai 


dij | } 0. 
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Thus a necessary and sufficient condition that the algebraic form f (2, Xz, +++; Xn) 
of degree >1 be projectively equivalent to a form in r variables, and equi- 
valent to no form in fewer than r variables, is that x (h) = n—r. 

5. The theorem which Hesse stated but did not succeed in proving was 
equivalent to the statement that the nullity over Fy of the hessian of every 
algebraic form is equal to its nullity s in the sense of Sylvester. For 
quadratic forms and for binary forms this is obviously true. It has been 
proved true for ternary and quaternary forms,* and not always true for 
quinary forms. 

We can now show that in the special case where s(h) = n—1, we also 
have x(h) = n—1 for forms of arbitrary degree and number of variables. 
When s = n—1, the rank of the hessian is 1, and when x = n—1 the 
form can be written in terms of one variable only, i. e., as the product of 
a constant by a power of a single variable. The theorem which we shall 
prove, then, is the following: 

A necessary and sufficient condition that the algebraic form f of degree 
p>>1 in n variables be the product of a constant by the pth power of a linear 
Junction, is that the rank of its hessian matrix be 1. 

The necessity of the condition is obvious if we transform / so that it takes 
the form c2?. 

Oe 


To prove the sufficiency, we set Dai 02 


matrix 


= fy and assume that the 


: ey ee ee 
Su Se fan Son 
Snr Fn +98 STnv 


is of rank 1. By Euler’s relation 


i=n 
> uti = (p—l) fj j= 1, 2,---, m) 
i=1 


We multiply the Ath column of A by 2, and add to it 2; times the /th column 
for every 1+ k. We divide the new ‘th column by p—1 and obtain 


itu fiz «++ Aira A Sie 


ita foo +++ for fr for -- 


| Sa Sn wis Aig Sn, k-1 Stn Tn, e-1 





* Gordan and Nother, loc. cit. 
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These matrices are all of rank 1, since the above elementary transformations 
leave the rank invariant. That is, 


Si 
Sj 


Let us first consider the case when /; fx +0. The above equation gives us 


2 log fi _ blogf. 
ny 


fi | an 
=e (4, j,k = 1, 2,---, n). 





and hence 
log fi — log fx + 9 (a1, set, Hj—-1, Hjti, ***, In). 


Since this holds for every 7, it follows that g is a constant, and we may 


write 
log fi = log fx + log c. 


Hence there exist constants c, cx not both zero (and evidently in /)) such 
that 
(10) Sit ate = (i,k = 1, 2,+--,n; i$+h). 


In case fi f; = 0, a relation (10) holds obviously. 
From (10) it follows that for every ¢ and k we have a relation 


(11) cs Sit + Ce Sin == @ (j = 1, 2, «pide 


Since the rank of A is 1, there is at least one second partial which is 
not zero. For convenience of notation we shall assume that for some j, 
fit +0. From (11) we have 


(12) & fr ta fu = 0 (j = 1,2, ---, 9; & = 2, 8,---, 2). 
Every ci in (12) is different from zero, for ¢; = 0 implies cé + 0, and hence 
Ja = 0 for 7 = 1, 2,---, m contrary to our assumption. Then the matrix 
of the coefficients of the partials in (12) with the first column deleted is 
for every 7 the same (n—1)-rowed diagonal matrix none of whose diagonal 
elements is zero. It is therefore non-singular, and (12) gives us n—1 
linearly independent linear relations with coefficients in F, among the 
columns of h. Thus «(h) >n—1. Since the rank of his1, x(h) = n—1. 
This proves our theorem. 


Tue Onto State UNIVERSITY, 
May, 1925. 
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DETERMINATION OF THE TERNARY COLLINEATION 
GROUPS WHOSE COEFFICIENTS LIE IN THE GF(2’). 


By R. W. Hartiey. 


Introduction. 


The object of this paper is to determine the finite groups of colline- 
ations in three homogeneous variables, whose coefficients lie in the GF(2"). 
Such a collineation is of the form 

8 
Ox; — we @ = 1,2, 3), 
wherein the coefficients aj are in the GF(2”) and the variables 2; are 
regarded as homogeneous codrdinates in the modular plane PG(2, 2”).* 

The finite groups of collineations in the ordinary plane were completely 
determined for the first time by Blichfeldt.t They were determined by 
H. H. Mitchell by using a geometrical method almost entirely; he also 
determined completely the finite groups of collineations in the modular 
plane PG(2, p") where p is an odd prime.t 

The case of the even prime was considered to some extent and the 
finite groups in the modular plane PG (2, 2°) determined by U. G. Mitchell.§ 


The binary modular groups have been fully determined. The general 
case was solved by E. H. Moore,|| and Wiman.{] Dickson gave a solution 
based on these two.** A still different determination of binary groups on 
the modular line was given by H. H. Mitchell.t7 

It was determined that when the coefficients lie in the GF'(2”) the order 
of the collineation groups, which leave no points fixed, is of the form 





*0. Veblen and W.H. Bussey, Finite projective geometries, Trans. Amer. Math. Soc., 
vol. 7 (1906), pp. 241-259. 

+ Blichfeldt, On the order of linear homogeneous groups, Trans. Amer. Math. Soc., vol. 4 
(1903), pp- 387-397, and vol. 5 (1904), pp. 310-325; also The finite discontinuous, primitive 
groups of collineations in three variables, Math. Annalen, vol. 63 (1907), pp. 552-572. 

1H. H. Mitchell, Determination of the ordinary and modular ternary linear groups, 
Trans. Amer. Math. Soc., vol. 12 (1911), pp. 207-242. 

§ U. G. Mitchell, Geometry and collineation groups of the finite projective plane PG (2, 2°), 
Diss. Princeton 1910. 

|| E. H. Moore, The subgroups of the generalized finite modular group, Dicennial Public- 
ations of the University of Chicago, vol. 9 (1904), pp. 141-190. 

§] Wiman. Bestimmung aller Untergruppen einer doppelt unendlichen Reihe von ein- 
fachen Gruppen, Bihang till K. Svenska Vet.-Akad. Handlingar, vol. 25, part 1, no. 2. 
** Dickson, Linear Groups, Chap. XII. 
tt H. H. Mitchell, loc. cit. 
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(2*-+-1)2"(2*—1), where k is a factor of n. A group of order (2*-+-1)2*(2*—1) 
can be represented by collineations with coefficients in the GF(2*). Such 
a group permutes the 2*-+-1 points on the line with coérdinates in that 
field. There are (2*-+- 1) (2*—1) transformations of period 2, each leaving 
fixed one point only on the line. There are transformations of period 
2k*—1, each leaving fixed two points and permuting cyclicly the other 
2k] points, and transformations of period 2*+1, the codrdinates of 
whose two fixed points are in a higher field, that permute cyclicly the 
2k4+.1 points. Metacyclic sub-groups of order 2*(2*—1) exist each leaving 
one point fixed. There are also present dihedral groups of order 2(2*— 1) 
and 2(2*-+-1). The octahedral group does not occur. 

This paper has been written under the supervision of Prof. H. H. Mitchell 
of the University of Pennsylvania for whose aid the writer wishes to 
acknowledge his indebtedness. 


Types of transformations.* 
The following five types of transformations are present. 
Type I. A transformation that leaves fixed the three vertices of a triangle 
and its three sides and no other points or lines. By choosing as its fixed 
triangle the triangle of reference it takes the form 


( 0 | 
0 £0 where a, 8, y +0. 
00 y 

Its order depends on a, 8 and y but is odd and a divisor of 2*—1 if the 
coefficients are in the G F(2*). 

Type Il. A transformation that leaves fixed two points and two lines 
only. It may be written in the form 


a 00 
0141 where a + 0 or 1. 
00} 


Its order is of the form 2d where d is odd. Its square is an homology. 
Any odd power m of it such that a” = 1 is an elation. 

Type III. A transformation that leaves fixed only one point and one 
line through the point. It may be written in the form 


1 a0QO 
Cie where a + 0. 
001 


Its order is four and its square is an elation. 


* Of. Veblen and Young, Projective Geometry; Dickson, Linear Groups, Chap. X, XI. 
11* 
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Type IV. Homology. This leaves fixed all the points on a line called 
the axis and all the lines through a point not on the axis called the center. 
It may be written in the form 


a 0 0 
010 where « +0 or 1. 
001 


Its order, which is odd, depends on «. 

Type V. Elation. This leaves fixed all the points on a line called the 
axis and all lines through a point on the axis called the center. It may 
be written in the form 

100 
011 


00 1 
Its order is two. 


Groups containing subgroups of elations with a common center 
and axis and of order greater than two. 


We shall first consider such groups as do not leave invariant a point, 
line or triangle, and leave such groups as do to be enumerated with the 
sub-groups at the end of the paper. We shall denote by condition A the 
condition that no point, line or triangle is to be left invariant. 

THEOREM 1. The only groups that satisfy condition A, and contain sub- 
groups of elations with a common center and axis and order greater than 
two, are the HO(3, 2™*); groups containing the HO(3, 2") as self-conjugate 
sub-groups of index 3, if k is odd; the LF(3,2*); groups containing the 
LF(3, 2") as self-conjugate sub-groups of index 3, if k is even. 

We take as center and axis of a group of elations (010) and 2, = 0. 
Any elation of this group will be of the form 





100 
E,=]0 1 2 
00 1 


ih aR a er IE 


2 Sapa eg a ecette 
RE RCI EO RE Ars 
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RT Wz 


where 4’ is any mark. Any two such elations are commutative; hence the 
order of the group of elations is of the form 2". We assume that 2* is 
the order of the largest sub-group of this kind present and that k > 2. 

Since no point or line is to be left invariant there must exist another 
sub-group of elations of the same order with center not on x, = 0 and 
axis not passing through (010). We let the center and axis of such a sub- 
group be (001) and z, = 0. This may be represented by 


Si 
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100 
E, =|0 1 O}. 
0A” 1 


The group generated by H, and E£, leaves fixed (100) and x, = 0. There 
can be no homology present with this point and line for center and axis, 
for such an homology would be of the form 


100 
0 w O}, 
00 nw 


whereas if it were in the group generated by HE, and E,, w*=— 1, and 
hence » = 1. Therefore this group is simply isomorphic with the binary 
group on 2, = 0 and the order is (2*+1)2*(2*—1). Then from the 
theory of binary groups we may, without loss of generality, assume that 2’ 
and 4” run over all the marks in the G F(2"). 

Since no point or line is to be left invariant there must exist a sub-group 
of elations of order 2" with center not on xz, = O and axis not passing 
through (100). We may, without loss of generality, assume that the common 
axis of this additional group does not pass through (001), (010) or (011). 
For if it did, some elation of the group generated by E, and FE, would 
transform it into a group whose axis did not. We can, furthermore, so 
choose this elation that the center of the transformed group does not lie 
On x = 0, vz; = 0 or +23 = 0. If (1) were taken as such a center, 


the homology 
ie oe. 
0 rv" 0 
0 0 »*! 


would send this point to (11»~*) and at the same time leave E, and Ey 
invariant, hence we may without loss of generality take (11) as the new 
center. We take z,+(1+¢y)2,+o2, = 0 as the axis, where o + 0, 
1+ou+0, and 1+on+o40. 

A transformation of such a group may be written in the form 


Ez =| 4 1+A+icp Ao 


7" 4(1-+ op) ‘| 
au Ap(1+op) 1+A0n) 


where 4 is undetermined but runs over 2” values. 
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The group generated by 2, and #, will be of the same character as 
the one generated by EZ, and #,. It will be simply isomorphic with a binary 
group and must be represented on the line joining their centers, namely 
a, +2, = 0, by this binary group of order (2*+-1)2*(2*—1). 2*+1 
points including the centers of #, and EF, will be permuted. Under £,, 
(11) is conjugate with all these points except (010); and under Z, (010) is 
conjugate with all except (11m). A particular transformation F, of Z,, 
wherein 4 has a particular value, sends (010) to some one of these 2*+-1 
points on w2,+2,; = 0 and there must be in Z, a transformation F, 
which sends (11) to this same point. 

F, sends (11) into (1, 1+ 4’, u). 
F; sends (010) into [A(i+om), 1+4+Acp, Au(i+eop)]. 


In order that these points be identical, we have, since 1+ op + 0, 


(1) CAA? +A w+1 = 0. 


In the same way we consider the particular transformation F, of EZ, 
whose 4” has such a particular value that it sends (11m) into the same 
point as that into which F; sends (001). 

F, sends (11m) into (1,1, 4”+~ ). 
F; sends (001) into (Ao, Ao, 1+Acpn). 


From these we get, since + 0, 
(2) ofa" =1. 


In the group generated by £, and #, there will be a sub-group of 
elations with (011) as center and z,-+ 2; = 0 as axis. We designate this 
group by 

1 0 0 
E, — 10 14-2" yd 
0 are 1 + er 


where 4’’’ runs over all the marks of the G F(2*). 
By cousidering F; and the particular transformation F, of Z, determined 
as in the other two cases, we find that 
F, sends (11m) into (1, a’’ +144" pw, VUAN wtp) 
F; sends (011) into (A+A0n+A0,1+i4+i0+A0p, Aption?+1+A0p) 


From this and (2) we get, since 1+on+ 0640, 


(3) MO tha ue wt a+ M4 aarye a 0. 
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From (1), (2) and (3) we get 
(4) A= 1/d'+1/a"+1/2'", 


which shows that 4 is in the GF(2*). Also from (2) @ is in this field. 
From (1) and (2) we have 


(5) wad w+ hii = 0. 


Hence wu lies in the GF'(2™), 

We consider two cases: 

(i) When w is not in the GF(2*). 

(ii) When » is in the G F(2*). 

In the first case, since satisfies (5), the other root of (5) will be pw. 
the conjugate of mw, and is determined when » is given. Hence for a given 
value of » from (5) we have that 42” is determined, and hence ¢ is deter- 
mined. That is, when a center of a group of elations is taken, the axis 
is uniquely determined. 

The line joining (100) to (11) meets 2, — 0 in (Oly). The axis of £,, 
2+ (1+ op) x, -+ ox, = 0, meets x, = 0 at the point (0,1,42’+ 4). But 
from (5) 

w= Aa +, 
Hence this point is (Ol p). 

E; with 4=1 leaves (Olu) fixed and interchanges (100) and (01 ). 
E, with 2’ = (w+ 4)/ww leaves (100) fixed and interchanges (01m) and 
(01). Hence all the permutations are made on the vertices of the triangle 
(100), (Ol) and (O1,). 

There is a binary cyclic group of order 2+ 1 present on each side of 
this triangle, hence there is an homology present with center (100) and 
axis x, = 0 of order (2* + 1)/3 or 2*+1 according as 2*+1 is or is not 
divisible by 3, that is, according as k is odd or even# 

We denote this value by (2+ 1)/y, where y = 3 or 1 according as k is 
odd or even. If » = 3 there will not be an homology present of order 2*+-1 
in the group generated by the elations, since its determinant would not be 
a cube in the GF'(2**). 

There can be only one center of elations on each axis of elations. For 
suppose there was a center other than (11m) on the axis of E;. This 
elation must have the axis of EZ; for its axis or the square of its product 
and an elation of E,; would be another elation with the same center and 
a different axis. All elations with centers on the line joining (100) and 





*H. H. Mitchell, loc. cit., pp: 218-214. 
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(11) must have axes that pass through (01m), a point uniquely determined 
for each line of centers through (100). The axis of any other elation with 
center on the axis of E; other than at (11), and not on an axis through 
(100), must meet 2, = 0 at some point other than (01), hence would have 
a different axis than Z;. If the new center were on an axis through (100), 
and had the axis of FE, for axis, the square of its product and one of the 
elations with the axis through (100) for axis would be another elation 
with the same center but different axis. 

Under the homology mentioned above (11) is conjugate with other 
points on the line joining (100) and (11m), hence there is more than one 
center on this line and therefore 2*-+ 1 centers, and the same number on 
each of the lines through (100) and points with codrdinates in the GF' (2) 
other than those through centers of elations on x, = 0. There are 27*—2 
such lines, hence there are (2?*—2*)(2*+-1) centers with codrdinates not 
in the GF(2™*), which together with those on z, = 0, make 2°*-+-1 in all. 

Since the order of the group on x, = 0 is (2*-+ 1)2*(2*—1) and 
the order of the homology that has (100) for center and x, = 0 for axis is 
(2*-+1)/», the order of the group that leaves fixed (100) and x, — 0 is 
(2* +1)? 2 (Qk—1)/y. 

Furthermore any transformation in the group that leaves a line of centers 
fixed must leave fixed the point where the corresponding axes meet, hence 
this is the order of the group leaving x, = 0 fixed. 

Any line on which two centers of elations lie will have on it 2*+1 
centers and since there are 2°*+-1 centers of elations there will be 


28k (28% + 1)/2* (2*-+ 1) = 2% (2*—2* + 1) 


lines on each of which 2+ 1 centers of elations lie. 

Under the cyclic group of order 2*—1 leaving fixed (100), (010) and (001), 
the line of centers of HE, and FE, is conjugate with 2'—1 lines of centers 
through (010); and under the homology of order (2*-+ 1)/» with center (100) 
and axis x, = 0, it is conjugate with (2+ 1)/y lines of centers through (010). 
Since 2*—1 and (2*+-1)/» are relatively prime, this line of centers is con- 
jugate, under the group leaving (010) fixed, to (22*—1)/y lines through (010). 
Since 2, = 0 is conjugate with some of these lines through (010), it will 
be conjugate, y = 1, with all the 2* lines of centers through (010). 
If »=3, x, =O will be conjugate with (27*—1)/3+ 1 of these lines, 
but by considering a sub-group leaving fixed a line of centers not among 
them, the lines of centers other than the one left fixed fall into three 
conjugate sets in one of which z, — 0 lies. Hence z, —0O must be con- 
jugate with 2(27*—1)/3 of the lines of centers through (010). Similarly 
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every line of centers through (010) is conjugate with more than half the 
lines of centers through that point, and hence they are all conjugate. 
Since (010) is conjugate with all the centers of elations, all the lines of 
centers will be conjugate with x, == 0. Therefore the order of the entire 


group must be 
(2* — 2k + 1) (2 + 1)? 28 (Qk —1)/y, 


This group exists and may be identified with the hyperorthogonal group 
HO (3, 2*)* by noting that Z,, &, and E,, and hence the group they 
generate, leave invariant the function 


Ww) af (wary + cy)” + (aay +, 


The codrdinates of the 2*%*+ 1 centers of elations satisfy this function 
equated to zero. 

If » = 8 there exists a group having the HO (3, 2**) as a selfconjugate 
sub-group of index 3. It may be generated by the HO(3,2?*) and an 
homology of order 2*-+-1, having (100) for center and 2, = 0 for axis. 

The HO (3, 2") cannot be further extended. For an additional center 
of elations must lie on a line in the GF'(2™*) and all such lines under the 
HO (3, 2”) fall into two conjugate sets, axes of elations and lines on each 
of which lie 2*+-1 centers, and no further centers can lie on lines of 
either of these types. 

We next consider case (ii), where » is in the GF'(2*). From (2) we 
have that o is alsc in this field. 

Since (11) now lies on one of the 2+ 1 lines in the GF'(2*) through 
(100), which are all axes of elations with centers on 7, = 0, we may, 
without loss of generality, assume that the center of the additional elations 
is on 2, = 0, at (10!) say. 

As the axis of this additional group of elations FE, passes through one 
of the 2*+1 centers on x, = 0, there will be an axis of elations with 
center (101) passing through each of the 2*+-1 points on x, = 0, since 
the transformations of E, leave (101) fixed and move (010) into 2" positions 
on x, = O and the squares of the products of E, and E, are elations 
with (101) for center and 2. = O for axis. 

The squares of the products of EZ, and transformations of the group with 
center (101) and axis through (010) generate a group of elations with (010) 
for center and z,-+2,; = 0 for axis. Under this group (100) is conjugate 
with 2" points on x; = 0. Now in the group generated by EF, and &,, 
(101) is conjugate with a point on x; = 0, and an elation with this point 
for center will move (010) to another point on xz; 0. Therefore all the 

* Cf. Dickson, Math. Annalen, vol. 52 (1899), pp. 561-581; also Linear Groups, Chap. V. 
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2*-+-1 points on x, = 0 are conjugate, and since all the lines through (100) 
are conjugate, all the points in the field are conjugate, and every point 
will be the center of 2*+-1 groups of elations with different axes. 

All the elations with axes passing through (100) will generate a group 
leaving (100) fixed under which z, = 0 is conjugate with all the lines in 
the field not passing through (100). 

All six permutations are made on the vertices of the triangle (100), (010), 
(001), hence there will be an homology present of period (2*—1)/3 or 
(2'—1) with center at (100) and axis x, = 0, according as 2'—1 is or 
is not divisible by 3, or as k is even or odd.* When k is even, the homology 
of period 2*—1 has a determinant that is a not-cube in the field, so in 
this case the homology with determinant a cube in the field will be of 
period (2*—1)/3. We denote the period of this homology by (2*—1)/», 
where vy = 1 or 3. 

The group of points on an axis is of order (2*-+-1)2*(2*—1), so the 
order of the group leaving (100) and x, = 0 fixed is (2*-+- 1) 2* (2*—1)*/». 
Under the group leaving (100) fixed, z, — 0 is conjugate with 2” lines 
not passing through (100), hence the group leaving (100) fixed is of order 
(2*-+- 1) 2%* (2k 1)?/y and the entire group is of order (2*-+ 1)2**(2*—1)* 
(Q%* + Qk +. 1)/y, 

This is the L F(3, 2") and consists of all the transformations whose 
coefficients are in the GF'(2") and whose determinant is a cube in that 
field.+ 

If k is even, a group exists containing the L F(3, 2”) as a self-conjugate 
sub-group. It may be generated by LF(3, 2") and an homology of period 
2*—1, with center at (100) and axis z, = 0. 

The L F(3, 2") cannot be further extended as we have proved that the 
codrdinates of the center of an additional elation must lie in the G F(2”*) 
and if such an elation exists each center must uniquely determine an axis. 

Hereafter in this paper we shall denote the condition that there be not 
present sub-groups of elations with common center and axis as condition B. 


Groups containing homologies but no subgroups of elations 
with common center and axis. 


THEOREM 2. In a group that satisfies condition B, the axis of any two 
non-commutative homologies must intersect in a point collinear with their 
centers. 

If the center of each lies on the axis of the other the homologies are 
commutative. 


* H. H. Mitchell, loc. cit., pp. 213-214. 
T Dickson, Linear Groups, pp. 75-78. 
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If two homologies have a common axis and different centers, we may 
assume that they are of the same order, for, if not, the second would 
transform the first into a third of the same order as the first with the 
same axis and a different center. We choose z; = 0 as the axis of each 
and (001) and (101) as centers. Then the two homologies will be of the 





form 
100 1 0 B+1 
010; and {0 1 QO 
00 @ 00 8B 
Their product is 
‘ {1 0 B+1 
01 0 
00 «as 


If we choose « the inverse of 4 this will be an elation with center (100) 
and axis 2; = 0, and since § may have at least two values we would have 
two or more elations with common center and axis. 

For two homologies to have the same center and different axes is the 
dual case and can similarly be shown impossible. 

If the center A of one homology lies on the axis b of the second and 
the center B of the second does not lie on the axis a of the first, the 
homology with center at A will transform the one with center at B into 
a third with axis } and center not at B or on a, which by a previous 
case is impossible. 

We consider now the case where two homologies with centers and 
axes distinct are so situated that neither center lies on the axis of the 
other and the centers are not collinear with the intersection of the axes. 
We let the center and axis of one be A and a, respectively, and the 
center and axis of the other B and b. a and b will meet at some point 
C not on AB, and the two homologies will generate a group leaving 
fixed C and AB and represented on AB by a binary group of order 
(2* -+-1)2*(2*—1) permuting 2*+ 1 points, where k>2. There will be 
(2*-+-1)(2*—1) transformations of order 2, each leaving fixed one and 
only one of these 2*+-1 points on AB. Hence there are 2*—1 trans- 
formations of order 2 leaving fixed a single point P on AB. Each of 
these is represented in the plane by one or more transformations leaving 
points C and P fixed and also line AB and of order 2 on AB. Such a 
transformation is either an elation with center P and axis PC or a trans- 
formation of type Il, a power of which is such an elation. Hence we 
will have 2*—1 elations with P as center and PC as axis. 

Therefore by this process of elimination we conclude that two non- 
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commutative homologies must have axes that intersect in a point collinear 
with their centers. 
THEOREM 3. The only group that satisfies conditions A and B and contains 
homologies is the Hessian Gei¢. 
We let the center and axis of one homology be (010) and x, =O and 
denote it by #,, then 
100 
E, =|]0 40 
001 


where 4 is a mark in the GF(2”), such that 44 = 1. 

Since no point or line is to be left invariant, we must have another 
homology conjugate with Z,. We take as center and axis of this second 
homology (110) and a,-+ 2; = 0 and denote it by 


1 14-47 1427 
B=|0 U 142 
ee 1 


where 4’, since #, and H#, are conjugate, runs over the same values as 4. 
If we choose 2’ to be the inverse of 4, we find that 


1 0 £+1/4 
(E, E,)* sp 1 0 
0 0 1 


This is an elation with center (100) and axis z, 0. Unless 4+1/A 
is invariant when 4 is replaced by its powers there will be a group of. 
elations present with common center and axis of order greater than two. 
Hence we have 


A+1/4 = 4841/2? 
whence, since 4 + 1, 
MV+it+ti=0 
and 4 lies in the GF(2”). 

Therefore E, and HE» are each of period 3. E, and Ey transform EK» into 
two other homologies with centers on 2; = 0 and axes passing through (100). 
The centers and axes of these two new homologies will be (140), (1470) 
and 22 -+Azs = 0, x, +/?x, = 0, respectively. 

No further centers of homologies can exist on x; — 0, for if there be 
one at (10) say, where pw is not in the GF(2*), by using the conditions 
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that it is of period 3 and the square of its product with Z, is the elation 
determined above, it must take the form 


1 Aly A 
g=|0 ’* apl where A?+2+1 = 0. 
> :-@4 


But in order that the square of the product of § and E> be the same 
elation already determined we must have y 





























w+p+l = 0 


which contradicts our hypothesis that w is not in the GF(2*). 

Since no point or line is to be left invariant there will be present an 
homology with center not on 2; =O and axis not passing through (100). 
This can be commutative with not more than one of the four homologies 
with centers (100), (110), (120) and (1420). Hence we may assume that it is 
not commutative with any of the last three. By choosing 2, = 0 to pass 
through its center we may take (01) as its center and z,-+e2,+ 02, = 0 
as its axis. We denote this additional homology by E;. By using the fact 
that the axis of Z; must meet the axes of the three homologies with which EF, 
is not commutative in points collinear with (0#1) and the corresponding 
center, we get that « = 0, @ = 0, and c= 1. Thus the center and axis 
of EH, are (001) and 2, +23 = 0, and therefore this homology is commutative 
with #,. Hence every homology in the group whose center is not on 7; = 0 
is commutative with one with center on xz; = 0. Therefore all additional 
centers of homologies must lie on one of the four axes through (100). 

We have from the above and the fact that Z;, being conjugate with £,, 


is of period 3, that 
( 0 j 
EE: = 0 1 O}. > 
ZO4d 


The product of EH, and #, is an homology with center (101) and axis 
2, = 0. No more centers of homologies can lie on xz, =O. For such an 
homology would be commutative with Z,, but not with Z;. Hence its axis 
would meet the axis of E; at (010) which is not on 2, = 0, the line of 
centers of the additional homology and E;. Therefore there are two and i 
only two centers of homologies on each of the axes through (100), making 12 # E 
in all. . 

The order of the group leaving the three points (010), (001) and (101) 
fixed is 9, and since the elation with center (100) and axis z, = 0 leaves (010) 
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fixed and interchanges (101) and (001), the order of the group leaving (010) 
fixed is 18. Since the 12 centers of homologies are all conjugate, the order 
of the whole group is 12 times 18 or 216, and the group is the Hessian Gay. 

The system of four triangles (010) (001) (101), (110) (144) (14*A%), 
(114*) (120) (1474), and (114) (1470) (142%) is left invariant, and the whole 
group is isomorphic with a tetrahedral group permuting these four triangles. 
It may be generated by £,, EH, and &;. 

The sub-group of order 72, which contains no homologies, is the H O(3,2*) 
self-conjugate under the Gaj¢. 

Since we have disposed of all groups containing homologies we shall hereafter 
designate the condition that there be no homologies present by condition C. 


Groups containing commutative elations but no two with 

the same center and axis and no homologies. 

THEOREM 4. Jf two elations are commutative, they will have the same 
center, the same axis, or both. 

The product of two commutative elations is an elation, but the product 
of two elations with different centers and axes is a transformation of type I 
with the intersection of the axes of the elations as one vertex of its fixed 
triangle and the line of centers of the elations as its opposite side. If 
the axes are distinct and the center of one lies on the axis of the other, 
their product is a transformation of type III. Hence in either case, two 
such elations are not commutative. 

Conversely, if two elations have the same line as axis (or the same 
point as center), their product will leave fixed all points on the common 
axis (or all lines tbrough the common center) and cannot leave fixed a 
point outside that line (or line not through that point), hence is an elation. 

THEOREM 5. Jf a group, which satisfies conditions B and C, contains 
a sub-group of commutative elations having the same axis, and the axis of 
an additional elation passes through one of their centers, the sub-group of 
commutative elations is a four group. And, dually, if a group which satis- 
Jies conditions B and C, contains a sub-group of commutative elations having 
a common center and the center of another elation lies on one of their axes, 
the sub-group of commutative elations is a four group. 

The order of a group of commutative elations, with a common axis, 
will be of the form 2” and there will be 2‘—1 centers. We represent 
these centers by A,, As, As, etc. with common axis/. We let the center 
of an additional elation be A, and let its axis pass through 4;. If k>2 
we can choose three elations in the commutative group none of which 
has its center A, which with the identity form a four group. These to- 
gether with the elation with center at A, will generate a group leaving A, 
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fixed and isomerphic with the binary group on the lines through A,. Hence 
the order is h(2"+1)2™(2"™—1) where m>1 and h is the order of the 
group leaving fixed all the lines through A,. This group contains a meta- 
cyclic sub-group of order h2”(2™—1) leaving the line / fixed. This in 
turn has cyclic sub-groups of order 2”—1 containing transformations that 
are not commutative with the elation with center at A,, and which leave 
both its center and axis fixed, hence transform it into another elation with 
the same center and axis. Since we assume that these do not exist we 
must have k= 2. The dual theorem may be proved similarly. 

THEOREM 6. The only group, satisfying conditions A, B, and C, and 
having commutative elations, in which an axis of an elation meets the common 
axis of a sub-group of commutative elations only at a center (or in which 
a center of an elation lies on one of the axes of a sub-group of elations 
with a common center), is the Gres. 

We let x, = 0 be common axis of a sub-group of elations with centers 
at (100) and (010). Since the axis of an additional elation EZ, meets 
“3 == 0 at a center we let it be 2. = 0 and let the center be at (001). 
By Theorem 5 there will be only three centers of elations with axis 7,0. 
If we choose two of these to be 


; ei 1 00 
E,=1{01 0] and #&=—{01 1 


001 00 1 
with centers at (100) and (010) respectively, their product will have (110) 
for center. The square of the product of EZ, and &, is an elation with 
center at (100) and axis z, = 0. Similarly every axis passing through (100) 
will have a center at that point. Hence by Theorem 5 there can be 
only three axes through (100). Since E; transforms 2, = 0 into the same 
line into which E, transforms 2, = 0, we must have 


1 0 0 
E,=j0 10 
011 


Since (Z, Z;)* = 1, the three elations generate the octahedral group. 
There will be two centers other than (100) on each of the axes through (100) 
and therefore 7 centers in all. 

Since (100) is not to be left invariant, there will be still another elation. 
Its axis must meet x, = 0 at either (010) or (110), but since these points 
are conjugate we may assume that it passes through (010). This new axis 
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must meet each of the other axes at centers. Hence it will have a center 
at each of these points of intersection, and cannot have any others. Since 
the four centers not on x; =O are conjugate under the four group re- 
presented on 2; = 0 by the identity, we may assume that the center of 
the additional elation is at (010) and the axis passes through (001). By 
using the fact that (100) and (110) must be interchanged, we get that 


100 
E, =11 1 Ol. 
001 


Under the whole group (100) is conjugate with the 7 centers hence the 
order is 7 times 24 or 168. This group consists of all the transformations 
in the GF(2) and may be identified with the LF(3,2). 

If the sub-group of commutative elations originally assumed had had the 
same center and different axes, similar reasoning would have led to the 
same group. 

This Gieg contains as a sub-group a dihedral G, leaving (100) and 
xa, = 0 fixed. If the Giss were self-conjugate under a larger group, this Gz 
would be self-conjugate under a sub-group of the larger group of order 
greater than 6. Since there are no homologies present and no additional 
elations, there must then be transformations of type I leaving fixed (100) 
and 2, = 0 and permuting cyclicly the three centers of elations on 2, = 0. 
The product of such a transformation, which is assumed not to be in the G,, 
and one of the transformations of order three in the G,, must be an 
homology, with center (100) and axis 2, = 0. Hence there is no larger 
group, within the limitations of the theorem, under which the Gieg is 
self-conjugate. 

THEOREM 7. Jn a group containing commutative elations and satisfying 
conditions A, B and C, a common axis of a commutative sub-group of 
elations is cut by the axes of all other elations either at a center or at one 
of two points that are not centers, and the elations in such a sub-group 
Form with the identity a single four group. And, dually, in a group con- 
taining commutative elations and satisfying conditions A, B and C, every 
center of an elation lies either on one of the axes of a sub-group of elations 
having a common center or on one of two other lines through that center, 
and such a commutative sub-group of elations is a four group. 

We let 7 be the common axis of the elations forming a largest sub- 
group of commutative elations, say of order 2". Then there will be 2*—1 
centers of elations on / with 7 for axis. We let these centers be A, 
Ay, As, ete. If the axis 7’ of another elation meets 7 at one of these 
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centers, we have, by Theorem 5, that the elations with this axis form a 
four group. We assume then that 7’ meets? at some point B not a center 
of elation with / for axis. B then cannot be a center of elation, for the 
square of its product with an elation with / for axis would be an elation 
with center B and axis 7. This additional elation must generate with 
the 2*—1 commutative elations a group of order (2*-+-1) 2*(2*—1) leaving B 
fixed and permuting 2*+-1 lines through B, each the axis of (2*—1) 
elations. The sub-group leaving / fixed must be the metacyclic group of order 
2*(2k 1), which must also leave fixed another point on /, C say. This 
group contains cyclic sub-groups of order 2*—1, the transformations of 
which permute the 2*—1 centers on /.- Under the group of order 
(2*-+ 1)2*(2*—1), C would be conjugate with one point on each of the 
2*+-1 axes through B, and no three of these 2*+ 1 conjugate points can 
be collinear. For 2*—1 of them will lie on 2*—1 distinct lines joining C 
with the 2*—1 centers on /’ and the other will be still another point 
on 7’, hence no line through C can pass through more than one other. 

The group of order (2* + 1)2"(2*—1) is represented on J by a binary 
group of order 2*—1, permuting cyclicly the 2*—1 centers, and leaving 
B fixed, and hence leaving fixed another point C on/. Any larger group 
containing this group as a sub-group must be represented on / by a binary 
group that is either cyclic or dihedral. For in order for a binary group 
of order (2"-+4+ 1)2”(2"—1) to permute 2*—1 points, 2"™--1 < 2*—1 
and, since there must be present a cyclic sub-group of order 2* —1, 
we must have m= 1 and the group is the dihedral G,. A metacyclic 
group permutes 2” points, and hence cannot be present. 

Any additional elation whose axis does not meet / at B, C or one of 
the centers of elations will generate with the previously described elations 
a group of order (2"-+1)2”(2”—1) on/ which is impossible. Therefore 
all axes of elations must pass through B, C or one of the 2*—1 centers on /. 

Since an additional axis cannot meet more than two of the 2*+ 1 axes 
through B in points eonjugate to C, it must meét the other 2*—1 in 
centers of elations. There are then, by Theorem 5, only three centers on 
each axis, that is k = 2, and the sub-groups of commutative elations are 
four groups. The dual theorem follows from a similar line of reasoning. 

THEOREM 8. The only group, satisfying condition A, B, and C, and con- 
taining commutative elations, and in which an axis of elation meets a 
common axis of commutative elations at a non-center (or one in which a 
center of an elation lies on a line that is not an axis of one of a group 
of elations having a common center) is the Geo. 

In the notation of the preceding theorem, the group leaving B fixed is 
the icosahedral group Geo. In the Gogo there are 15 elations with centers © 
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arranged 3 each on 5 axes through B. If we choose for / the line 2; = 0 

and let the centers of the two elations EL, and E, be (100) and (010) we 
may assume that 

1041 1 0 

E,=1|0 1 0} and A=|]0 1 

00 1 0 0 


0 
1}. 
1 


We choose for center of an elation Z; whose axis meets 2; = 0 ata 
non-center as (001), and let its axis meet 2, — 0 at the point (140). 
Since the icosohedral group is generated by #,, E., and £3, we choose EF, 
so that (EZ, E,)> = 1 and (£, £,)? = 1. 

From this we get that 

1 00 
FE; ={0 1 0 
ee 
and that 4227+4+1=0. 

The axis of an additional elation /, must meet three of the axes through 
(140) in centers of elations, hence it will have centers at the points. 
And since only three centers can lie on an axis all the centers of elations 
must be at the 15 centers of the Ggo. We take the center of E, to be (010) 
and assume that its axis meets the axis of H, at a center. Now the line 
from (010) to (001) passes through only three centers while the lines from 
(010) to the other two centers on the axis of EZ; each pass through five 
centers, so the axis of H, must be 2, = 0. EE, must interchange (100) 
and (110). From these conditions we get that 


1 0 0 
£,= 1 1 O}. 
00 1 


This interchanges (120) and (1470), which correspond to B and C 
respectively in Theorem 7. The point (140), which is left fixed by the 
Geo, is, therefore, conjugate with 5 other points under the whole group. 
Hence the order of the whole group is 6 times 60 or 360. It is simply 
isomorphic with the alternating group on 6 letters. 

E, and E; generate a dihedral G,., and by reasoning with this as we 
did with G, in Theorem 6 we conclude that the G@gego is not self-conjugate 
under a larger group. 


Groups containing no commutative elations and no homologies 
and those containing only transformations of type I. 


The case where there are no commutative elations may be handled with 
the aid of Diophantine equations, but as the work would be the same 
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that refiections would be replaced by elations, the work need not be given 
here. The only groups in this case that satisfy conditions A and C are 
the Hessians Gs, and G72. 

The only remaining case, namely where all the transformations are of 
type I, is identical with the odd prime case,+ hence there is no group 
present that does not leave invariant a point, line or triangle. 


Summary of subgroups.j 

When k is even, 2*—1 is divisible by 3, and 2'+1 is not. When k is 
odd, the opposite is true. Therefore when / is odd the ZL F(3, 2*) consists 
of all the transformations with codrdinates in the GF(2*), and when k is 
even the LF(3, 2") is a self-conjugate sub-group, of index 3, of the group 
containing all the transformations in the GF(2*). When k is odd the 
HO(3, 2™*) is a self-conjugate sub-group, of index 3, of a larger group. The 
sub-groups listed here are those determined in this paper and those that 
leave invariant a point, line or triangle. Those that are sub-groups of 
sub-groups are not listed. 

The maximal sub-groups of the L F'(3, 2") are the following, where vy = 1 
or 3 according as k is odd or even. 

1. Groups of order (2*-+ 1)2®*(2*—1)?/y. Each of these groups leaves 
invariant a point and is isomorphic with a group of order (2* + 1)2*(2*—1) 
permuting the lines through that point. 

2. The dual of the above or groups of the same order, each of which 
leaves invariant a line and is isomorphic with the binary group permuting 
the points on that line. 

3. Groups of order 6(2*—1)*/y. Each of these groups leaves invariant 
a triangle with codrdinates in the GF(2*) and makes all six permutations 
on its vertices. 

4. Groups of order 3(2%-+2*+-1)/y, Each of these groups leaves 
invariant a triangle with codrdinates in the GF(2*) but not in the G F(2*), 
and permutes its vertices cyclicly. 

5. The linear fractional groups LF(3, 2”), where k/m is a prime. 

6. Groups containing the LF(3,2™) as self-conjugate sub-groups of 
index 3, if m is even and k = 3m. 

7. The hyperorthogonal groups HO(3, 2°"), where 2m =k. 

8. Groups containing the HO(3, 2?”") as self-conjugate sub-groups of 
index 3, if m is odd and k = 6m. 





* H. H. Mitchell, loc. cit., p. 219. 
FT loc. cit., p. 225. 
{ Cf. Mitchell, loc. cit., p. 239; Dickson, Linear Groups, chap. 11. 


as that of H. H. Mitchell in his treatment of the odd prime case,* except 
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9. Groups of order 360 if k = 2. 

The following are maximal sub-groups of the HO(3, 2"), where v = 1 
or 3 according as k is even or odd. 

1. Groups of order (2*-+ 1)2%*(2*—1)/y. Any such group leaves in- 
variant the center and axis of a group of elations and is isomorphic with 
a metacyclic group on the axis of order 27*(27*—1)/y. 

2. Groups of order (2* + 1)* 2*(2*—1)/y. Any such group leaves in- 
variant the center and axis of an homology and is isomorphic with the 
binary group on that axis. 

3. Groups of order 6(2*-+1)?/y. Any such group leaves invariant a 
triangle whose codrdinates are in the GF (2*) and makes all six permut- 
ations on its vertices. 

4. Groups of order 3(27*—2*-+-1)/y. Any such group leaves invariant 
a triangle whose codrdinates lie in the GF'(2%), but not in the GF(2*), 
and permutes its vertices cyclicly. 

5. The hyperorthogonal groups HO(3, 2?”) where m is a factor of k 
and k/m is an odd prime. When m — 1 this is the Hessian Gy. 

6. Groups containing the HO(3, 2?") as self-conjugate sub-groups of 
index 3, if m is odd andk=—3m. When m =— 1 this is the Hessian Ggj¢. 

7. A group of order 36, which exists as a maximal sub group when 
k = 1, 
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ON THE OSCILLATION OF HARMONIC FUNCTIONS.* 


By Frep W. PErkIns. 




















In the proof of a fundamental existence theorem in the theory of Abelian 
Integrals, Neumannt uses a property of harmonic functions the formulation 
of which is facilitated by the 

DEFINITION: Given a function u finite and harmonic within a circle C, 
let Dul,, the oscillation of u on C, be defined as the difference between the 
upper and lower bounds of u within C. 

This clearly agrees with the usual definition in cases where the latter 
is applicable. 1 

THEOREM OF OSCILLATION: Given any two concentric circles I, C of radii ‘ 
a, A respectively (a< A); and any function u finite and harmonic within C, 
then 


ee ie 
Du|p — > tan ‘7 Duc. 


If u is further continuous on C, then the lower sign can hold only in the 
trivial case that u is a constant. 

Neumann states and proves this merely for the case that wu is continuous 
on C, and does not exclude the lower sign in any case. 

Professor Osgoodt has given, by modern methods, a proof of that part 
of the result which alone is actually needed in the application to the i 
existence theorem. He has shown that, under the hypotheses of Neumann, ‘a 
there exists a positive quantity g, less than unity, depending on J and C, 
but not on u, such that 
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In § 1 I give a prove of the theorem (as formulated above in italics) | 
which is based directly on Poisson’s Integral. 1 also show that although ; ; 














* Presented to the American Mathematical Society, December 30, 1924. 
+ Abelsche Integrale, pp. 412-417. Ritter, Math. Ann., vol. 45 (1894), p. 485 ff, gives 
a result similar to Neumann’s, and treats a problem remotely resembling that of §3 of 
this paper. Harnack, Logarithmische Potentiale, p. 63 ff., gives a theorem which, inter- 
preted geometrically, yields a special case of the theorem of § 2. See also E. R. Neumann, 
Math. Ann., vol. 56 (1902), p. 107, § 11, and Carathéodory, Mathematische Abhandlungen, 
H. A. Schwarz gewidmet, p. 22, § 6. 
t Annals of Math., (2), vol. 25 (1924), p. 238. 
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the equality sign in this relation can never hold when wu is continuous on C 
but not a constant, this appraisal of Du| r is the best which is applicable 
to all such functions. 

In § 2 and § 3 I give certain further theorems regarding the oscillation 
of harmonic functions, which are believed to be new. 

I am grateful to Professor Osgood for many helpful suggestions. 

1. In proving Neumann’s theorem, let us first assume that the function u 
is continuous on C. We see at once that the theorem is true when uw is 
a constant, so we may exclude this case from further consideration. 

Denote the maximum and minimum values 
of « on C by M, m, respectively. Noting that 
M—m +0, let 


u—m : 
u = =— or, u=m+u Du. 


M—m 


Let G, G’ be any two distinct points on the 
circle 7; set up a polar coérdinate system with 
pole at O, the center of C, and a prime vector 
so chosen that the polar coérdinates of G, G’ are respectively (a, 6) and 
(a, —9) where 0<.0< a. 

Let 


o= V A*?—2 Aa cos (0@—wW) +a; 9’ =V A?—2 Aa cos (—0—wW) +a’. 


Fig. 1. 








Then by Poisson’s Integral, 


! t , A? — a?’ F 1 
u (G)—u (G’) = “af leas oa) dw — i, +s 


where 


_ AP—a’ «, (1 1 A*?— aq? 
—_ an Mela gay sumac "Tas 


aoe [cos (@— w) — cos (0+ w)] = <8 sin @ sin w, 
@ @ 


al 


> a dee when 0< Wa, 


o 
1 1 


re ae when 7< W< 2a. 
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Denoting the polar coérdinates of an or point P within C by 
(r, 9), set* 


SE ey A?—r’ 1 ¥ 2Ar sin 9 
y x —— + — ten —<S 
il ems sf, A*—2Ar cos (g— err ae id 71 - A?—,* * 





We have 
I, < U(@—UG'); I< 0. 




















Moreover, since uw is continuous on C, the lower sign cannot hold in 
both these relations. Consequently,7 


u(G)—u(G’) = [uv (@—u 1@! )) Du |, <[U(@— U(@’)] Du\.< <DU\p- Dug. 








In particular, if we choose as the points G, G’, points at which u takes 
on respectively its maximum and minimum values on 7, we have 


u(G)—u(@’) = Du\p 





Du|p< DU |p. 





*The evaluation of the integral here given can be obtained in the following manner: 
Let 


: 1 t Ay? 1 , f i 
fe ok ery cos wer? OY = nares cos @—¥) +r? OY | 
and note that i i 
1 4 Ar (A?—r*) cos (g—v¥ Ar si ig 
ave 2a Jo ae aes =e : wall a i 

U+V=1. ; 

On adding, and dividing by 2, we obtain the desired result. 

It will be noted that U is bounded (0<( U<.1) and harmonic, within C. 
+ We have 











2Aa me Ti 


U(G)— UG’) = = tan FAA SEE $0, 











The polar coérdinate system, and hence also the function U, depend on the choice of 
the points G, G’. If we interchange the réles of G and G’ in the entire discussion, the 
effect is clearly to replace 6 by its supplement. Hence the value of U(G)—U(G@’) is 
not changed. However, the sign of the quantity «(G@)—wu(G’) is reversed. This clearly 
means that the relation 
u(G@)—u(G') <[U(@)— U(@)] Du |, 

implies 

| u(G)—u(G’) | <[U(@)— U(G))] Du |,. 





Since, however, we are interested at present in a case in which u(G)—u(G@’) >0, 
we do not need to use the absolute value signs here. 
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~s . ° ; i 
Since U assumes its greatest and its least values on 7 when 9 = 3 


o= os, respectively, we have 


ye es 


2 2Aa 


ane Toppa 
pi eas 


and consequently 


ne _ 4 a 
Du|\, < — tan” P Du. 


4 


ae aor APRS wits: 
oe ey boy 6 ae 
=. — ee aia ne 
ras Qi es Be eee +: $ 
ht : ad Fists 
: . Ae } 5 ni pact , i 
« ssa hat BoE E252 aft 
- aa ‘ . 


as Suan segs = “gt 
Pr ey Wan ape 


Be st athe. ce 
i 


This completes the proof for the case that u is continuous on C. 

In the case that the function u is finite and harmonic within C, but dis- 
continuous on C, draw a circle C,, concentric with the given circle, and of 
radius A, so chosen that a< A, <A. 

The point P:(r, gy) being any point within C,, let 





dw. 


2a Jo Ai—2A,r cos(p—w) +r? 


u(@)—u(@’)| << [U, (®@— 0, (@)] Du. < 2 tan—? z. Due. 


Now allow A; to approach 4. Then U,(@), U,(G’) approach U(@), U(G@’) 
respectively. Die, clearly approaches the difference between the upper 
and the lower bounds of u within C, that is, Du|,. Hence 





u(@) —u(@’)| < [U@—UG@) Duly < = tan “ Du. 


as ted = 


Specializing the points G, G’ as in the previous case, we obtain 


- 4 a ) 
Duy > “an ‘a7 Duc: 


SRS IMs pps 


This completes the proof of the theorem. 
The points G, G’ in C being given, the number U(G)—U(G’) is the 
smallest possible choice of the constant k such that the inequality 


PheN p Realgaechniaieds ¢ oe i Loud 
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holds for all functions u, other than constants, which are harmonic within C 
and continuous on C, 


2 Re i a aes ee se 
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To prove this, we will show that, given any pair of points G: (a, 6), 
(a, — 6) and any «> 0, there exists a d>0O such that the function 


a aes . (A+6)*—r 
aa et >a otttsee +r tY 





satisfies the relation 
tls (G) — ug (G') > {[U(G@) — UG") — ¢} Dus\¢. 


It is sufficient to show that, for a suitable choice of 4, 








[U(@)— u(@’)| Dt\>— [ua (@) — tz (@*)] 











Dus\¢ oo ij 

that is, 4 
2... _, 2dasin 6 4 A _2, _, 2(A+d9)asin 6 
et ae se at SO eee 





ee 


Now the function 
2 

















2Aa sin 6 4 , 2xasin 6 











A 2 
Bots —l Pa sp, ke AREER > Te 
i tan ee tan - = tar oat 
S(@) = — — - . Bs 
- — tan? — 
4 a 


is continuous at x = A and vanishes there. Consequently, there exists 
a positive d so small that f(A +0) (which is precisely the left hand member 
of the last inequality above) is less than «. 


ce 3 


In particular, if we choose G, G’ so that 6 = = then 





a 


u1(@)—4@) = Duly, 0(@)—0@") = DU), = + tan 4, 








and so in this case we know that for any given circle [ and any «>0O 
there exists a 6>0O such that 


D ts| p > {4 tan~? +- e| Dale. 


hi lactate cn gel A A OCC ALLL AN OLY LALA M 





Hence, the circles 7’, C being given, the quantity = tan = is the best 


possible choice for a constant q such that the relation 


> VO ie 0 ay cet rere RE ce . 6% » a eT 


od eater SE RE enc ea eet 2 om. 
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Du p<q Dui, 


holds for all functions « harmonic within C and continuous on C, excepting 
constants. 

2. THEoREM. Let P,, Ps be any two points within a circle C, and draw 
the two circles C,, C, through P, and Ps which are tangent to C. Denote 
by A, Ag, the angles subtended in these circles by the chord P,P:, the 
vertices being at the points of tangency of C with C,, Cs, respectively. Let u 
be any function which is finite and harmonic within C. Then 


u(P,)—u(P») < , 


If P,, Ps ave distinct, and u is continuous on C, but not a constant, 
then the upper sign always holds. 





Let us exclude for the present the case that P, and P, are equidistant 
from O, the center of C. Then the common tangent of the circles C, C, 
is not parallel to that of the cireles C, Cy. 

With center at the intersection of these tangents draw the circle C; 
passing through the points of tangency. Invert in a circle with center 
at any point on C; which is exterior to C. C goes into a circle C’; 
Cs goes into a straight line C3 orthogonal to C’, that is, a diameter of C’; 
Ci, C2 go into circles Ci, C2 tangent internally to C’ at the points where 
Cs cuts C’; P,, Po are carried respectively into P{, Ps, the intersections 
of Ci, Co. 

Suppose that we are given a function wu finite and harmonic within C. 
This is transformed by the inversion described above into a function v 
finite and harmonic within C’. 

Now Pi, P2 are clearly equidistant from the center of C’, and so 


v(Pi)—v(P2)| < [(U(Pi)—U(P2)] Du\_.. 














ON THE OSCILLATION OF HARMONIC FUNCTIONS. 165 


(The function U is now formed for the cirele C’; the points P/, P, play 
the réles of G, G@’ respectively.) 

If we again invert, so as to return to the original figure, v is carried 
back into u; U is carried into a function U* which is bounded and har- 
monic within C, taking on the boundary value 1 on one of the arcs into 
which C is divided by the points of tangency of C,, C2, (that which lies 
on the same side of C; as does P,), and the boundary value 0 on the 
remainder of C. Hence, 


(u(P,)—u(Ps)| < [U*(P,)—U* (P,)] Du. 


If P,, P, are equidistant from 0, we define the function U* to be the 
function U, formed for the circle C, the points P,, P, playing the réles 
of G, G’ respectively. The relation above and the remainder of the 
discussion apply to this special case, as well as to the general case. 

In the next part of the proof, we shall use Bécher’s interpretation of 
Poisson’s Integral.t 

Given a point P within a circle C, make an inversion with center at 
the point conjugate to P with respect to ©. C is transformed into a 
circle which has its center at that point into which the point P is carried. 
This enables us to state the following generalization of Gauss’ Mean 
Value Theorem: 

Let P be any point within a circle C, and Q any point on C. Draw c, 
that circle or straight line through P and Q which cuts C orthogonally. 
Denote by PQ that directed arc on c which joins P.and Q and lies within C. 

Choosing some fixed point Qo on C, let W be the directed angle which the 
arc PQ Forms with the arc PQ. Let v be any function finite and harmonic 
within C, assuming the boundary valuest v(Q) on C. Then the value of v 
at P is given by 

1 °271 
v( P) = a | v(Q)dw. 


> 


We now turn to the proof of the following lemma: 


Let RS be an arc on a circle C and P,, Pz a pair of points within C 
so situated that the points R, S lie on opposite sides of the line P,, Ps; 
let v be the function which is finite and harmonic within C, and takes on the 


+ Bécher, Bull. Amer. Math. Soc., (2), vol. 4 (1897-98), p. 424; Annals of Math., (2), vol. 7, 
(1906), p. 92. Osgood, Lehrbuch der Funktionentheorie, 2d edition, p. 635. 

} These boundary values need not be continuous. From the method by which the theorem 
is obtained the result is clearly just as general in this respect as is Gauss’ Mean Value 
Theorem. It is sufficient if we can divide the circle C into a finite number of arcs on 
each of which the boundary values are continuous. 








BP A EVES EERE BS 


Sera derts ae 







= 22 
Coe ee Se a Saris 











































































ha 














~1 Seaton Berthen 2px 


wa a 3 












a 





* eee 















BO IOTINNS 






TO TERT a re eR em ae 
tesa ay ie OS ani ai 
Sn Sheen Ret re a ae : 








166 F. W. PERKINS. 


boundary value 1 on the are RS and O on the remainder of the circle. 
Denote by A;, As, respectively, the undirected angles Y P, RP; and <P, SPy. 
Then 


Ay+ ds 
bile 


\v(P,) — o(Ps)| = 


Let P be an arbitrary point within C, and O the center of C. Draw the 
lines OR, OS, PR, PS. Draw the circular ares through P meeting C 


orthogonally. Let « be the angle subtended by arc RS, from P. Denote 
by x, » the angles ORP, <OSP. 


Fig. 3. 


We will make the following conventions as to signatures: « is always 
positive; x is positive if P lies on the same side of the diameter through R 
as does the arc RS,* negative if P lies on the other side of this diameter; 
the signature of » depends in like manner on the relative positions of P 


and RS with respect to the diameter through S. 
Then from Bocher’s theorem, it follows that 
Z Hes ater @ 
oP) = aa gsr 


Suppose now that we consider 
two points P,, Ps as specified in 
the hypothesis of the theorem. We 
will designate by «@, 4, #,, the 
quantities «, x, », for the case that 
P is choosen as P,, and by @g, 
%2, @, the same quantities for the 
point P;. Since the points R, 8 
lie on opposite sides of the line L 
through P, and P2, this line divides 





*It RS is greater than a semicircle, we Cprider (in determining the sign of y) merely 
that part of RS which lies near R. 
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the angle «, into two parts, «; and «@j’, and the angle a, into two parts, 
a; and «3, as indicated in the figure. 
Now 


v(P,) — v(Py) = sy {[a, + x + 1] — [ee + x2 + @]} 
== {[(@1— a) + (41 — x2)] + [Car — 2’) + (1 — on)}}. 


But (using the conventions regarding signatures) 
















@—a = 1-H = +A 


” “aia 
ai’ — aes = @-——@. = + As. 









Furthermore, since R, S lie on opposite sides of Z, it follows that when 
a point P traces this line, its angles z, » either increase together, or decrease 
together, and so %,— x, and #,— , have the same sign. Consequently, 






ie (P)—v(Py)| = EAs, 





To apply this lemma to the differencet U;*(P,)— US (P,) we need to know 
that the points of tangency of C with C,, C, lie on opposite sides of the line L. 
If we invert in a circle with center at P,, ZL is carried into itself; C is 
carried into a circle cutting L; C,, C, are carried into a pair of tangents 
to this circle, intersecting on LZ. In the new figure the points of tangency lie 
on opposite sides of Z, hence the same property holds in the original figure. 
We have now, for any function u finite and harmonic within C, 






|u(P,)—u(Ps)| < Ata Duo. 


> 


From the connection between this general formula and the relation 


u(G— u(G’) | < [U(@) — U(@’)] Du, 









it is readily seen that although the lower sign cannot hold if u is con- 
tinuous on C, but not a constant, this relation gives the best possible 
appraisal for | u(P,)—u(P:)| which is applicable to all such functions. 








+ We know that U*(P,) — U* (P;) = U(P!)—U(P2)>0, or else, in a special case, 
U*(P,) —U* (P;) = U(P,) —U(P,)>0. Hence we do not need absolute value signs here. 


ais 
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3. THEOREM. Let O be the center and A the radius of a circle C, and 
let P be a point within C at a distance @ from O. Let u be any function 
Jinite and harmonic within C, and denote by Ea the directional derivative 
§ Jp 
of u at P in an arbitrary direction §. Then 


Cen ae | 
lade lp= a Ae rey: 








Fig. 5. 


We shall obtain this theorem from the result of § 2 by a limiting process. 
Draw a ray through P in the direction §, and let P’ be a point near P 
on this ray. Denoting the length of the line segment PP’ by A® we have 


| du | ou tie ju(P)—uP) | 
d§ |p psp Ag 


We will use the same notation as in the preceding section, except that 
P’, P replace P,, P, respectively. Denote by 7, 72 the radii of C,, Cy and 
by s,, Ss the arcs intercepted by the angles A,, A, in the circles C,, Cy 
respectively. 

It is readily shown that although the circles C,, C, do not remain fixed 
when P’ approaches P, we still have* 


*s,=2r,A,, 4E=29r,sinA,, and lim A, = 0; hence lim — = lim as = 
P—+P Ppp A§ A,;>0 sin A, 





hs ; 8 
Similarly, lim —> = 1. 
pp 4§ 
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li — = z S. — . 
por at gen =. Ag ‘ 
By the theorem of § 2 
| u (P’)—u (P) - Ay 
Ags = 7 at = 





a Due, 
and so 


| ae (p= as 





LS) ed | tim + + tim #2) Dug. 
PoP & P—P S82 
provided these limits exist. 

Since*the centers of C, and C, are each equidistant from the point P 
and the circle C, we see from a well-known theorem* that they lie on an 
ellipse of major axis A, with foci at O and P. From the fact that C,, C, 
pass through P’, wee see that their centers, 0,, 0, are those points in 
which the ellipse is cut by the perpendicular bisector of PP’. When P’ 
approaches P, these intersections approach 0}, 05, the points of intersection 
of the ellipse and the line through P normal to the direction §. These points 
are the centers of the circles tangent to the circle C and to the direction & 
at P. Denote the distances from P to these last points by rj and rs. The 








expressions 
f.. $e Sat eee. pe GP 
8; 2 ry : 8: 2 a) 
Se Ser Me i ‘ 
approach ee ee ae respectively. Consequently, 
1 2 


(as | p= 2” 





du | 1 [+ mal Du\,. 


r 








Now the value of 4 + +. is in fact independent of the direction §. In 

1 2 i 
proving this, let us consider first the case that P is distinct from O. Set 4 
up a polar coérdinate system with pole at P and the ray PO as prime ; 
vector. In this case, the ellipse described above has distinct foci, and so, 7 
in the usual notation, its polar codrdinate equation ist 


O1, 0; have polar codrdinates of the form (rj, 4), (75, 40+ 7). 








* See, for instance, Bécher, Plane Analytic Geometry, p. 125. 
+ We make no use of the fact that e<1. In any conic the sum of the somgronals of 
the segments into which a focus divides a focal chord is constant. 
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? 


[5+ ]=[-= 2 4 sos (Gof #)] 3 


em em m 
and so is independent of the direction §. 
If P and O are coincident, the ellipse becomes a circle. rj, ro are each 


radii of this circle, and so a+ is independent of §&. 
1 2 


We may evaluate S4a by specializing the direction &. If we choose 
1 2 
£ perpendicular to OP, we find 


1 44 


¥(A—e) A?—o?' 





Consequently, 


HARVARD UNIVERSITY, 
January 31, 1925. 
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TRANSFORMATION OF THE KUMMER CRITERIA 
IN CONNECTION WITH FERMAT’S LAST THEOREM.* 


By H. 8S. VANDIVER. 
If 
(1) 


is satisfied in integers prime to the odd prime p, it is known that 


u? +vP?+w? = 0 








(2) Bifp-m() = 0, foal) =O (modp) 


p—1 
where —t = u/v, v/u, u/w, w/u, v/w, w/v modulo p, fa(t) = qe! ¢ 
=1 


(a>1, n= 1,2, ---, (p—3)/2) and B, = 1/6, B, = 1/30, ete., are the 
numbers of Bernoulli. The congruences involving the B’s are generally 
referred to as the Kummer criteria for the solution of (1). In the present 
paper transformations of (2) will be obtained which are useful in deriving 
criteria of the type m?—! = 1 (mod p*) although none of this type will be 
considered here. In particular, if 


1 
he? (a) = Sesto" 2", 


it is shown that, if (1) is satisfied in integers prime to the odd prime p, 
then 


k-1 

(3) Zin OD hp-n () = 0 (modp), =n = 1,2, ---, p—1, 
=0 

k being any positive integer. For k = 1 this reduces to 

(4) In() fp—n() = 0 (mod p) 


which is due to Mirimanoff.t 
For k = 2 we have 


(5) he’? (t) AGRA (t) = 0 (mod. p) 


after using (4). The relation (5) was previously given by the writert 
without proof. 





* Presented, in part, to the American Mathematical Society, 1917. The author was 
enabled to complete this investigation through a grant, relieving him of the duties of 
teaching, from the Heckscher Foundation for the Advancement of Research established by 
August Heckscher at Cornell University. 

t Journ. fiir Math., 128, 1905, 45-68. 

t Bull. Amer. Math. Soc., 28, 1922, 258. 
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In addition there is derived the fundamental identical congruence (11), 
This was used in different forms by the writer, Frobenius and Pollazek* 
in obtaining various criteria of the type m?-! = 1 (mod p*). Fork = 1 it 
reduces to a formula employed by Mirimanofft in obtaining 2?-1 = 37-1 = 1 
(mod p*). The derivation here is much simpler than in any of the previous 
papers, only the well known property of the Bernoulli numbers 


1" 2"-+ ---+(p—1)" = bap (modp*), (n<p—1) 
being employed. 
1. Set 
v?—1 em — ] 
2—1 ? ae ea ? 
pm—1 


F(z) = Dra (n>), 


r=0 


Si (@) = 


where m is any integer. We have the obvious identity 


(5a) a — yf y* «(y* — 1) 





@—1)\y¥—1)” y—1 =~@—1) Y—1)' 
Multiplying by (#” —1) (y"™—1) we have 
@—AAORY = Ke) RY —ry—Df,@ LS}. 


Let x = ez, y = e’y, divide by e*, differentiate a times with respect 
to v, put v = 0 and the result may be written 





@—y) (4) 1 fara) Pl) 
= ye” —1) Faysy) + akpy* a? Faly) 
—a(ye" —1) a y hey () —axpmyemt &, Nia"” (@) 
+ p* A(x, y), 


where A(z, y) is an integral function of x and y with rational integral 
coefficients. Assume a<p. Let @ be any mth root of unity. We have 


m—1 


1 
BO =F Swityre, 





* Journ. fiir Math., 144, 1914, 314-318 for k = 2; Berlin. Sitzungsber., 1914, 653-681; 
Wien, Sitzungsber., 126. Ila, 1917, 45-59. 
T Journ. fiir Math., 139, 1911, 304-309. 
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whence 
m—1 


(7) Fle) = fale) = eo” + (n—1)p 2 80°? fn1 (0) + p*C(Q), 


where C(e) may be put in the form c+ c,e@-+ c,0*-+ --- +¢m—1.0"" in 
which the c’s are rational integers. Hence for »<_p and for any of the 
m distinct values of @ we have 


(7a) Fr (e) = pC,e), 


where C, has the same general form as C. In (6) set y = @; it becomes 
in view of (7a) 


(8) o—# D(\ ie ” fa+i—n (x) Fn+s (@) 


= of (x? —1) Fuss (e:) —axpme kh” (x) + p* D(a, @), 


where D is a polynomial in x whose coefficients have the same form as C. 
If P is any rational integer and R(x) and S(x) are polynomials in x with 
rational integral coefficients, such that R(x)—S(x) = P- M(x), M(x) 
having rational integral coefficients, then we employ the notation R(x) = S(x) 
(mod P). Multiply both sides of (8) by (2 —1)/(a—o*), let @ range over 
all its m distinct values, and sum each member with respect to @. The 
resulting expressions are polynomials in x with integral coefficients so we 
may write 


a” —1) p> ( *) ko” fyi1n (a) > Fai @ 
(9) susie : 





k—-1 (k, D 
=_ a (om — —)¢¢ eo (e) —axpm (a1) 2 Na “ha - 


modulo p*. We also have 


p—1 
2 Fa(g:) = m™ 2 * (mod p*) 
¢ ass 
for n>1, or 
(9a) 2 Fn (¢) = m"basp (mod p*) 


which is also true for n=—1 if bo =1, db} = —1/2, bo = (—1)*" B, 
boi+1 = 0, i>0. Making use of this and transposing the term on the left 
side of (9) which involves Fy4:(@), we have, after dividing by p, 


13* 
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(a™—1) 4 (*) ke" m™*1 by fati—n (x) 


= ¥ az (o* — 1) (a? —1) (w&™—1) Fass (@) 
an p(x—e@") (a—1) 


k-1 
—azmeen—1) 5S SO) 


In this relation put a = p—1 and use ie. = (—1)" (mod p); we 
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then obtain for m prime to p 


(11) (x? —1) GP (a) — (a —1) K® (x) = H® (x) (modp), 
where 


©) = — 3 (2) pa, 


n=0 





@~  &(a™*—1) ~ Fye) 1—e*) 


k—1 l Rie (a) 
Hm (x) = «(@"—1) > > 23 | 
i=o @ L—e@O 


? 


We now apply this identity to find criteria for (1). Setting « = ¢ and 
using (2) we have 
(¢™—1) KY (t) = 0 (modp) 
if we note also that 
i?P—1 
Aj) = — 


i —1=0 (modp), 


since ¢=1 (modp). Now, if ¢ = —u/v(modp), then —u/v, —v/u, 
—u/w, —w/u, —v/w, —w/v may be written in the form 


t 1—¢t 
Ge) er es er ee 
modulo p. Hence from (11) it follows that 
(12) (2? —1) G® (2) = HY (2) (mod p) 


is satisfied by each of the expressions in (11a), The relations (11) and 
(12) were employed* by Frobenius, Pollaczek and the writer in obtaining 
criteria of the type m?—! = 1 (mod p*) for small values of m, 








*See the references at the beginning of this paper. The writer sent his paper con- 
taining the proof 5?-' = 1 (mod p*) to Prof. Hensel in March 1914 for publication in the 
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Since, if @ +1 and m +0 (mod p), 


m 
ee eee ee Ee ee 


we have from (7) 


(13) F.@) = (@@—1)p mee) @) 4 °C). 


Substituting this in the value of G we have, letting >” indicate summation 
over all values of g+1, 
pe ™—1) sv (L—e*) fp-1 (0) 
qe + x(a p-1' 
=~ ~ (eee 








(mod p). 


Inserting this value of G in (11) we have this identity in the form employed 
by Frobenius.* 
2. Multiplying (5a) by (#”—1) (y”—1) we have 


@—PY/AMAY = FC—D)AWM—zy—NA@) ve ; 


Set «= xe", y = ye’, divide by e”, differentiate p—2 times with respect 
to v, and set v = 0; we then obtain modulo p 


(a— y*) Z wa ) kP-*®* fo—-n (x) Sn (y) y* (a? —1) fpr (y) 


—x(y? — ns y AS (x). 


Setting y = e, multiplying by (@—1)/(~—e), summing with respect 
to e, e+ 1, and using (9a) with (13), we obtain 





« ? 
Journal fiir die reine und angewandte Mathematik. Within a month from this time he 
obtained a formula equivalent to (11) (known previously only for k = 2) but in a more 
complicated form, together with a proof that 

G4 @+.. +62 = —2a¢m yaa oat 


q = (m—1)/2, GY = GL (, and these results yielded the criteria 11”~' = 1 (mod p’) and, 
if p= 1 (mod6), 7?-' = 13?-' = 1 (modp*). These proofs were shown to Prof. H. H. 
Mitchell, who checked them in detail, and the results were also communicated verbally 
to Prof. G. D. Birkhoff. It was unnecessary to publish this work however as Frobenius, 
to whom Prof. Hensel sent the writer’s paper for report, wrote his paper containing the 
results just mentioned and this paper appeared on June 11, 1914 several days before the 
appearance of the writer’s paper in the Journal. 
* Loc. cit., p. 657, (8); p. 658, (14), (15); p. 660, (21). 
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—1) 2, ke" (m™ — 1) (—1)" Bn fp—n (2) 


ee J l (kD 
— 2@"—1) yy I-Mfa@ ee) 2 Ze hp (a) 
—" g—l (1 — 0”) (x— 9") z—o 





modulo p. This relation may be employed in lieu of (11) to obtain criteria 
of the type m?-! = 1 (mod p*) but it does not hold for m=1, which 
particular case seems necessary in order to obtain certain transformations 
of (2). 

3. In (10) set m — 1; it then reduces to 


a—1 k-1 ni 1) (x) 


(*) k*-* by foti—n (x) = — ax “yas (mod p) 


=0 
whence 
Ss (a a (kyl 
(a? —1) > (*) k2—* by fati—_n (x) = —ax i De (x) (mod p). 
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Set x = xe; then we may write 
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(xP kp —1) = (*) k*—" by fati—n (xe) 


ogi ian! aes Sib gs 


4 Pie ees x ? 
CRE aS Gad, ita ASE SIRE SEE Dt 


/p—l 
— —g > (= (kr + lje- 1 ekr+bv x ’ (= at etrsa-m)| + pV (er 2x), 


r=e 


where V is a polynomial in e” x with integral coefficients. Differentiating 
p—1—a times with respect to v, we have for v = 0 
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(a? —1) py (*) k2-* bn fo-n (x) 
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SPS" (p—-1— GY) (k,k—D 
a Ds ( ; “\h ati (x) hp-a+y (x) (mod p). 


ae 


Letting a = 1, 2, ---, (py —1) in turn we obtain, using (2), the relations (3). 
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ALGEBRAIC POTENTIAL CURVES. 


By Juiian L. Coo.ipGe. 


1. General form. Let us agree to miean by an algebraic potential 
curve a plane algebraic curve given by the cartesian equation 


(1) g(x,y) = 0 


where ¢ is a polynomial which identically satisfies Laplace’s equation 


ay , ay 
9 pres ae 


Curves of this sort have already been considerably studied, and under 
a bewildering variety of titles. Lucas* calls them stelloids, a harmless 
but not suggestive title, Holzmiillert uses the objectionable name of 
hyperbolas, Brooks} employs the curious adjective “orthic” which irre- 
sistably suggests some sort of a bird, while Kasner§ chooses the title 
which we have here adopted. It is not the purpose of the present article 
to find a new name for the curves but to give some properties which 
previous writers do not seem to have noted. Some of these spring directly 
from the definition; others come by applying to the curves in question 
certain known metrical properties of the general algebraic plane curve. 

The distinguishing characteristic of a potential curve is that it is apolar 
to the circular points at infinity, which amounts to saying that the conic 
polar of an arbitrary point is, in general, a rectangular hyperbola. 
A potential curve will not, automatically have any singular points 

THEOREM 1. Jf a potential curve have a finite node, the branches cut at 
right angles. 

THEOREM 2. A real potential curve can not have a real finite cusp. 

This theorem is not as trivial as it seems. Its significance is here. If 
we have an analytic one-parameter family of curves, and equate the dis- 
criminant with regard to this parameter to zero, the resulting curve is the 
envelop of the system, in general. But if all of the curves of the family 
have cusps, and these are variable, their locus constitutes part of the 





* Journ. de I’Ec. Pol., Cah. 46, 1879. 
t Einfiihrung in die Theorie der Isogonalverwandtschaften, Leipzig 1882. 
t Proc. Amer. Phil. Soc., vol. 43, 1904. 
§ Bull. Amer. Math. Soc., vol. 7, 1901. 
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locus found. In the case of real potential curves there will be no such 
cusp locus. 

For further study of potential curves it is better to replace our car- 
tesian coérdinates by isotropic ones given by the equations: 


(3) z=ax+iy, z= 1—iy. 


If the new equation of the curve be 


then 


® = w(z)+ 0(z). 


Assuming the curve to have a real cartesian equation 


w(z)+ 0(z) =k[w(z)+ 46(2)];  w(z)+0(2) =k [W(ze) + O(2)] 
kk = 1, 
k = ee, 
Let 
ef? w(z) = f(z) 
Then 
ef? a(z) == f(3), 


(4) fO+S(Z) = 0. 


Here f is the general polynomial of degree m in the complex variable 
s and f is the conjugate polynomial, i. e., that obtained by replacing each 
coefficient by its conjugate complex value. 

2. Central properties. The first great advantage of reducing our 
equation to the type (4) is that by a translation of the axes we can remove 
simultaneously the terms z*—! and z™-!. We then write 


F (2) se a Ay 2" + dg 2? + , --+ dn, 
Sf (@) = Go2"+4,2"-?+-- +--+ Gn, 


(6) a = Re'®, Ge = Re, 
If the straight line 


(5) 


aztaz+s 
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be an asymptote, it must meet the curve at least twice at infinity. Hence 


a 


ea n 
ao + Ao (—<) = 0, 
a 
=; (—1)"[a*14] = 0, | 
£ = 0. \ 
Putting z = re we have two infinite roots if 






Rr [et (O+n6)] 1 e—iO+n6)] = Q, 


¢= a k++) 2-9], k=0,1,---,n—1. 


Two values of 6 can never be equal here, so that our curve can not 
touch the infinite line, nor have an infinite singularity. The asymptotes 
are all concurrent (in the origin) and make equal angles one with another. 

THEOREM 4. The n asymptotes of a real potential curve of order n are 
concurrent, and will meet any circle whose centre is the point of concurrence 
in the vertices of a regular polygon of n sides. 

This theorem is, of course, classical, and explains Holzmiiller’s name of 
hyperbola. 

Let us define as a “centre” of an algebraic plane curve a point whose 
line polar is the infinite line. To find a centre of our potential curve (4) 
we must have 


She eS eel 


Pp mtn tivo 
Se OPENS BEN TIS Te ee evn sped ance age : 
ma eee 25, tin gah ci peal” ee wees “ 


Sle a gp Sh ae Oy tt apeict ae t 
Peay ee AOE Reger Hey ems 


f'@=f'@=9. H 4 
THEOREM 5. A real potential curve of order n will have, usually, (n—1)* j . ) | 
centres whereof (n—1) are real. They are given by the roots of the derivative ‘ { at 


of the polynomial in z that appears in the canonical form (4). 

We must next notice that the polynomials /’ and t’ Jack terms of order 
n—2 so that the origin is the centre of gravity of the real centres. More- : 
over the curves | 


f+fi=0, if—iff=0 


are two potential curves whose intersections are the totality of the centres 
and whose asymptotes all pass through the origin. But Waring’s theorem* ma | 
tells us that the centre of gravity of the intersections of two curves, neither 1 aaee 
of which touches the infinite line, is the centre of gravity of the inter- a 
sections of their asymptotes: 














* Proprietates curvarum algebricarum, ed. 1772, p.55. I have not been able to see the 
original, and take the reference from Terquem, Nouv. Ann. de Math. (1), vol. 4, 1845, p. 183. 
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THEOREM 6. The point of concurrence of the asymptotes of a real potential 
curve is the centre of gravity of all the centres, and also of the real centres 
alone. 

There is another type of centre to an algebraic curve, the “tangential 
centre” which is the last or point polar of the infinite line with regard 
to the curve when the latter is expressed in tangential codrdinates. Now 
Roberts* has shown that when the curve does not touch the infinite line 
this tangential centre is the centre of gravity of the centres as previously 
defined: 

THEOREM 7. The asymptotes of a real potential curve are concurrent in 
the tangential centre. 

The first polar of an infinite point with regard to our curve (4) will 
have an equation of the type: 


a,f' (+a, f' (2) = 0. 


THEOREM 8. The first polar of an infinite point with regard to a 
potential curve is also a potential curve with the same tangential centre as 
the original one. 

The line polar of an infinite point is the locus of the centres of gravity 
of the groups of intersections of the curve with sets of parallel lines 


through that point. If a line pass through the tangential centre of a 
potential curve, that centre is, by Waring, the centre of gravity of the 
intersections. 

THEOREM 9. The tangential centre of a potential curve is the centre of 
gravity of the intersections with any number of lines through that centre. 
It lies on the line polars of all infinite points. 

Consider, along with our curve (4), the curve 


(7) ef’ (2)+2f' (2) = 0. 


This is the locus of the intersections of lines through the tangential centre 
with the first polars of their infinite points. It is another equation of 
type (4). 

THEOREM 10. The locus of the intersections of lines through the tangen- 
tial centre of a potential curve with the first polars of their various infinite 
points, is a potential curve of the same order as the original one, and with 
the same tangential centre. It passes through all the centres of the original 
curve. 

3. The fundamental net of potential curves. Every function of 
two variables which satisfies Laplace’s equation is associated with a second 





* Quart. Journ. of Math. vol. 9, 1867, pp. 25 ff. 
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function, also a solution, called the “conjugate” (not conjugate imaginary) 
and connected with it by the Cauchy-Riemann differential equations. Thus, 
from (1) we get : 

Oe £2. = 2 ee 


Oz —tié”’’ dy dx” 
In isotropic coérdinates, our curve (4) is conjugate to oo curves 
ftf=iF-F), if'-f)=—-C@'+F), 
F’=-—if', F’ = if’. 
The general conjugate curve is 


—i(f+h+if+kh = 0. 


If we mean by a “net” of plane algebraic curves a system linearly 
dependent on three independant ones, then there will be a “net” linearly 
dependent on a given curve and the system of its conjugates. We shall 
call this the “fundamental net” associated with the given curve, and 
write it fs 
(8) ee? f—eé? f+ Si = 0 


To find the asymptotic directions for the general curve of the net we 
proceed exactly as before, merely replacing ® by @—~g® so getting 


Ss ree 
o= 7 [(+3)=—@—o], 
If we give to » the two values g, and ¢:, we have for the smallest angle 


between the asymptotes of the two curves 


7 Fe: 


6,— 62 — —- n 


On the other hand, if we take our two curves 
A(w)+hA® = ei f— eM f+ Si = 
F, (2) - F,(z) = eis f— gifs f S.t 
and seek their angles of intersection, we have 
i(Fi Fs— Fi Fi] 
Rbt+hK 
2 [e- ifs eiPs — iM e~ is] 
e if EF: 4. er et? 


tan (7; — #2). 


tan yy = 
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THEOREM 11. All curves of the same fundamental net have the same 
tangential centre. If two share one asymptote, they share all asymptotes and 
have n-point contact at the end of each. 

THEOREM 12. Jf two potential curves of the same fundamental net share 
no asymptote, they cut everywhere at the same angle, which is n times the 
numerically smallest angle between an asymptote of one, and one of the cther. 

THEOREM 13. All the potential curves of a fundamental net have the same 
centres, each of which is a node for a singly infinite set of curves of the net. 

We have an obvious n to 1 transformation connected with a fundamental 
net which we may write 


(9) S@ = 6. 


Let us call this an “associated transformation”. 

THEOREM 14. An associated transformation will carry the lines of a plane 
into the curves of the net conformally, parallel lines going into curves with 
the same asymptotes, and mutually perpendicular lines into mutually con- 
jugate curves. be 

Consider two lines of the (¢, £) plane 


eM [— FH TH Gi 0, 
e~* (— el 4 Si = 0. 


They meet at the point (¢,f) at the angle y,—g,. The transformed 
curves are 


e-* f(2)—e% f(z) +5,1 = 0, 
eit f()—e™ f(z) + Si = 0, 


or, if we introduce the point (¢, £) which corresponds to the n real inter- 
sections of the transformed curves 


em [fQ—l] = eM [f()—E], 
e™[f()—O] = &[f(Z)—F]. 
If, further, we write 

S@)—S = a (@—%)(@—2s) --+ @—en), 
our first equation (10) will be 


(e— 2) (e¢— ze) --- (¢—Zn) 
(2— 2,)(@—Zq) --- (2— Zn) 


(10) 





=— e2tGi—®), 


The left side is e?*¥, where w is the sum of the angles from the horizon- 
tal direction to the radii vectores from the mn real intersections to the 
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real point (z, 2) of the first given curve. The angles which the asymptotes 
of the same curve c make with the horizontal direction are 






gi—OD 9,—O+2n gi —@O+2(n—1)x 
n ’ n Be n ? 












and their sum is y,—®. 

THEOREM* 15. If a point on a potential curve be connected with the real 
intersections with another curve of the fundamental net, the sum of the 
angles which these lines make with an arbitrary direction is congruent, 
modulo 27 to the sum of the angles which the asymptotes make therewith. 

THEOREM 16. Jf two arbitrary points be taken, one on each of two 
potential curves, which belong to the same fundamental net but which have 
different asymptotes, and if they be connected with the n real intersections 
of the curves, the sum of the angles subtended at the original points by 
the n intersections is equal to each of the angles of intersection of the 
two curves. 
If a complex polynomial f be given, the conjugate curves 
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f+f=0, if-if=0, 


intersect orthogonally at the roots of the polynomial. We thus get what 
is, perhaps, the prettiest theorem in our whole discussion. 

THEOREM 17. Jf a complex polynomial be given, and if the real and 
imaginary parts be equated separately to 0, the angles subtended at any two 
points one of which is on each of these two curves, by the roots of the 
polynomial add up to 2/2 modulo 2a. 

4, The foci. The usual definition of a focus of a plane curve is the 
intersection of two tangents to the curve, one of which passes through ia 
each circular point at infinity. It is understood here that both lines are +4 t 
finite, and what is more important, neither point of*contact should be a i 
circular point. A circular inversion will carry a focus into a focus. 

If we take our general curve 


(8) e-*% f(e)—&9 f(z) + Si = 0, 


po ate 


Bi PORE A Tne Ha 


FE nt eS 


two complex values 2’ corresponding to a given value z will coalesce if 
i (@) = 0. 


*Given in incomplete form by Brooks, loc. cit. p. 316. He calls such a set of real 
points a “complete n-ad”, but, as he deals with a single potential curve and not the 
whole net, he gives no proper description of the set. 
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We thus get the z coérdinates for the foci by eliminating 2’ between 


e-*# f(c)—e# f(z") + Si = 0, 
f 


Remembering that the equations 
f'@) = f'(2') = 0 


give us the centres, we get: 

THEOREM 18. If isotropic lines be drawn through the real centres of a 
real potential curve, and tangents be drawn to that curve at the points 
where it meets these isotropics, these tangents intersect in pairs in the foci. 

This method of reaching the foci is unsatisfactory, at least when we 
wish for the real ones, so we give another very neat one due to Brooks.* 
We take that line in the (¢,¢) plane which corresponds to our given curve 


e-*P(— AP C49; 
fe) =f) = 
Let S et 
Se) = 7, S(2") = 7. 


The reflection of (¢’, ’) in this line is 


oY = el’ —Sie?, =” = et + Sie 
If (¢’,0") be the transform of (2’”,2”), 


Se’) = & f(2")\— Sis, 
e f(2")—&9 f(z’) + Si = 0, 
f (@') = 0. 


THEOREM 19. The real foci of a potential curve are the transforms, 
under an associated transformation, of the reflections in the corresponding 
straight line of the transforms of the centres under the inverse transformation. 

It is worth while mentioning, in this connection, that if a real curve do 
not touch the line at infinity, nor pass through one of the circular points, 
the tangential centre is the centre of gravity of the real foci.t 





* Loc. cit. p. 316. 
+ Cf. Siebeck, Crelle, vol. 64, 1865, p. 175. 
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Suppose that we have a pencil of potential curves of our net which have 
the same asymptotes. The general form for the equation of one will be 


FO—LSO+Si = 0; 
corresponding hereto we shall have a pencil of parallel lines 
t—f+si=0. 
The point (¢’,¢’) as defined above traces the straight line 
ee" = [fe')+f@)), 
so that for (2’,z”) we have 
SE)+SE") = FE)+SE@. 


This, however, gives a curve of the net through the centre (z’, 2’). 

THEOREM 20. The foci of the potential curves of a fundamental net 
which have the same asymptotes, trace n—1 curves of the net, each through 
one centre. 

5. Two theorems about angles. An interesting theorem due to 
Humbert* may be stated in the following terms. “If neither of two given 
non-tangent curves touch the line at infinity, and if no asymptote of one 
be parallel to an asymptote of the other, and if neither touch a minimal 
line at a point of intersection, then the sum of the cotangents of their 
angles of intersection is equal to the sum of the cotangents of the angles 
of their asymptotes.”’ 

When we apply this to two potential curves of the same net the result 
is trivial, but when applied to two not of a net there is more to be found, 
as they may make different angles at different intersections. On the other 
hand, the angles of the asymptotes are calculated with equal ease whether 
they be concurrent in the same point or not. Thus, if we take two curves 
of our net if 

e~*h f(z) f(z) + 8,7 = 0, 


ef (2)— eM f (2) + Si = 0, 


the sum of the cotangents of their angles, or the sum of the cotangents 
of the angles of their asymptotes, is 


n* ctn (9; — 92). 
* Liouville (4), vol. 1, 1885, pp. 352 ff. 
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THEOREM 21. If two potential curves of order n have no asymptote of 
one parallel to an asymptote of the other, the sum of the cotangents of their 
angles of intersection is n* multiplied by the cotangent of n times the 
numerically smallest angle which an asymptote of one makes with an asym- 


ptote of the other. 
Let us take the standard potential curve 


fe)+f(z) = 0. 


Let 4 be the cotangent of the angle which an asymptote makes with the 
x axis; 
Ag (A + 2)" + Go (4 — i)” 
a® (A aa i)” -{ e i@ (A —i)* —_ 


dui a —nileé? —e*?] 
ee f+ 6 


= nctn @. 





THEOREM 22. The sum of the cotangents of the angles which a potential 
curve makes with an arbitrary finite non-tangent line is n times the cotangent 
of the numerically smallest angle, which any asymptote makes with that line. 


CAMBRIDGE, Mass., 
June 1925. 



















A METHOD OF DERIVING THE INFINITE DOUBLE 
PRODUCTS IN THE THEORY OF ELLIPTIC FUNCTIONS 
FROM THE MULTIPLICATION THEOREMS.* 


By G. MirraGc-LEFFLer. 


In the memoir “En metod att komma i analytisk besittning af de 
elliptiska funktionerna”t we have shown that the method given by Abel 
in his “Recherches sur les fonctions elliptiques’,{ which is historically the 
earliest method of deriving the elliptic functions, is also mathematically 
sound and leads to the desired result with perfect rigor. The method of 
Abel has the advantage over all other methods that it does not presuppose 
any theorems from the general theory of functions. It is consequently 
the most elementary of all mathematical processes which lead to a real 
command of the analytical properties of the elliptic functions. A few 
serious objections can be raised against Abel’s own presentation, however. 
The most important of these is that the passage from the multiplication 
theorems to the infinite double series and double products is not sufficiently 
justified; in fact, it is based upon an argument which it is scarcely possible 
to make mathematically rigorous. This has been pointed out by Broch 
in his paper “Om de elliptiske Funktioners Rekkeudvikling”.§ In this 
paper, as well as in his learned and suggestive book “Traité Elémentaire 
des Fonctions Elliptiques”,|| there is developed a new derivation of this 
limiting passage which is perfectly distinct from that of Abel. 


* Authorized translation from the Swedish by Einar Hille. The present paper appeared 
in Ofversigt K. Vetenskaps-Akademiens Férhandlingar, vol. 33, No. 6 (Stockholm, 1876) 
with the title “En metod att i teorien fir de elliptiska funktionerna hirleda de oindliga 
dubbelprodukterna utur multiplikationsformlerna”’. 

+ Helsingfors, I. C. Frenckell & Son, 1876. An english pinnate of this paper by 
Einar Hille appeared in these Annals, vol. 24, 1923, pp. 271-351, with the title “An 
introduction to the theory of elliptic functions”. The present paper serves as a comple- 
ment to this earlier publication. The translator wishes to use this opportunity to amend 
an oversight in the footnote on p. 343 of “Introductions”. The first proof of the existence 
theorem for differential equations is due to Cauchy who published in 1842 a sequence of 
memoirs on this question in Comptes Rendus, Acad. Sci., Paris, vol. 14, pp. 1020-1026, 
vol. 15, pp. 44-59, 86-102, 131-146. It is evident from a remark in the first of these 
memoirs that Cauchy was in possession of the essential elementssof the proof at least 
as early as 1835. 

} Euvres complétes, vol. I, pp. 141-252 [pp. 251-388 in the 2nd edition, Christiania 1881]. 

§ Stockholm, 1864. P. A. Norstedt & Séner. 

|| Christiania, 1876. P.T. Malling. 
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In our memoir “En metod etc.” quoted above* we have later derived 
the infinite double series which is the general expression for Weierstrass’s 
function g (u), starting from the multiplication theorems.+ Our derivation 
follows immediately from the earlier work of Abel and we do not ne 
to resort to auxiliary devices from any extraneous range of ideas. We 
have also indicated how the infinite double products for the differences 
yo (w)—e, @(u)—es, @(u)—eg can be derived just as easily and directly. 
Our object in the present note shall be to show how this is to be 
accomplished. 

We havet 


9 (u)— ee = 


and, consequently, if n is supposed to be an odd integer ,§ 


n—1 —1 


Ga (x)—[e(u)—ee] Go(x) = IT Il [z—» (tome temo) 


n—1 n—1 n 


—_— ———— 2—— 





2 


Thus 





Gta &: [20 ( @e+ 2ma + 2m, w, |. 


n 





Go (x) 2muo + 2m “1, 


n” 





ae a G, (x) se 
 (u) == Go (x) a 


*§3 of An introduction etc. 

Tt loc. cit. p. 339. 

; The same notation is used as in An Introduction etc. The letter « is used temporarily 
to designate one of the numbers 1, 2, 3. By w;, , and ws we understand for the moment 
respectively w, w +, and a. 

§ This assumption will be adhered to throughout the paper. 
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The twelve products A, B, C are all composed of factors of the form 


i, 





By 2@ we understand 
20 = 2mHa+2m a, 


ee 

2 
simultaneously zero. The quantity W in the eight products A,, As, A,, 
Bs, By, Cz, Cs and C, is a constant independent of x, m and m,. In fact, 
W equals » in the three A-products, »-+, in B,; and »—a, in B, 
», in C, and C; and —, in C,. In the four remaining products A,, B,, 
B, and C, the absolute value of W is less than the n-th multiple of a finite 
positive number independent of n, m and m,. Actually W equals —n@ 
in A,, o—no, in B,, #,—no in B, and —no, in C,. 

On the other hand we have* 


obs) 


and consequently - 


where m and m, are integers between zero and which are not 








ia. (2@)? 
. (20)? we 7 a 


Thus every factor of the twelve products A, B, C is decomposed into 
two sub-factors a and b. To begin with we shall study b somewhat closer. 
We can write 

p= 1-2 oe)? , g  20-2W  g  W? 
qd 4 





n* D n D n' D 
29--\2 
1+b+b,+b,, where D = “ah Ge) . 
But 


1+ (| Bo| + jb | + | bs |) > |b] > 1—([bo| + |b, | + |e). 
Further, the difference g— go tends to zero with increasing values of n, 


and the absolute value of 2m is always less than m times a constant 
independent of n, m and m,. 





* loc. cit. p. 333, formula (15). 
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W is a constant independent of n, m and m, in the eight products 
A,, As, Ay, Bs, By, Cz, Cz and C,. Hence in these products 


Bo 


ibol<%,  ul< 4, lal<4, 


where 4, 4, Az are finite positive quantities of which 4, can be made 
arbitrarily small by increasing the value of m. In each of the six products 
Ags, Ay, Bs, By, Cs and C, there are 4(n—1)* factors and in each of the 
products A, and C, there are (n—1) factors. Hence in each of these 
eight products* the sub-product of the b-factors differs from unity by a 
quantity the absolute value of which is less than 


rarer) ee 


This quantity can be made as small as we please by making » sufficientl 
large. 

In the four remaining products A,, B,, B, and C, the quantity W is 
numerically less than » times a constant independent of , m and m,, hence 


Bo Ai 


[bo |< => nm’ [b|<—e> 


ibe <<. 
Each of these four products contains (n—1) factors. Consequently each 
of the corresponding }-products differs from unity by an amount which is 
numerically less than 


[1+ @+ai+ a] —1 


and can be made as small as we please by making » large. 
Thus each of the twelve products which are composed of b-factors can 
be brought arbitrarily close to unity by increasing the value of n. 
Further, the numerators of the four a-products in Ay, B,, B, and C,, 


I] [} —aecwl 


can be brought as ane to unity as we please by increasing ». In fact, 
each of these products differs from unity by a quantity which is less than 





*From this point on the translator has somewhat modified the author's argument in 
order to make the proof clearer. 
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B n 
(1+) —1 


in absolute value, where B is a finite positive quantity independent of n, 


m and mM. 
In addition, we know that 


4 2 
[+09 eae] 


n 


2 
and, consequently, that g (*) —ée is equal to —F times a factor which 





tends to unity when increases indefinitely. 
As the final result of the preceding investigation we find that the quotients 


formed by the following three pairs of functions tend to unity as n increases 
indefinitely, namely 


1 
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g(u)—e, and 


u® 


mf 
eo Ta 
m=1 





m= 


u 





Uu 


ae EE esis a, (1— 





(\— Ga —TeF) 
n—1 
i 


~ emo) 











i ee ar) (!— 


Consequently we find that 
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a 
[2 mw + (2m, —1)@,]? [2 m w — (2m, — 1)@,]? 














t= [2m Fm, =F) (1 hte Se —¥) 


9 (u) — es 
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we obtain immediately the product formulae given by Abel in his “Re- 
cherches sur les fonctions elliptiques” page 212, in “C®uvres complétes” 
[page 343 in the 2nd edition). 





MISCELLANEOUS QUESTIONS 
IN THE THEORY OF DIFFERENTIAL EQUATIONS. 
1. ON THE METHOD OF FROBENIUS. 


By Ernar Hite. 


The existence of solutions of a linear differential equation in the neigh- 
borhood of a regular singular point has been proved by a variety of methods 
since the days of Fuchs and Frobenius. The original method of Frobenius* 
had the advantage of giving at the same time an effective method of 
obtaining the solutions in terms of power series and a proof of the con- 
vergence of these series. Many variations of the convergence proof have 
been given later. Nevertheless the following simple arrangement of the 
proof seems to possess some slight element of novelty. For the sake of 
simplicity we give the proof for a system of first order equations, the 
regular singular point being at the origin. 

Our point of departure is the system 


d Wi 


(1) ‘7, = 2 Pau, 


(2) Pg (2) - 
where we assume that 
(3) | ijk | 


M and R being fixed positive constants independent of i, 7 and k. We 
have to show that this system is satisfied by m sets of series 


(4) wi(z) = wi (e; 7) = u(r) etd (i,j = 1,---, n) 
where 7; is a root of the indicial equation 
(5) f(r) = |syr—ayo| = 0, 


and the series are convergent at least for 0<|z\< R. 





* Journal fir Mathematik, vol. 76 (1873), pp. 214-235. For the later literature on the 
subject, see Encykl. d. Math. Wiss. Bd. I],, Heft 4, Hilb, Lineare Differentialgleichungen 
im komplexen Gebiet, especially §§ 1 and 3. 
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The coefficients cx (r) are determined by the system 


n n k—1 - 
2 1 see, WH 
"7 om . ea 3 ad ’ ’ 
6) Pay er+)—al xe) = 2B Saveia, (— 197"). 
The determinant of the » equations corresponding to a fixed value of k 
is simply f(r+-k). Denoting the co-factor of dj; » — ajjo in the determinant (5) 
by fy (r) we can replace equation (6) by 


n k— 


) fr t+Beue) = 2B fair +h & 


=1 l= 


hare feo 
Co” ei Bee 


Let us restrict the variability of r by assuming |r| < e, @ being so 
large that the roots 71, ---, 7, of (5) lie inside the circle |r| =. Let P 
be the region remaining after deleting the points r,—p (v=—1,---, n; 
p =1, 2,---) from this circle by means of small circles of radius ¢. For 
the moment we shall assume that the roots of (5) are distinct and in- 
congruent modulo 1. In this case all the points 7, belong to the interior 
of P, and f(r +k) +0 for all values of r in P, k = 1, 2,---. In view of 
these assumptions we can find two positive constants w and ¢ such that 
for r in P 

pe 


@) [FO+H)|> Seth, far +l Smletirs, ("Py 


Using the inequalities (3) and (8) we conclude that 


n n k-—1 
d(o+k)" | cu (r)| < 2 we thy p> ZUR ci (r)|, 


or 


s 1 
Q == @+ Blea)! < GnM Y YR len). 


Let us compare these quantities cx (r) with the constants Cx defined by 


the equations 
k—-1 


(10) @+hH)Q. = ad R'-*(C, where a = . n?M, (k = 1,2,-+-). 
=0 
It is evident that we can choose Cy so large that 
| cin (r) | < Ce 


for all values of « and k that occur, r being in P. This assumes, of course, 
that we choose the functions cio(r) which are at our disposal, in such a 
way that they remain bounded in P. 
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Replace k by k+-1 in (10), multiply the result by R and subtract the 
old equation from the new one, obtaining ‘ 


Re +k+1) Ceps—(0 +h) Ce = ay 


_ etatk 1 
Hence 


(11) 





C, — @tMetat))---e@tatk—-l 1o 
(@+1)(e+2)---(e+% Rr” 


and consequently 
(12) a une « CF (e-+a,1,e-+1,4). 


Thus the series on the left are convergent at least for |z|< R and uni- 
formly convergent with respect to r in P. If the quantities cs(r) are 
holomorphic in P, the same will be true for cx (r), k>1, and, in view 
of the uniform convergence, also for 


(13) wiles) = S care, G = 1,-++,n) 
k=0 


z being fixed, 0<|z2|/< R. 

Thus in the case of the equation (5) having distinct incongruent roots, 
we obtain the system of solutions by equating r in (13) successively to 
1, T2,°* +, Yn, the resulting series being convergent at least for 0 < |z|< R, 
in which region the equation (12) gives a common majorant for the solutions. 
We notice that, if there is a singular point of the equation (1) on the 
circle |z| — R, we have 


| wi (2377) | < const p—-|SiP > 


for approach from the interior. 

Concerning the value of @ we know through the investigations of 
I. Schur* that >| rv |? < S| ago |® < n? M*. In particular, |r,| <M where 
the equality sign can hold if and only if 


Py O) = ay = MePto-%V-1 Gi jj = 1,---, n) 


with real g’s. Hence we can take e@ = nM except in the case mentioned. 





* Math. Annalen, vol. 66 (1909), pp. 488-510, especially pp. 492-496 where references 
to the earlier work of Bendixson and Hirsch also are to be found. 





‘ 2 ee waist se gen A ares 3S ene sia sar sons navn ere ais See See 
= Rte Se re — = pitas am on : ‘. i = 
alin einen . a = - aa pei ear a ai ae — fs 
= 








! 
f 
: 
\ 
; 
(oa } 
at : 
4 | 
oy : 
Bi 
{ 
; 
; 
o 
RY ie : 
Bit } 
i] 
aa 
ait} i 
q | 
PR 
a 
, t 
f s| 
a } 
| + | 
: ) 
: Y * 
ane 
ay 
3 4 
a 
> 
\ 
} 
3 | 
< 
2 
4 
a ae 
woe i 
: | 
ip 
nae 
ae 
3 i 
at | 
ie 
q } 
i Rey 
4 : i} 
f a 
Bad: | 
| 
i 
a j 
i : 
fe) 
j y 
% i 
; ; 
eo. 
® j 
‘4 
r 
t 





, 
a i 
* 
bi 
} 

i 
rae 
he Fe 
aan) 
ro ,: 
r f 
+ ae 

caret A 
y 4 a 
Py 
) 
Be 
‘oe 
ec MS8G 
. hth 
ae, 
; 
BY 
GAGS 
& Sa 
C wig 
Liar se 
1 
Line 
cat i 
1. 2 
& ame 
.  es 
“* 
ei 
+? 
ie 
hs 
e Bis 
ri F 
: 4 
ey Re 
I 
.: 
abe 
. a8 
iS 
‘ aye 
a 4 
Pi 
i 
ee 
F more ’ 
PR OR 
eh 
Bt a 
Be 
n 3 
Bs 
; 





198 E. HILLE. 


If the roots of (5) do not satisfy the restrictions imposed above, the 
method has to be modified in order to yield the complete system of 
solutions. It is not our intention to give a discussion of the different 
cases which arise.* Two auxiliary devices are employed (1) a suitable 
choice of the cw(r) as polynomials in r, (2) differentiation of w; (z;7) 
— or similar function — with respect to r. 

If f(r) = 0 but f(% +h) +0 for k => 1, there is very little to change 
in the preceding discussion. Formula (12) still holds for the corresponding 


Pp 
solutions and a5 [w;(z; r)] can be obtained by term-wise differentiation 


of (13), the resulting series being uniformly convergent in P including 
|\r—ro|<«. If, on the other hand, f(r) = f(ro +h) --- = S(ro tke) 
= 0 but f(7% +k) + 0 for k > ks, then some of the equations (7) become 
illusory for r = 7. The essential thing is now to choose ejo(r) in such 
a way that, if the equations (7) are divided by /(r-+h), the resulting 
values for cx(r) shall tend to finite limits as r>7. It is obvious that (9) 
holds for k > ks and (12) will hold provided C, is properly chosen. Term- 
wise differentiation with respect to 7 is permitted as above. 


* Cf. e. g. Horn, Gewohnliche Differentialgieichungen (Sammlung Schubert L.), p. 146 
et seq. 


PRINCETON UNIVERSITY, 
July 19265. 















NON-MEASURABLE FUNCTIONS 
CONNECTED WITH CERTAIN FUNCTIONAL EQUATIONS.* 


By Henry BLUMBERG. 
1. In the present section, we deal with the functional equation 


(1) 9(f@),fY) = Foe, o),t 


supposing that g(x,y) is a real, continuous function of z and y, defined 
for the entire xy-plane and “properly monotone” in these variables taken 
separately; in other words, if y is constant, » is a “properly monotone“ 
function of x, i. e., it either always increases or always decreases with z, 
and likewise, if x is constant, g is a properly monotone function of y. 
The function g is regarded as given, so that (1) is an equation conditioning 
the real function f(z). 

In Section 2, we consider various generalizations. 

We shall first prove 

THEOREM I. very discontinuous solution of equation (1) is everywhere 
discontinuous.t 

Proof. Let f(x) be discontinuous at the point a, so that a sequence 
{an} exists with lim a, =a and lim f(a») = h (say) + f(a). If (a, 5, c) is 
a point on the surface z = g(x,y), we have c = g(a,b), and therefore, 
according to (1), f(c) = (f(a), f(b)), so that the point (f(a), f(b), f(o) 
also lies on the surface z = (z,y). Since (zx, y) is properly monotone 
in each of its arguments, the curve g(x, y) =-c has at most one point on 
a line x = const. or y = const.; hence the equation c = (dn, bp) deter- 
mines b, uniquely,—at any rate, for sufficiently small |a,—a|—and indeed, 
so that lim db, = 6. From c = (an, dn), we conclude, by means of (1), 





* Read, in part, at the meeting of the Southwestern Section, American Mathematical 
Society, Dec. 1, 1917. 

+ The special case ¢ (a, y) = x+y appears in the author’s paper “On Convex Func- 
tions”, Trans. Amer. Math. Soc., vol. 20 (1919), p. 40. Cf. also Schimmack, Axiomatische 
Untersuchungen iiber die Vectoraddition, Dissertation (Halle), 1908; Hamel, Math. Annalen 
vol. 60 (1905), p. 459; Banach, Fundamenta Mathematicae, Tom. I (1920), p. 123; and 
Sierpitiski, 1. c., p. 125. 

tIf we assume merely that g is monotone in each of the variables, the theorem is not 
valid, as the example g(x,y) = wy shows. Here g(x,y) is properly monotone except 
for x = 0 and y = 0, but we have the following solution: f(a) = 0, if x = 0, and f(x) = 1, 
if x +0. 
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that f(c) = ¢(/(an), f(bn))—in other words, that the point (/(an), f(bn), f(O) 
lies on the surface z = (x,y). Now if f(x) is continuous at b, we have 
lim f(bn) == f(b), so that (h, f(b), f(O) is on the surface z = —(z, y). Since, 
however, (f(a), f(b), (©) is also on this surface, and h + f(a), we have 
here a contradiction of the proper monotoneity of » for y = const. There- 
fore, f(x) is discontinuous at b, and since } is any real number, f(z) is 
discontinuous everywhere. 

We note, moreover, that if h> f(a), then lim /(b,) = k (say) is either 
less than f(b) for every b, or else greater than f(b) for every 6. For 
since (f(an), f(bn), (OC) is on the surface z = g, the limit point (h, k, f(o) 
is also on the surface. Now the surface z = @ is, in consequence of the 
condition of monotoneity, such that »(z, y) is either an increasing function 
for every constant y, or else a decreasing function for every constant y; 
for on account of the continuity of g(x,y), the function »(k+ 4) will, 
if 0 is sufficiently small in absolute value, be an increasing (decreasing) 
function simultaneously with y(,k), so that an increasing (decreasing) 
function y(a,k) cannot be the limit of a sequence of decreasing (increasing) 
functions g(x, kn). We may therefore make the following classification: 
(a) both the functions y(#,k) and g(k, y) are increasing (decreasing) for 
every k; (b) the functions g(z,k) are increasing (decreasing), and the 
functions g(k, y) are decreasing (increasing) for every k. In case (a), 
o(h, f(b)) is greater (less) than »(/(a), f(b)) = f(o if h> f(a); and since 
g(h,k) = fd), we have k< f(b). In case (b), we conclude similarly 
that k > f(b). 

Likewise, we may show, in case (a), that, if h< f(a), then k> f(b) 
for every b. Therefore, if h >j/(a), we conclude that k< f(b) for every b, 
and from the latter inequality for any chosen b, that there exists, for 
every x, a sequence {x»} with lim a = «x and lim f(%7,)>/(x). We thus 
have, in case (a), for every «—whether h< f(a) or h > f(a)—two sequences 
{xn} and {an} with lim 2, —=lim 2, =a, lim f(wn) > f(a), and lim f(an)< f(a); 
in other words, the greatest lower bound of f at z is less than f(x), and 
the least upper bound of f at x is greater than f(z). 

In case (b), and under the supposition that h> f(a), we have shown 
that there exists, for every x, a sequence {z,} with lim 7, = x and 
lim f (wn) >f (x). Now, if for every x, there were no sequence {xp} with 
lim 2, == «x such that lim f(%n)< f(x), then f(x) would be a lower semi- 
continuous function, and would consequently possess points of continuity, 
contrary to Theorem]. Therefore, there is a number a and a sequence 
{a} with lim a, = a and lim f(a,)< f(a); in other words, an a and 
a sequence {ap} such that h< f(a). But from the latter inequality we 
may prove, by reasoning parallel to that above, that k< f(b) for every b. 
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Summarizing, we may state 

THEOREM II. Jf f(x) is not everywhere continuous, then for every x, 
the greatest lower bound of f at x is less than f(x), and the least upper 
bound of f at x is greater than f(x). 

We next prove the following proposition, which is more assertive than 
Theorem II. 

THEOREM III. Jf f(a) is not everywhere continuous, it is both positively 
and negatively unbounded at every point. 

Proof. Let (a, b, c) be a point of the surface z= y(z, y). Since f(x) 
is not everywhere continuous, there exists, according to Theorem II, 
a positive number d such that, as near b as we please, there is a number }, 
satisfying the inequality f(b,)—/(b)>d. Let « = g(a, b,), and let a 
be determined by the equation c, = g(a, b) = g(a, b,). As we have 
seen above, the number a, is uniquely determined, and it will differ from 
a by as little as we please, provided b, is chosen sufficiently near b. 
Similarly b, is chosen to satisfy the inequality f(b,)—/(b)>d; and a, 
is defined by means of the equation (az, b) = p(a,, by); and if b, is 
sufficiently near b, the number a, will be uniquely determined and as 
near @ as we please. Continuing in this manner, we define a, by means 
of the equation 9 (an, b) = ¢ (adn—1, bn). Here by is such that f (bn) —f(b)> d, 
and may be chosen so that a» is aS near @,—; aS we please. Setting 
y (an, 6) = cn, We have, by means of our functional equation, the relation 


F (Cn) —F (ens) = 9(F (Qn); f (bn) — 9 (Ff (Qn), FO). 


Let us assume, for the present, that the functions g(k, y) are monotone 
increasing, so that, in virtue of the inequality /(b,)—/(b) > d, the difference 
I (cn) —f (n-1) is positive. Since this difference may be expressed as 
9 (f (an), f (b))—¥ (Ff (an-1), f (0)), it follows that f(a,) is greater or less 
than f(an—1) according as the functions y(x, k) are monotone increasing 
or decreasing. In any case, the sequence { /(a,)} is monotone and therefore 
has a limit, say g, which may be -+-o or —o. Since f(bn)—/f(b)>d, 
and the functions g(k, y) are increasing, we have 


Ff (en) —F (ens) > 9 (SF (Gn); f (0) + D—9(F (Gna), FO). 


Hence, if g is finite, f(cn)—f (en—1) > k—én where 
k= 9 (9, f(b) + a)— 9(g, f (o)) > 0, 
and limy—+oo én = 0. On the other hand, 


lim [f (en) —f (Cn—a)] = lim [9 (fan), £O)) — 9 (Fn), S(O) = 0. 
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This contradiction proves that g = + ©, the upper sign applying to the 
case when the functions g(x, k) are monotone increasing, and the lower 
sign, to the case when they are monotone decreasing. 

Now if we modify the argument above by selecting b,, as we may according 
to Theorem II, so that /(b,)—f(b)< —d (instead of f(bn)—f(b)>4), 
then f(cn)—/ (cn—1) will—under the retained assumption that the ¢(k, y) 
are increasing—come out negative; and as a consequence, f(a») will be 
less or greater than f(an—1) according as g(x, k) is monotone decreasing 
or increasing. 

Since a, can, by the proper choice of the bn, be made to be as near a 
as we please, we have thus shown that f(x) is both positively and negatively 
unbounded at =a. In the very same way, we may show that this is 
also true if the functions » (k, y) are decreasing, so that, since a is arbitrary, 
our theorem is proved. 

THEOREM IV. If f(x) is not everywhere continuous, then » (x, y) is positively 
and negatively unbounded for every x =k, and every y=k. In other 
words, if p(x,y) has, for some fixed x or y, a finite upper or lower bound, 
then every solution of equation (1) is everywhere continuous. 

Proof. We note first that (z, y) is positively unbounded if z = f(a). 
For if (a, b,c) is a point of z= g(a, y), we have, according to equation (1), 
Sid = e(f(a), f(0)). Since, according to Theorem III, / is positively 
unbounded at c, there is a sequence {c,} having c as limit such that 
lim f(cn) = +0. We define b, by means of the equation c; — ¢(a, bp), 
whence / (cn) = 9 (f(a), f(bn)). The second member of this equation there- 
fore approaches + ; that is to say, (a, y) is positively unbounded on 
the line «= f(a). Furthermore, if g is positively unbounded on a line 
x =h, it is positively unbounded on every line x = h-+d, where d is 
any positive or any negative number according as the curves (z, k) are 
increasing or decreasing. The hypothesis of the last statement is true 
if h = f(a), and since / is positively and negatively unbounded, h may 
be taken as large or as small as we please; therefore h-+d assumes all 
values from —oo to + o, whatever the character of the functions »(z, k) 
may be. ¢ is, therefore, positively unbounded if x = k. The proof that » 
is negatively unbounded for =k is similar, as is also the proof for 
y = const. 

Theorem IV, then, shows that the existence of discontinuous solutions 
of equation (1) implies a condition upon the family of curves in which 
the surface z= y is cut by the planes x =k and y=k. The following 
theorem shows that the existence of discontinuous solutions conditions 
also the family of curves (az, y) = k. 

THEoREM V. If f(x) is discontinuous, no curve g(x, y) = k has an 
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asymptote parallel to the x- or the y-axis. In other words, if there exists 
a curve y(x, y) =k that has an asymptote parallel to one of the codrdinate 
axes, every solution of equation (1) is everywhere continuous. 

Towards the proof, we may note first that, on account of the continuity 
and monotoneity of y, the ordinate of a curve ¢ (z, y) = k is a monotone, 
continuous function. It is therefore sufficient to show that the x-codrdinates 
and the y-codrdinates of the points of the curve are positively and negatively 
unbounded. This is obviously the case if k is of the form f(c). For if 
(a, b, c) is a point of z= ¢(a, y), we have »(f(a), f(b) = f(d); and as 
the codrdinates a and b of (a, b, c) vary while c is held fast, the quantities 
JS (a) and f(b)—since f(x) has no finite lower or upper bound at a and b— 
are positively and negatively unbounded. Now the numbers /(c) are positively 
and negatively unbounded, so that for every number k, there are numbers 
c, and c, such that f(¢)<k< f(c,). Since each of the curves (zx, y) = f(q) 
and g(x, y) = f(c¢) runs from (—o, +) to (+o,—o) or from 
(— o@, —o) to (+ &, + «©)—according to whether the functions »(z, k) 
and g(k, y) are increasing or decreasing simultaneously, or whether the 
one is increasing and the other decreasing—it follows, on account of the 
monotoneity condition upon gy, that the curve »(z, y) =k must also run 
from (— 2%, + 0) to (+ o,-—0), or from (— », —- 0) to (+ a, + @) 
respectively. 

We shall now proceed to prove, that if y(z, y) satisfies an additional 
condition, every discontinuous solution of our functional equation is non- 
measurable. 

THEOREM VI. If (x,y) is subjected to the further condition that the 
curves » (x, y) =k are absolutely continuous, then every discontinuous solution 
of equation (1) is non-measurable (Lebesgue). 

Proof. Suppose /(x) is discontinuous and nevertheless measurable. Let 
En be the set of points where | f(x)| >, and e, the measure of £,; 
since f(x) is assumed to be measurable, limn_, o én == 0. Since f(z) is dis- 
continuous, it is, according to Theorem III, unbounded; there exists, there- 
fore, a number c such that | f(c)| > max|g(tn,+n)|. According to 
Theorem IV, the curve g (z,y) = c exists. If (a,b) is a point on this 
curve, then either a or b belongs to Z,. For if a and b both belong to 
the complement of E,, we have |f(a)|<m and |/(b)| <n; therefore 
If | = |e (%@, fO)| would be < max |gy(-+n, +n)|. The curve 
9 (x, y) = c is, accordingly, such that either the z- or the y-codrdinate 
of each of its points belongs to Ey. 

Now since the ordinate of the curve (x,y) = c is monotone, dy/dx 
exists everywhere except in a set of measure 0. Moreover, since this 
ordinate is absolutely continuous, the points where dy/dx exists and is 
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different from 0 constitute a set of positive measure.* For suppose that 
the function g(x), defined in the interval (a, b), has 0 as derivative at the 
points of the set S, which is of measure b—a. Every point x of S may 
be enclosed in an interval (az, br) such that | g(be)—g(ax)| < ¢ (be—Aaz), 
where « is independent of x and arbitrarily small. According to Vitali’s Theo- 
rem, a finite number of non-overlapping intervals (a’, b’), a’’, b’’), ---, (a, b™) 
may be selected from the (az,bx) such that >”_ (bo —a”)>b—a—y, 
where 7 is as small as we please. If (c’,d’), (c’, d’’),---, (ce, d™) are the 
intervals of (a,b) complementary to the intervals (a”,b™), we have 
DE _,(d™— ec”) <q. On account of the absolute continuity of g(a), 
D>*_,\g(@)—g(e™)| approaches 0 with 7. Since >* _,| 9(0™)—g(a”) | 
< «> (bo —a™), we may conclude that | g(b) — g(a)| may be made as small 
as we please, and it is therefore zero. Since this result holds for every 
interval (a,b) in which g(x) is absolutely continuous, it follows that for 
an absolutely continuous function to have zero as derivative except in a 
set of measure zero means that it is identically zero. 

Let S be the set of points where dy/dx > p > 0 for the curve 
g(x,y) = c; S is, then, of positive measure if, as we suppose, p is 
sufficiently small. For convenience, we restrict ourselves to the subset 
T of S that lies in an interval J, and we suppose, as we may, that the 
measure ¢ of 7 is positive. Let 7, be the set of points common to 7 
and the complement of H,. The measure ¢ of TJ, is at least t—en, 
which is positive for (fixed p and) sufficiently large n. 

We show that if all the points of 7, are covered by intervals (a, by), 
then >| b; — a;| > ptn, where a, and b, represent respectively the ordinates 
of the points of the curve g(x,y) — c whose abscissas are a» and Dy. 
For each point § of 7, may be enclosed in an interval Zg = (ag, bg) that 
lies in one of the intervals (a,, b,), is of arbitrarily small length, and is 
such that (b; — az)/(b;— ay) > p, where ag, bt are the ordinates of » (x, y) = 
corresponding to the abscissas a;, b; According to Vitali’s Theorem, a 
set of non-overlapping intervals (c,, dy) may be selected from the (a,, bg) 
covering 7, except for a set of measure zero. Since every interval 
(cy, dy) lies in an interval (ay, b,), and the ordinate of g(x, y) = c is 
monotone, we have >|b;—a;| > >|d;—c,|, where c,, d, are the 
ordinates of (x,y) — ce corresponding to the abscissas c,, d,. But 
> \d,—¢| > p> (dy—e) = ptn, since the (cy, d,) cover T, except for a 
set of measure zero. Therefore > |b; —a,| > ptn. 

Since the numbers § belong to 7», which is a subset of the com- 





*This conclusion cannot be drawn if the condition of absolute continuity is omitted; 
for as we show in the appended Note, functions may be properly monotone and yet have 
zero as derivative except in a set of measure zero. 
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plement of En, the corresponding ordinates q of the curve g(x,y) = c 
must, as we have shown above, belong to Z,; we may therefore cover 
these 9’s by means of intervals (aj, 4), i = 1, 2,---, 0 such that 

%_,(f;— a) < e, +0, where 4 is arbitrarily small. Let a, A; be the 
abscissas of the points of the curve ¢(z,y) = c whose ordinates are 
a’, 8;. The intervals (a;, 8;) — or (4;,«;) in case 9 (x,y) = c is decreasing — 
cover all the points of 7;,; therefore, according to what we have proved above 
concerning such a covering of T,, we have > (4;—«)) > ptn= p(t—én). 
Since ep, &, and 6 are infinitesimals independent of p, we have a contra- 
diction. Therefore, f(x) is measurable. 

The condition that the curves g(x, y) = k are absolutely continuous may 

be replaced by the milder condition that the points of the curve (x, y) =k 
where the derivative is different from zero constitute a set of positive 
measure. It is furthermore sufficient to make either of these demands, 
not for the totality C of curves y(zx, y) =k, but for some subset C’ of C 
such that the k’s of the curves that belong to the complement C” of C’ 
are not everywhere dense. For then an interval (a, b) exists such that 
if a<k<b, then (zx, y) =k belongs to C’. Since f(z) is, if dis- 
continuous, unbounded at every point, we may, for every m, select c such 
that a << ¢ < B, and |f(c)| >, thus obtaining a curve g(z, y) = c that 
possesses the properties utilized in the proof of Theorem VI. 
_ 2, Generalizations. We may note that the proofs of theorems I, II, and 
III initiate from the fact that the functional equation ¢ (/ (zx), f(y)) =/( (2, y)) 
implies that if (a, b,c) is on the surface z= (2, y), then (/(a), f(b), f(c) 
is also on the surface. The sequel of the proof does not essentially interrelate 
the range of (a, b, c) and the range of (f(a), f(0), f(©), so that we may 
allow the point (/(a),/(b), f(©) to range, not on the same surface z = »(z, y), 
but on another surface z= w(z, y), from which we make the same demands 
as from g(x,y); namely, that w(z, y) shall be a real, continuous function 
defined for the entire xy-plane, and properly mongtone in the arguments 
taken separately. We are thus led to the functional equation 


(2) w (f(x), Sy) = Sy @, y)), 


which is, indeed, such that if (a, b, c) is on the surface z= g(z, y), then 
(f(a), f(b), f(o)) is on the surface z = w(z, y). The reasoning leading to 
theorems I, IJ, and III may be repeated for equations (2), with modifications 
that are apparent. We may thus state the following theorem: 

THEOREM III’. If f(x) is a discontinuous solution of equation (2), it is 
positively and negatively unbounded at every point. 

In the case of theorems IV and V, the generalization for equation (2) 
will involve only the function w: 
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THEOREM IV’. If wW(z, y) has a finite upper or lower bound, for some 
fixed x or y, then every solution of equation (2) is everywhere continuous. 

THEorEM V’. If there exists a curve W(x, y)=k that has an asymptote 
parallel to one of the coirdinate axes, every solution of equation (2) is every- 
where continuous. 

In the case of Theorem VI, however, the reference in the generalized 
theorem will be to » alone: 

THEOREM VI’. Jf p(x, y) is subjected to the further condition that the 
curves 9 (x, y) =k are absolutely continuous, then every discontinuous solution 
of equation (2) is non-measurable. 

And again, as in the case of equation (1), the hypothesis of Theorem VI’ 
may be replaced by the milder condition that the k’s of the curves (x, y) =k 
for which dy/dzx = 0 everywhere except in a set of x’s of zero measure 
are not everywhere dense. 

Another extension is to three or more variables. For three variables— 
the case of n(>3) variables is analogous—the functional equation (2) 
takes the form 


Ww (f(x), FY), FO) = SY y, 2). 


If z =k, then w(/(z), f(y), S®) =S(@(, y, ’), so that f satisfies an 


equation of type (2). 

In the case of one variable, however, the properties deduced for / need not 
hold. For example, let y (~) = z*. The functional equation » (/(x)) =f (9 (x)), 
to which (1) reduces in the case of a single variable, then takes the form 
(f (x))® = f(x"); and one solution of this equation is f(x) — 2 (x + 0), 
f(0) = 1. 


Note. 


The purpose of this note is to show the existence of properly monotone 
Junctions having zero as derivative except in a set of measure zero. 

By means of a one-to-one continuous correspondence between the set of 
points in the interval (0,1) and the Cantor ternary set constructed from 
this interval—a correspondence in which two end points of the same 
complementary interval of the Cantor set count as a single point—we 
may, as is well known, define in the interval (0,1) a continuous, monotone 
function f(x) that varies from f,(0) = 0 to f.(1) = 1 and is constant 
in the complementary intervals of the Cantor set. If (a, b) is any interval, we 


denote (b—a) fo (f= “) by fav(x), a<x<b. Let f\ (x) = gan+hfap, (@), 
if x is ar inner or boundary point of the complementary interval (dn, dn); 
and /, (x) = «/2, if x belongs to no complementary interval. We denote the 
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intervals of constancy of f,(x) by (an, bn). Let fo(~) = tant h fap, (),. 


if x belongs to an interval (an, b,); and f.(2) = 2/4 if x belongs to no 
such interval. Generally, we denote the intervals of constancy of /, (zx) 
by (a®, b%), and let 


foe) = Fo (ak? + Fye-myy-0(2)), 


if « belongs to (a?—”, b&—»), and 


fol@) = 


if x belongs to no (a’—”, b&—»). 
We set 


g(x) = Dr=ofr(a), 


and shall prove that g(x) is a continuous, properly monotone, increasing 
function having a zero derivative everywhere except in a set of measure zero. 
Since 


2s—ar-2 
Fose-my—» @)| = (OY? — a) So yo=a— 30°, 





if ae—» 

we have f,(x) < 1/2”, so that the series g(x) is absulutely and uniformly 
convergent; and since f,(z) is continuous, g(x) is a continuous function. 
Moreover, since jf, (x) is monotone increasing, g(x) is monotone increasing. 
Since the intervals of constancy of /,(x) uniformly approach zero in length 
as v approaches infinity, there exists for every pair of numbers 2, 2», 
0 < a < a <1, a value vy such that x, and z, are not in the same interval 
of constancy of f,(x), so that f,(a%)< f(x). Consequently g(x) < g(x»). 
g(x) is therefore properly monotone. 

Let >of, (x) = s(x). Since the sum of the lengths of the intervals 
where s,(x) is constant is 1, we may enclose the points of (0, 1) not lying 
in the interior of these intervals in a finite number & of non-overlapping 
intervals (c;, d;) such that die (di— oe) <e, where « is arbitrarily small. 
By taking » sufficiently large, we may make g(1) —s,(1) less than 9, 
where is as small as we will. Since s,(z) is constant in an interval 
complementary to the (c, d;), we have Ddi-1 [+ (di) — sy (ci)] = sy (1). 
Therefore 


9 (1) —Di=i[9 (di) — gcd) 
= g(1)—s,(1)—D g(a) — g(a) — 8 (di) — (ca) <9, 





since, according to the definition of g(x), we have g(di)— g(c) > s, (di) — sy (c). 
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Now suppose the points where g’(x) = 0 constitute a set of measure < 1. 
Then there exists a positive number p and a set S of positive measure s 
such that, at every point x of S, one of the derivatives of g(x) at za is 
greater than p. Let 7’ be the portion of S lying outside the intervals (c, dj). 
Since > (d;— c:) < ¢, and the measure of S is independent of ¢, the measure ¢ 
of 7 will be as near s as we please, and therefore positive, if « is suffi- 
ciently small. Every point x of 7 may be enclosed in an interval 
I, = (e,, 8) of arbitrarily small length, such that 


9 (Bx) — g(x) 


Br — hy 





> p. 


We suppose, as we may, that every interval J, lies entirely in the interior 
of a complementary interval of the (cj, d;). According to Vitali’s Theorem, 
we may select from the J; a set of non-overlapping intervals («™, 8), 
y= 1,2, ---, that cover 7 except for a subset of it of zero measure. 
Therefore >) (8 —a™) > t. Since the (e, 8) overlap neither each 
other nor the (c, di), we have 


91) — Dr—1 [9d —g(ed] = D [9 A) —g (e)] > p DD (B— ae) > pt, 


which contradicts the former inequality g(1)— >[9(di)—g(c)] <q for 
sufficiently small 7. This contradiction proves that g'(x) = 0 except in 
a set of measure 0. 


Onro State UNIVERSITY. 





ENTIRE FUNCTIONS 
DEFINED BY CERTAIN POWER SERIES. 


By Juxia T. Coxpirts. 


The present paper deals with entire functions of the type 


F() = = fn) = 


The coefficients are the values of any given function /(x) which does not 
become infinite for any positive integral values of x. If f(%) is a many 
valued function of x, the values /(m) are understood to be uniquely defined 
by selecting those belonging to a particular branch of f(x) or by some 
other defining process. 

Throughout the paper, k represents a positive integer; P,(z) and 9x(n) 
are polynomials of degree k in z and m respectively. The paper will con- 
sider chiefly the following case: f(n) a rational function of n, the most 
general form of which is R(n)/P(n), where R(n) and P(n) are polynomials 
in m. In this case, F(z) may be written, 


2” 


p>) px(n) = + terms of type Perera mee nl? 


where s is a positive integer. Series of the first type will be treated in 
Case I and of the second in Case II. In the latter case we shall go out- 
side the realm of rational functions when the proofs can include rational 


fractional values of s. 
That the genus in both canes is unity, is determined from a theorem 


of Lindeléf:* Given F(z) = 5 as”. If V Cn is of the same order of 
n=0 
magnitude as n-"@ and if nV V cy does not approach 0 or © whenn>o, 
the genus of F(z) is certainly equal to e, if @ is an integer. If e@ is not 
an integer, the genus = |e] = largest integer in oe. 
~ "i 
Case I. The function F(z) = >’ g,(n) PL, 
n=0 


THEOREM I. The necessary and sufficient condition that a function f(z) 
of genus one have a finite number of zeros, i. e. that it be of form Py(z) e* 


is that f(z) = z y(n) an = 


* Acta Societatis Scientiarum Fennicae, vol. 31, p. 46. 
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The case in which e = 1 will first be considered. Pellet,* in the solution 
of a problem proposed by Darboux in 1868, proves that 


a 2) — e[y(0)+ Av) S900) 5.4 £70), 


n=0 2! 





where y(n) is a polynomial of degree k in m and 


@) sre) = 9@)—(1) p—1) + (5) or —2) +--+ 09. 


Using the same method, it follows that 





> y(n) = aes ¢(0) +- 20) Ae O) e+ g (0) + oe ett is 


n=0 


[v0 +49 + a9 +--+ arg A] SS 


n=0 


Hence 


(3) 2 n= = Be. 


Now consider the converse of the above. 


that is, 


(4) me = S n(n) --- (n—m t=, 


From this result, it is seen that the function P;,(z)e* may be put in the 
2” 
form » 9x (n) avs 


By substituting «z =z’ in the above results, TheoremI is obtained. 

From algebra we have: The necessary and sufficient condition that the 
mth term of a sequence be of form g (mn) is that the sequence have its kth 
differences equal. From this follows: 

THEOREM II. The necessary and sufficient condition that a function 


oo n 

Si.) = yan be of form Py (z)e” is that do, a, dg, --- may be written 
n= 3 

by «°, Db, a', by a®,--- in which bo, b,, bs, +++ have their kth differences equal. 





* Nouv. Ann., sér. 2, vol. 9, 1870, pp. 417-419. 
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oo 
The zeros of fx(z) = > n* will now be studied. In theorems con- 
0 + 


cerning real zeros of a function, only real values of z are considered. 
oo é 
By differentiating f.-.(z) = > n* -, it is seen that 
n=—0 . 


(5) e fis (2) = fx (2). 


THEOREM III, The function fy (z) has k zeros, one equal to zero and the 
others negative. When k>2, at least one zero lies between 0 and —1. 
There is a negative zero greater than and also one less than any of fis (2). 

This follows from a theorem of Borel*: Let F(z) be an entire function 
of genus zero or one. If all the roots of F(z) are real, the derived 
function F'(z) has all its roots real and between two consecutive roots 
of F(z), there is a single root of F'(z). The genus of F' (2) is the same 
as that of F(z). 

The genus of /;(¢) is unity and the zeros of f(z) and /,(¢) are real. 
Then from Borel’s theorem, those of j/s(¢) = 2/2 (z) are real; likewise 
those of fi(z¢) —2f¢(z). Continuing, the zeros of f;,(z) are real for every k. 
From (5), one zero is 0. The remaining zeros are negative, since the 
coefficients are all positive. 

Since fi. (z) has one more zero than /;,—:(z) and, excepting 0, a single 
zero of f(z) lies between each consecutive pair of f,-: (z), then one zero 
of f(z) must be less than any of fi—1 (2). 


Case II. Functions of the type > way =, 
n=0 ° 


where gs is a positive rational number and a is any real number 
excepting a negative integer or zero. 
Such functions will be denoted by fa,s(z). By differentiating /;,, (2), 
we obtain , 


(6) Sa,s (2) = fats (2). 
In a paper by G. H. Hardy? it is proved that 


1 1 s—1 
(7) Sa, s (2) = Fob [toe 7] dt, a>0dO, s>0. 


In this paper, Hardy determines asymptotically the zeros of fa,s{z); in 
the present paper the real zeros of fa,s(z) will be studied. 





* £. Borel, Fonctions Entiéres, 2° éd., p. 32. 
+ Proc. Lond. Math. Soc., ser. 2, vol. 2 (1904-5), pp. 401-431. 
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When z is real and a> 0, fa,s(z) >0 since each factor under the integral 
sign of (7) is positive between the limits. We thus obtain: 

THEOREM IV. When a>0, fa,s(z) has no real zero. 

The real zeros of fa,s(z) will be discussed for two general cases: 


2ma1 ae 
where m and j are positive integers. In each case, only real values of 
(n-++a)® are considered. The exponent s is called “odd” in the first place 
and “even” in the second. Only real values of z are considered in the 
following theorems. When a<0, a will often be replaced by —k—1/q. 

THEOREM V. When s is odd, f-x-1/¢,s(¢) > 0 when z= (q—1)8(k+1), 
q>2, and when z=k+1, g<2. 








1 2” 
8) frame) = ¢ 2) ies qn)? i tt ap nl" 
Case 1. Given g>2. When z = (¢q—1)°(K+1), the first positive term 
is equal to the modulus of the last negative. It will now be proved that 
for this z, uw+41 the (r+ 1)st positive term is, for every value of r>0, 
greater than v4: the modulus of the (7+ 1)st negative counting from the 
last negative. 


Simplifying it and substituting the above value of z, we obtain 
r+i 
8 2r+-1 
(9) ne 3. | - ert q—1r4] (k +1) ; 
Uri qr+q—1 (k—r+1) (k—r+2)--- (k+r+1) 





The expression in brackets may be written 


qr(q—1)+q—1 
qr+q—1 





—1)*">1, since g>2. 


In the denominator of the last fraction of (9) are 2r-+-1 factors, the 
middle one of which is k+1. Let A and B represent factors equidistant 
from the ends. Since the geometric mean between two numbers is less 
than the arithmetic mean, 

AB<(k+1)’. 


The last fraction of (9) is therefore greater than unity. Hence, correspond- 
ing to each negative term of (9), there is a positive term numerically 
greater. In addition, there is an infinite number of positive terms. 

Case 2. A similar proof holds. 
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THEOREM VI. Jf s is odd, and a negative, not an integer, then fa,s (2) 
has one and only one positive zero and this zero is less than that of fa—1,s(2). 

Since a<0, fa,s(z) has at least one positive zero. It will now be 
proved that there is only one. 

Take —1<a<0, then a+1>0 and, from Theorem IV, fa+1,;(z) >0 
for every z From (6), f¢,s (2) = fatis(z)>0. Then fo,s(z) is always 
increasing and consequently has but one positive zero, say at z=. 

Since fa-1,s(2) = fa,s(z), then fa-1,s(z), which is negative at z= 0, 
decreases until zg = c, then increases having a zero greater than c. Continu- 
ing, we may say that, if fc,s(z) has a positive zero, 2 = zo, then fa-1,s (2) 
has a. minimum at z and a zero > 2. 

In the following work, the positive zero of fc,;(z) will be represented by 2p. 

THEOREM VII. Jf s is odd and a negative, not an integer, then in each 


region in which B(a) = > ae 


, ay i is uniformly convergent, % in- 
n=0 * 


creases as a increases. 


, te : . 
The function 8(a) = > way mi 8 continuous excepting when a 


is a negative integer or zero; is convergent in intervals, —1<a<0, 
—2<a<—1, and so on; and is uniformly convergent in intervals 
—1+e<a<0, —2+¢e<a<—1, and so on. 
From a well known theorem,* it follows that, in the intervals in which 
8(a) is uniformly convergent, 
2” 


d 8 
da FO = 2 Geyer al 
= —sfa,s+ (2). 


Now s+1 is even and fa,s41(z) > 0,2 >0. Then as a increases fa, s(z) 
decreases if z >0O and constant. Let fa,s(z,) = 0. Take a’ greater than 
a and in the same interval of uniform convergence. Then /a’,5(2,) < 0. 
Hence the positive zero of fa’,s(z) is greater than £1. 

If a = —k—1/q, the positive zero of fa, 32) increases with q, if k is 
constant. 

The variation of z in any interval between —k—1 and —k is given 
by the theorem: J/g = 1+ #6 am infinitesimal, then 2.0, its approximate 


oo 


ann 
value being «/*+) el If q = i/¢, ~>@. 
If q = 1+ ., then 





. (+6 " 
S-%-119,8(@) = P > [(m—1—KH+(n—he}® nl" 





* Of. Goursat’s Mathematical Analysis, vol. II, part I, p. 88. 
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1 
If zg = K+» ol the first positive term is finite and approxi- 


mately equal to the modulus of the first negative, while each of the other 
terms is infinitesimal. The sum of the remaining negative terms is infini- 
tesimal since there is a finite number of them. The remaining positive 
terms form a series convergent for every z with 2*+? as a factor. Their 
sum is infinitesimal for the above value of z. : , - 


If g = Le, f-r-1/,s(@) = — where — kaa 2, (k+e—n)* n! 


1 
and R = > Sees eee =. Since | P| > — 7h and R < e’, then z must 


become infinitely large in order that R = | P|. 
Approximate value of %. In certain cases, an upper limit to 2% 
may be found by means of the theorems given below as (A), (B), (C), (D). 
(A) Jf s is an odd integer, f-1/9,s(2) is positive for any integral value 
of k satisfying the inequality 
2a 


k—(s+1/2) log k>s log g+1/2 log @s+1)? + “a O0<4<% 











This may be proved as follows. It is seen that 


(10) faye) > a + Y Oiny & 


We wish to determine a positive integer k > 2s, so that the right 
member of (10) is positive when z = k. Consider the particular term 


iu t This is greater than any following term but less than 
some preceding it. Let us determine the number of terms which exceed 
tx, i. e., determine for what values of r 


1 ker : ie 
k 


ee 


(k—ry (k—r)! ~ 





or 
k(k—1)---(kK—r4+2) k—¢—)] . 
(11) (k—rye hr 





First, take r = s—m, m = 0, 1,---, (s—1). The first member of (11) 
may be written 
k™+t(k—1).--[k—(r — 1} 
(k—r)ymtr 





which is seen at once to be greater than 1. 
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Second, take r = s-+m, m = 1, 2,---, s. The denominator of (11) 
equals (k*—kr)™k—r)*-™. The product of the last s—m factors of the 
numerator is greater than (k—r)*-™. It remains to show that the product 
of the remaining 2m factors is greater than (k®—kr)™. 

The product of the 7 th factors from beginning and end of the 2 m factors is 


(12) (k—j+1)\&k—2m+)) = Bh —(2m—1)k+ (j—1)(2m—)). 


Since 2m >7 and 7 => 1, then (j—1)(2m—j) >0. Also 2m—1<r. Hence 

(12) is greater than k*—kr and (11) is satisfied when r << 2s. There are 

then at least 2s-+1 terms of (10), each greater than or equal to t. 
The right member of (10), and hence /-1/¢,s(z), will be positive when 


a a i 


or, using Stirling’s formula, when 


2st+1I)F - 
wgyee rem, O< OKI, 


ie, when k—(s + 1/2) log k > 8 log q + 1/2 log 7, party a 





(B) For the function f—1/9,s {2}, 20 <(q—1)*. _ 
If z = (q—1)°, the first positive term of f-1/¢,s(z) is equal numerically 
to the negative term. Then 4<(q—1)®. If g=1+¢8, ~<&. 
(C) When z= Vq+1, f-rgi(e) >0. 
It is seen that 
faiaVq+tD>—¢+ z+ : A ay 


ar ae 
It will be shown that the sum of the first five positive terms is greater 
than q- 
1 SE ae a(1+4, ) 119 J2 
wins SOs — q e5s)I. 
= [3 * 340 a T is vat 

When q < 9, the sum of the first two terms in brackets is greater than 
one. When qg>9Q, the quantity in brackets is greater than 











a 
Vr 


It follows that f—1jg1(Vq +1) >0. 
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(D) For the function f 19,1 (2), 2% is less than Vq excepting in the 
interval 6.3 <q < 10.4 where it lies between Vq and Vq+1. 
Let 


qr? 





u(q) = > 


n=0 as i 


(n?q —n—2)q”? 


V q(q—3) 
2(q—1)? 


> ng? —2n?q?—2n*q+8qtn+2 gr?! 
n=0 


-+- terms which are positive if qg>1; 





4(nq —1)° (n—1)!° 





u"(q) 


It is seen that w”(qg) > 0 if g>1; hence w’(q) is increasing when g > 1. 
By substitution, it is found that w’(g) vanishes once at q’ where 7< q’< 9. 
From above and by substitution we find that, as q increases from 1 to q’, 
u(q) decreases from o becoming zero when g = 6.3 and, as q increases 
from q’, u(q) increases becoming zero when q = 10.4. 

When s = 1, an approximate value of z is best obtained by using: 

(B) when gq—1< Vq, i.e. when 1<q< 2.6; 

(D) when 2.7< q < 49; 

(A) when qg> 49. 

The value from (A) for large values of q is illustrated by the following 
example: When s = 1 and g = 3000, the smallest integral value of k 
satisfying the inequality in (A) is 12 while the actual zero is between 
10 and 11. 

The negative zeros of f—x-1/q,s(2) will now be considered. 

THEOREM VIII: [fs is odd, then when z = —k, f_x-1/¢,s(2) is (a) positive 
when k is odd, (b) negative when k is even. 

k 
F-r-aga(—H) = g(P+R), where P= 3 (—1)"4 1, B 
co 1 kn 
ee Vo ; 


Let the modulus of each term of P and F be represented by u, = Ane — 








In P, tw, increases with n, since A, increases with n and * has its greatest 


value when » = k—1 and k. Similarly, in R, up Ssinins with n. 
The terms of P and # are alternately positive and negative. (a) The last 
term of P and the first term of R are each positive. Hence P>O and 
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R>O. (b) The last term of P and first term of R are each negative. 
Hence P<O and R< 0. 

A closer approximation to the negative zero may sometimes be obtained 
from 

THEOREM IX. When s is odd, and s>1 and k > 1, f-x-1/¢,s(1 —k) is 
(a) positive when k is odd, (b) negative when k is even. 

The proof is the same as above excepting that, in this case, the factor 
(1—k)* 
om! 
be proved however that ux > u—1. For 


in the last term of P is less than in the preceding term. It can 


k—1 
ee mt (q+ 1, 


Uk—1 
1 


and since s >1 and k>1, then (q+ 1)° aoe >2-1/2 = 1. 


THEOREM X. When s is odd, the number of negative zeros of f—x-1/9,s(2) 
is (a) k if k= 0 or 1, (b) not more than k if k>1; and is odd or even 
according as k is odd or even. In any case there is no zero less than —k. 

For every k, f—x—1/¢,s(0) <0. 

(a) Take Kk =0. From Theorem IV, fA—1/¢,s(z) > 0 for every z. Then 
from (6), f—1/,s(2) is always increasing and has no negative zero. 

Take k = 1. From (6) and the above, f-1--1/,s(2) is decreasing, z< 0. 
From Theorem VIII, f~1~1/¢,s(—1)>0. Hence when k = 1, there is a 
zero 2 = c where —1<c<0. 

(b) Let k = 2. We know that f-2-1,¢,5(z) is negative when z = —2 and 
that it increases until z = c, then decreases. Hence the number of negative 
zeros is either 0 or 2 and there is no zero less than —2. 

Continuing in this way with k = 3, 4, and so on, it is seen that when 
k is even, the function always increases at least until 2 = —k where it 
is negative; when k is odd, the function decreases at least until z= —k 
where it is positive. Hence there is no zero less than —k. 

From Theorem IX, we obtain the theorem: When s is odd, and s>1 
and k>1, f-K-1/q,s(2) has no zero less than 1—k. 

The number of negative zeros when k < 7 is determined from the following 
theorem: The function f—x-1/9,s(2) has no negative zeros when k = 2, 4 and 6. 

In proving this, we shall take z = —y, and, on account of Theorem X, 
it will be asssumed that y<k. Now f_x-1/9,s(—y) = @ (P+) where 

_& Cm -¢ - (—1y oy 
Pm d. (1+ qk—qn) n! — * = 2. (qn—qk—1)> n!" 

The terms of R are decreasing in absolute value and the first term is 
negative. Hence R<0. Take a series of three consecative terms of P 
beginning with a negative and multiply one of the negative terms by r: 
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—yn-t [ 1 28 1 y 
(13) (m—1)! L(QQk—m+1)+1) (@k—m)+1) m 





r y* 
T (q(k—m—1)+1) m(m+ me 


The discriminant of the quantity in brackets is less than 





1 [2s-—" | 
[qhk—m)+1}7* Lm? m(m+1)t 
m-+1 


This is negative or 0 when r = soe Hence for these values of r, the 


series in (13) is negative for every y. Accordingly: 
If k=2, P<0. 
If k = 4, first term-+ second+ 1/2 third <0, and 
1/2 third + fourth + fifth<0. 
If k = 6, first term + second + 1/2 third <0, 
1/2 third + fourth + 2/3 fifth< 0, and 
1/3 fifth + sixth -+seventh<0. 
Therefore P< 0 when k = 2, 4 and 6. 

When k <7 and odd, there is one and only one negative zero. 

The following theorem determines the number of negative zeros when 
q—1 and when q>o. When k is even and s is odd, f—x-1/9,s (2) has no 
negative zero when q=1-+ 86 or g = I1/e, € an infinitesimal. When k is 
odd, there is one negative zero which is given approximately by 

1/(k+1 Wk 
--- [ial a  ealtk+) when g=1-+«; and by—o. [=] when q=1/e. 

From Theorem X, it is unnecessary to consider z<—k; we therefore 

take —k<z<0. When g=1-+<e and k is even, 





Ss (1 + «)° zn 
is [(n—k—1) + (n—Be]}* nt <0, 


since the terms decrease in absolute value and the first is negative. The 
sum of the first (k-+2)/2 positive terms is less than the modulus of 


hit GE ioe er 
&  (k+1)! if z is finite; and is less than the modulus of the first 


term if z is infinitesimal. Hence f—x-1/¢,s(2)<0 when z<0 if k is even 
and g=1+e. 

When g=1/e, the proof is similar to the above. If k is odd, the 
approximate value of the negative zero is obtained by a method similar 
to that used for the approximate positive zero when g = 1+ <. 
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Some properties cf /4,1(z) may be studied by means of the incomplete 
gamma-function 
a Zz a 1)" gatn 
“(n+a)n! ° 


P:(a) = 


It is seen at once that 
(14) Pz (a) = 
Hence 


(15) fare) = =). 


It has been proved* that 
s 
(16) Pa) = ro |1—e+ & *] 


n=0 2 


where a is a positive integer. Hence 


r — yr 
(17) fa’ (2) Be Zz ). Daal pg ( z) cr} 
where a is a positive integer. 
Some facts concerning the negative zeros of fa;(z) are given in the 
following theorem: 


(a) When k is even and a = ae Cis Sa (2) has no negative zero. 


(b) When k is odd, fa,(z) has one and only negative zero. 
(c) There is a zero at zg = —1 for one and only value of a in each interval 


6 vo: La 


and 


—2m—2+ —2m—2 + ————- > m = 2,3.-- 


1 
@mtp="= ws (2m THT 


and for no other value of a. 

(a) This is determined from the theorem:t If z is any arbitrary, finite, 
positive number and if p is an integer > 0, then P; (a) is always negative 
when a is in the interval —2p—1<a<—2p. 

If z<0 and k is even, then P_,(a) is negative. From (15), fa, (2) is 
also negative. 

(b) From (a), if k is odd, fai1(2)<.0 when a<0; then from (6), fa,(z) 
is decreasing. From Theorem VIII, it follows that there is one negative zero. 





* Nielsen, Theorie der Gammafunktion, p. 28. 
+ Nielsen, Theorie der Gammafunktion, p. 34. 
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(c) This follows from the theorem proved by Gronwall:* The real zeros 
of P,(a) lie one and only one in each interval 


6 1 

sili ae a SC Ei Bi 8 ice 

2m—I—S or 0 tS 2 1— Gl 
and 


Ot gaa 05 — te 8+ ee 


4)!? m = 2, 3,-++. 
The zeros of fa,s (2) when s is even will now be discussed. It is seen at 
once that the function has no positive zeros. 
THEOREM XI. Jf s is even, f—K~1/,s(z) has at least one negative zero 


es 8 
between © and —(k+1) if k is even and 1 > (q—1)’+ ( 60 ; or if k 


1 1 
dr es ae 
is odd, and 1 @ Gai + - q—iy* 


Let the given function be represented by F(z). When s is even, F(0)>0. 
Take k even. F(—k—1)= P+ where 





k—1 
ee gig bn on _F ip +1)" 
sacashad = 2, iqu-—ge—lf al * =< H, (qn—qk—1 on! ° 


The terms of both P and F are alternately positive and negative. There 
is an even number of terms in P with the last one negative and, as in 
Theorem VIII, it may be proved that the terms increase numerically; hence 
P<0O. Beginning with the fourth, the sum of the terms of RB is negative 
since they are decreasing numerically and the fourth is negative. The sum 
of the first three terms of #& is negative or zero if 


k-+ ® k ve 
an 2 eee. oe 5d. ete 


(q—1 (+1)! (2qg—1) (k+2)! 


kei ke Ee EH wae 
(k+1)! — ge ts — (k+2)! ; then R< 0 if 


Since 


Ss ots I - 

(20) > @—1v+ ($=). 
The last term is positive and <(1/2)’. Then the term (g—1)* must be 
less than 1. Hence g has only a small range of values, 1<q<q@<2. 





* Bull. Amer. Math. Soc., vol. 22 (1916), p. 375. 





ENTIRE FUNCTIONS. 
Take k odd. F(—k—1) = P+R where 


_— FS Cie &4+m 2 (—1)"q? = (k-+1)" 
(21) P= (ng—gk—1)_ nn! , k= 2 eS n! * 








n=0 


The proof is similar to that given when k is even. In this case, it may 
be shown that the sum of the first three terms of RF is negative if 


(22) 





1 4 1 
q+1y © @—1y¥" 

Here the only restriction on g is that it must exceed a certain number 
which is greater than 2. 

THEOREM XII. When s is even, f—x-1/q,s(¢) has not more than k+1 
negative zeros. 

When k = 0, from (6) and Theorem IV, we find that f;—1/¢,s(z) is always 
increasing and cannot have more than one negative zero. Then, when 
k = 1, the function cannot have more than one maximum or minimum value. 
Now in a continuous function the number of zeros cannot exceed by more 
than one the sum of the number of maximum and minimum values of the 
function. Hence when k = 1, the function cannot have more than two 
zeros. Continuing with k = 2, 3, and so on, it is seen that for any k, 
there are not more than k-+-1 zeros. 


THEOREM XIII. Let F(z) = >> ( — —. =, a > 0, by > 0, 
n=0 1 2 . 


k= 1,2; and a,> dy. Then F(z) has no positive zero and not more than 


b, bg 
one negative zero. If “ re 





< 0, F(z) has no real zero. 
2 
To prove this, the following theorem of Laguerre* will be used: The 


number of real roots of f e—** w(t) dt is at most equal to the number of 


t 
roots of foe du which are included between a and b. 


From (7), F(—z) =[re (b, *—1— b, t=) dt. Let y(t) = b, 1 — b, =, 

Take f(t) = f, ° (u)du = t A —>| Now /(¢) can have not more 
0 1 2 

than one positive zero and can have no zero between 0 and 1 if 


De ai 
a a 
A necessary condition then that F(z) have a real zero is 


(23) bee > 0. 


a ale 





* (Euvres, vol. I, p. 29. 
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Assuming that (23) is satisfied, we shall prove that F(z) has no positive 


zero. 


—by)n+ dz b,— a, by 2” 





ro =  & 


r= 


From (23), b, P. (a,/daz) bs PP be. 


n!- 


(n+ a;) (n+ ag) 


Also agb,—a,b,>0. Hence F(z)>0, 














when z=> 0. 7 
i b, i by 3 2” 
THEOREM XIV. Let F(z) = $(- in ate, etal al’ 


by > 0, k = 1, 2,3; and a, >a, > a3. Then F(z) has no positive zero and 


It has no real zero e 








ax > 0, 


not more than one negative zero. 
b, i 
( a 


byt» Dg 


Here f(t) = t 2 =. As before, ne use of Laguerre’s 
2 3 


theorem, it may be proved that F(z) has not more than one real zero, 
and that a necessary condition for a real zero is 





(24) 


Assuming (24) to be true, it will be proved that F'(z)>0 when z = 0. 





a ae An?+ Bn+C e 
FO = 2 ta) +a) 4a) nl’ 


A = bi — be—bs, 
Bx b, (as aL alg) — be (a + as) — bs (a, + as), 


C = Dy, de dg — be A, Ag — Dg a, Ae. 


From (24), C>0. Now ag a3(b,—b, — bs) > C>0; hence A>0O. Bmay 
be written: 


1 
= [(b, a, a, — b, a,,— b, a, a,) + (b, —b,—b,) a2 + b, (a, a,)]. 


—a,) (a,— 


Then B>O since each quantity in parentheses is positive. 
; sats . 
The function F'(z) ae tote al where b,c, d, and e are all 


real, will now be considered, It may be written (e—bd) Py,<(z) + dQo,e(2), 
where 


Po,.(2) = 





2) i) 


= 7 ERE; 3 = and Qe) = > 


n=0 


n+b oo 
(n+ b)?+c® n!° 
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It will now be shown that P),-(z) and Q:,-(z) may each be represented 
i) 


by integrals when }>0O. From the formula f sin ct(e—*)"dt = c/(n*?+ c*), 
n> 0, we have 


i” sin ct (e-*)"’ at = 


z= 








2, arr e 


Now apply the theorem that 


S fr@Ar@ae =[o@| S pwae| 


20 
if >> JIn(x) is uniformly convergent for all values of x >a and f | p(x) dx | 
n=0 

is convergent. The conditions of this theorem are satisfied in (25) since 

eet 
z 
n~—0O 
cae 


is uniformly convergent and i- |sin ct e~*dt| is convergent. 





oo 
1 a 1 - 
(26) =, mftoi+e = = J sin cte “ee dt, b>0. 


Similarly, by using the formula 3 e™ cos ctdt = n/(n?+ c*), n>0, 


we cbtain 


2) 
(27) a7 ata 2 £ ~ = feos ot et “dt, b>0 





SS in PW, fel Ria AEE ct 9 0 hg em 8 


2 eee Ra “Se anern 
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APPROXIMATION OF CURVES AND SURFACES 
BY ALGEBRAIC CURVES AND SURFACES. 


By P. A. Smita. 


1. Let J be a simple closed curve lying in the (a, y)-plane. By the 
Theorem of Jordan, J separates the plane into two regions, — the interior 
and exterior regions. The object of this paper is to obtain a polynomial 
series 


() S An(x, 9) 


which will converge uniformly in a region # cotitaining J to a continuous 
function which is 0 on J, and which, in R, is > O at points exterior to 
J and < 0 at interior points. The series (1) moreover is to give rise 
(by equating successive sums to zero) to a sequence of non-singular 
algebraic ovals converging to J in a manner explicitely described in 
Theorem 1. 

Analogous results will be obtained for (n—1) dimensional manifolds in 
n-space (for example, simple closed surfaces in 3-space) but only for a 
restricted class of such manifolds (§ 7). The approximation of the most 
general manifolds is discussed in § 8. 

A special type of approximation of curves, namely by ovals of unicursal 
algebraic curves, is treated in § 5. It will not follow however that the 
series (1) can be chosen so as to give rise to a sequence of unicursal 
curves (see § 6). 

Let J(z,y) be a “distance function” with respect to J defined as 
follows: if d(x, y) is the shortest distance from the point (a, y) to J, then 
J(a, y) = 9(x,y) for (x, y) exterior to J, J(x,y) = —d(z, y) interior to 
J, and J(z, y) = 0 for (wz, y) on J. It is evident that J(z, y) is bounded 
and continuous in any closed region of the plane. 

Let # be the rectangular region a<x<b, c<y<d, where a,b, c,d 
are so chosen that J will lie completely in R, and let R’ designate R 
plus its boundary.* The existence of the series (1) will follow from 

THEOREM 1. Let &, &,--- be a sequence of positive numbers converging 
to zero. There exists for each n a polynomial P,,(x, y) such that 


| Pu (x,y) — J (x,y) | < &n 





*The accent will have this significance throughout this paper when the accented letter 
denotes a region. 
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in R’, while the real part of the curve Py(x,y) = 0 in R consists of a 
non-singular oval in (1,1) continuous correspondence with J, the distance 
between corresponding points being < €n. 

This last situation will be described more briefly by the statement: 
“The oval is mapped (€,) on J”. 

For the series (1) we may obviously take 


io.) 
P, (x, y) + > (Pati (x,y) — Pa(z,y)) 
n=1 
since the sum of the first » terms of this series is P,(x,y).* 
2. Polynomial approximation. We shall make use of the following 
approximation theorem: 
Let S be the region defined by 4 <x<tg, di <<y<d, and let f(x,y) be 
a function defined and continuous at every point of S’ and such that 0f/0x 
and 0f/dy exist and are continuous at every point of T’ where T is a region 
which with its boundary lies in S. Then there exists a sequence of poly- 
nomials ~n(x,y) which converges uniformly to f(x,y) in S’ while 8 gn/8y and 
dqn/dy converge uniformly to df/ax and 3f/dy respectively in T”. 
A proof of this theorem for one variable using for gy, (x) the polynomial 


3 : 2n +1) 
fe OF [1—(u—<x)*}" du, “ee Lai 1 


is given by de la Vallée-Poussinzt The extension of this method to two 
(or ») variables using for y» the polynomial 


(5) 6 two tear teen 


is automatic. It is assumed for this purpose that 0<¢,<@<1 and 
0<d,<d,<1, which is permissable since S may be transformed by a 
suitable linear transformation into a region lying inside the square 0 < x, y <1. 
We further assume that the region of definition of 7 (x, y) has been extended 
in such a way that fla, y) is defined and continuous not only in S but at 
every point of the region 0 < 2, y<1.¢ 





* By known theorems on polynomial approximation (see for example Borel, Lecons sur 
les Fonctions de Variables Réelles, p. 62) there exist polynomials Q, (x,y) converging to 
J (x,y). But in general the real branches of Y, — 0 will have complicated singularities 
and hence Theorem 1 is not a trivial application of polynomial approximation theory. 

+ Bull. de l’Acad. Belg., Cl. des Sci., 1908, p. 193. Landau (Rend. del Circ. Mat. di Pa- 
lermo, vol. 25, 1908, p. 337) uses polynomials similarly defined and proves their convergence 
for m variables but does not treat the convergence of the derivatives. 

t We may define f(a, y) outside of S’ as follows: let Z be a fixed point of S and let 
an arbitrary ray having Z for an end-point cut the boundary of S at the point Z,, (x:, y;) 


16 
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3. Proof of Theorem 1. We shall prove this theorem by establishing 
a sequence of propositions which we shall mark with Roman numerals 
for reference. 

I. Let m be an arbitrary positive number. There can be inscribed in J 
a simple polygon IT which can be mapped (y,) on J. 

Proof. Let a parametric representation of J be given by 


x= f(t), y = g(t) 


where f and g are continuous for all finite values of ¢ and each possesses 
the period ». The distance between two points of J whose parameter 
values are ¢, and f, is 

+V [f(t)—S (4)? + Lg (ts) —g (t)]? 
and, since f and g are continuous, we can choose a number 6 > 0 sufficiently 
small such that, if any two ?’s differ by less than 0, the distance between 
the corresponding points of J is < 9,/2. 

Let us divide the interval (¢, ¢ -+ ) into a finite number of sub-intervals 
each of length < 4/2. Jis correspondingly divided into the ares a, @, +++, @» 
named in circular order and two points on any « or on two successive @’s 
are within a distance of ,/2 from each other. We can now inscribe in J 
a simple polygon WZ in such a way that at least one vertex of J7 shall 
fall on each e@ and such that the vertices of 7 shall follow each other 
in the same order with respect to Z as they do with respect to J.* 

Let V;, Vo, --+, Vey Ve+1 = Vi be the vertices of Z named in the order 
of ¢ increasing and call e; the edge V; Visi (¢ = 1, 2,---, k). As ¢t increases 
continuously from ?¢,,+ to ¢,,, an are #, is described on J. The points V; 


and the boundary of the region 0< 2, y<1 at the point Z,.; then define f(x, y) =f (a1, y:) 
on the segment Z, Ze. 

The method of de la Vallée-Poussin leads to more general results than those here stated. 
Granting these results for the convergence of the gn(ax, y) and making certain assumptions 
concerning the derivatives of f(x,y), the convergence of the derivatives of the gn(z, y) 
can be proved very simply. We define f(a, y) to be zero for points not in S’. Then on 
integrating soe by parts, we obtain a polynomial of the form ga» with f (u,v) replaced 

, Of (u, v) 
by = . ae.” 

*A proof of this statement is given by de la Vallée-Poussin in his Cours d’Analyse 
Infinitésimale, 3rd ed., vol. 1, p. 379. The first step in the proof is to divide the plane 
into small rectangular regions g, by a net of straight lines. There is a slight ambiguity 
in the proof in case any vertex of aq, falls on J. This may be avoided however by 
slightly altering the net in the neighborhood of such vertices. 

T ty, being the value of ¢ corresponding to V, in the interval (to, t) +). 
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and V, are on the same @ or on two successive a’s. In either case the 
distance V, Vz is smaller than y,/2. Furthermore, if C(fig.1) is any point 
of A,, the distance V, C is < ,/2, since |t,,—t.|< 6/2. Hence each point 
of e is within a distance », from every point of 4,. Hence ej (=e, plus 
its end-points) can be mapped (,) on 41, and this can be done in such a 
way that V, and Vz, considered as end-points of £,, correspond respectively 
to themselves considered as end-points of ¢,. 

The remaining edges ¢:,---, e; are now mapped in the same way on the 
corresponding arcs A,, ---, 8, Thus 7 has been mapped (y,) on J and the 
proof of I completed. . 

Consider now the closed curve 6; = 4 +4:+Vit+Vis1 which may have 
multiple points. Let O be a point of the plane lying on neither 7 nor J 





Fig. 1. 


and let a ray be pivoted on O and pass through a movable point M of o;. As 
M describes o; once, the total angular variation of the ray is either zero 
or a non-zero multiple of 27. 

Let Z be the set of points of the plane which lie on neither 7 nor J 
and let C;(i = 1,---, k) consist of those points of Z for which the total 
angular variation with regard to o; is a non-zero multiple of 2a. Let C 
be the logical sum C,+ --- +(C; and D the set L—C.* 

II. Hach point of D is either interior to both J and H or exterior to both. 

For, let H be a point of D. Call v} the angular variation of a ray 
pivoting on H as the movable pointpasses from V, to V, along 4, and 
call vi the corresponding variation when the movable point describes e, 
instead of A, (fig. 1). : 

The total angular variation with respect to H as the movable point 
completely describes o, is evidently v;—v}. But this variation is zero 
since H is not in C,. Hence vi = vi. Similarly 3 = v2, and so on. 





*This set is not. null; it contains for example the points of the plane not in R’. 
16* 
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Therefore the variation with respect to H as the movable point completely 
describes 7 is exactly equal to the variation as the point describes J, 
Now, the total variation with respect to H as the movable point describes 
any simple closed curve not on H is either 0 or 27 according as H is exterior 
or interior to that curve.* Hence H is either exterior to both W and J, 
or interior to both. 
Ill. Each point N of the set C is within a distance 9, from H and from J. 
For N is a point of some C;, say C,. Let E be a point of e. Draw 
the linear segment HN and extend it indefinitely beyond N forming the 
ray ENo (fig. 2). The 
ray Noo must meet A. 
For if not, Noo does not 
touch o, at all and hence 
there would be a position 
which a ray pivoting on NV 
never assumes as the mov- 
able point describes 9,; 
and this is absurd since 
the angular variation with 
respect to any point of C, 
as the movable point de- 
By scribes o, is a non-zero 
Fig. 2. multiple of 27. Call, 
then, F a point which 
No has in common with 4,. Then EF’ <m by the construction of 7 
and hence HN<, and NF'< 4. This establishes III. 
Let W(x, y) be the distance function with respect to 7. Then 
IV. The inequality 





I(x, y) — J (a, y) | < 2m 


holds for all finite points of the plane. 

For if («,y) is on both 7 and J, then W(x, y) = J(z,y) = 0. Next, 
if (x,y) is interior to one of 7 or J and exterior to the other, then it 
belongs to the set C’ and hence by III 


IT (a, y)| < M1; J (a, y)| ~ I. 


Finally, suppose that (x, y) is interior to both 7 and J or exterior to both. 
Then (x, y) and J(x, y) are of like sign and their absolute values differ 
by less than 4,. For since each point of Z is within a distance of m 


* See Kerékjarté, Vorlesungen iiber Topologie I, p. 84. 
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from J and conversely, the shortest distance from (z, y) to J can not differ 
from the shortest distance to Z by more than 7;. 

We now construct a “rounded-off” 
polygon K by fitting arcs of tangent circles 
into the corners of 7 as shown in fig. 3. 

Let q: be an arbitrary positive number. 
Manifestly, if the circles used in con- 
structing K are sufficiently small, then 
(a) K will be free from multiple points, 
and (b) K can be mapped (y,) on Z. For 
(b) it is necessary to take the circles so 
small that each are X; Y; (fig. 3) can be 
mapped (y7,) on the corresponding broken Fig. 3. 
line X;Vi Y;. By virtue of I we have 

V. K can be mapped (y,+ 42) on J. 

Let K(x, y) be the distance function with respect to K. By applying 
the reasoning in the proofs of III and IV to the curves 77 and K, we obtain 















M(x, y) — K(a, y)| < 29. 










Combining this with IV, we have 
VI. For all finite points of the plane 






(2) K(a, y)—J (a, Y)| <2(m.+ a). 









K consists alternately of linear segments and circular arcs, together 
with all the end-points. Referring alike to linear segments and arcs as 
edges, each edge to include its end-points, let p be the shortest distance 
between any two non-consecutive edges of K. Let gq be the length of 
the smallest radius of the circles used in constructing K, and let «>0O 
be smaller than each of p/2, g. 

Now let P be an arbitrary point of K and s a linear segment of length 
2u, normal to K and having P for its mid-point. When P is fixed, we 
shall call s together with its end-points a normal segment. 

VII. Two normal segments having distinct mid-points can not meet. 

This is obvious if the two mid-points P, and P, are on the same linear 
segment of K. If they are on the same arc or on a linear segment and 
its adjacent are, VII holds since «<q. Suppose then that P, and P; are 
on two non-consecutive edges of K. Then if the corresponding normal 
segments meet, the distance between P, and P, would be < 24<~>»p, 
contrary to the definition of p. 
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VII. A normal segment with mid-point P has no other point in common 
with K. 

This is a corollary of VU. 

We now let P describe a complete circuit on K. It follows* from VIII 
that one end-point of s re- 
mains interior to K and the 
other exterior. Hence the 
end-points of s trace two 
closed curves,—-one, ZF, lying 
wholly exterior to K and the 
other, 7Z;, wholly interior. 
Since w<q, TY and J; will 
have no corners. They will 
in fact, consist of linear seg- 
ments parallel to those of K 

Fig. 4. and circular ares concentric 
with the ares of K (fig. 4). 

IX. I, and I; possess no multiple points. 

For a multiple point of either curve would be on two or more normal 
segments through distinct points of K, contrary to VII. 

The totality of normal segments constitutes a ring-shaped region U 
containing K and having the boundary 7+ /;. 

X. Each point of U' is on one and only one normal segment. 

Each point of U is on at least one by construction of U. That it can 
be on only one follows from VII. 

We now consider the distance function K(z, y). From the nature of 
K and of the region U we see that the surface z = K(z, y) will consist, 
for (x,y) in U of pieces of planes and pieces of right circular cones joined 
alternately,—the planes and the elements of the cones making uniformly 
an angle of 45° with the (a, y)-plane. A normal to the surface at the 
point (x, y,z) would vary continuously as (a, y) moves continuously in U; 


that is, its direction cosines are continuous functions of 2 and y in U. 


aK Fr : ‘ 
Hence oe and 5 exist and are continuous at each point of U. 





¥ 
Let 4; >0 be arbitrarily small and let ~ >0O be smaller than each of 
#, 23. A region U-is now to be constructed precisely as we constructed 





*It is a theorem proved by Lenties (Theorems on Simple Finite Polygon and Polyhedron, 
Am. Journ., 1911, p. 43) that, if a linear segment AB meets a polygon in only one point 
C not a vertex, then AC and BC lie one in the interior region of the polygon and one 
in the exterior region. It is a simple matter to extend this theorem to a polygon such 
as K, with C any point of the polygon and AB not tangent to one of the ares. 
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U except that we shall now take s to be of length 2m. Let I and I; be 
the new curves corresponding to the curves [, and 7;. U together with 


its boundary lies wholly in U. Hence 4a and a are continuous at 
each point of U and its boundary. When (x,y) is on I, K (x,y) = pb, 
while for (wy) on Ij, K (x,y) = —p. Moreover 


K(a,y)> pe for (a, y) exterior to Ty, 


3 f 
@) K (x,y) <p for (a, y) interior to J;. 


By the theorem of §-2 we can obtain now a polynomial P(z, y) such 
that in R’* 


(4) 3 | P(x, y)—K(a,y)| <p 
while in U’, 
oa. Sar" 3 Oy dy 2° 


By (2) and (4) we shall have, since p< 4s, 


(5) | P (a, y)—J (a, y) | < 2(q + 92) + 9s 
uniformly in R’. 
By virtue of (3) and (4) for (a, y) in R’ 


P(x, y) >0 on and exterior to I, 
P(a, y) <0 on and interior to Tj. 


Hence the points of R’ at which P(x, y) is zero lie in U. These points 
constitute a set A of one or more real branches of the curve P(z, y) = 0. 
XI. A meets each normal segment of U at one and only one point. 
Proof. Each normal segment intersects A at least once; for P(x, y) > 0 
at that end of the segment which lies on T+while P(x, y) < 0 at the 
other end. 
Each normal segment meets A at most once. To prove this we note 
first. that 
dP aK oP dK oP 0K 
= —= ( os a+ ( 


tg 55) sin @ 


dn dn 


Ox Ox 


where = and = denote derivatives along a normal to K in an out- 


* We can obviously assume that R contains all the geometric elements which we have 
constructed up to this point, in particular, J. and I. For if this were not the case, we 
could here increase the size of R. 
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ward direction, « being the angle which the normal makes with the x-axis. 


Hence 
_ 9K 
Ox 


and hence by (4a) 


Pi ae) oe ae ; iets 
(6) an — dn | <9 (sin @| + [eos @|) < 1. 
Now if P(x, y) is zero at two distinct points S, and S, of a normal 
segment, then at a third point S; lying on the segment S, S, we would 


have a = 0 by Rolle’s Theorem. Then at 8; 


dP aK) _ 
|\dn dn| 


1 


since = 1 at every point of U. This contradicts (6) and hence XI 


is proved. 

XII. A can be mapped (ys) on K. 

Proof. By making each point P of K correspond to the point of A 
which lies on the normal segment through P, we obtain a (1,1) corres- 
pondence between the points of A and those of K. We must show that 
this correspondence is continuous. Suppose that 7), 72,--- is a sequence 
of points of K converging to the unique limit point 7 of K, and let 
Ti, T?,--+ be the corresponding points of A. This latter sequence will 
have one or more limit points which must lie on the normal segment 
through 7. But there can not be more than one such limit point, for 
otherwise A, being a closed set, would contain these points and would 
thus intersect the normal segment through 7 at more than one point 
which can not happen, by XI. Therefore 7y, T7,--- converge to a unique 
limit pcint 7’ which is the point of A corresponding to 7. 

This proves that the correspondence is continuous. The distance between 
any pair of corresponding points is < 4g since w< 43. Hence XII is 
completely established. 

COROLLARY. A is a simple closed curve. 

By V and XII we have 

VIII. A can be mapped (4, + 42-+ 43) on J. 

Since 71, 42, 93 Were arbitrary numbers, we can assume that 


2 (4: + 42) + 48 < én. 
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é, being defined in Theorem 1. Hence (5) may be written 
P(x, y)—I(x,y)| <&n 


and by XIII A can be mapped (¢,) on J. Hence P(x, y) may be taken 
for the polynomial P,(x, y) of Theorem 1, which completes the proof of 
that theorem. 

4. Behavior of P,, (x, y) outside of R’. Let Q be the square region 
O0<a,y<1. The lines x= 34, x=— 4, y=4, y = % divide Q into nine 
square regions of equal area. Call the central region S, and the others 
Si, Sz, +++, Sp. 

Let c be a simple closed curve in S) consisting of a finite number of 
analytic arcs and let f(x,y) be a function defined and continuous at every 
finite point, equal to zero on c, >O exterior to c, and <0 interior to c. 
Call C the region interior to c and let M be the maximum value of —/ (zx, y) 
in C’. Assume finally that for every point not in So, 


(8) Se, y) > M. 
LemMA. The inequality 


(9) (Ax) ff S(u, v) [1—(u— ax)?” [1—(w— y)*f" dudv >0 
Q 


holds for every finite point not in So, and for every value of n> 0. 


We have J J= J J +d 


Obviously, for any finite point not in So and for any positive n, 


[foo ffs. 


from the definition of f(a, y) and the fact that the other factor of the 


integrand is never negative. Hence f J > 0 if 
Q 


ic 
or, a fortiorz, if 
0 {>I 
s; c 
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S being any one of the regions S,,---, Ss, since f f >0. Hence it is 
Q—C-S, 
sufficient to show that for each finite (x, y) not in So, the inequality (10) 
holds for at least one S; regardless of the value of n. 
But this is true because (a) the area of each S; is greater than the area 
of C; (b) if (u, v) is any point of C and (w, v;) any point of Sj, then 


JS (ui, vi) > M> —f(u, v) 


by (8) and the definition of M; (c) if (a, y) is any finite point not in S, 
then for each » there is at least one S; such that 


[1 —(u—a)y?]” [1 —(i— "J" > [1 —(u— x9] [1 —(v — yy)?” 
(u,v) and (u;, vi) having the same meaning as in (b). To prove (c) we 
observe first that for a fixed x not in the interval (0, 1) the function 

k(u) = [1—(u—2]” 


has no maximum in the interval (0, 1) but is either monotone or has a 
single minimum. For 


dk 


= —4n(u—zx) [1—(u—2x)3]”"*. 


Since u+z in the interval (0, 1) a can only be zero if at all, for 


u=a+1oru=2—1. One, but not both, of these values may fall in 
the interval (0, 1). For that value, k(w) =O and hence that value is a 
minimum since k(u) is never negative. 

From this it is clear that for any x not in (0,1) k(u) is greater point — 
for point in one at least of the intervals (0, 4) (4, 1) (end-points excepted) 
than it is in (4,%). (c) follows easily. 

THEOREM 2. The Pn(x, y) of Theorem 1 can be so chosen that for each 
n, Pn(x, y)>O0 at every finite point not in R’. 

Proof. Let Ky be the rounded-off polygon used in obtaining P, (z, y) 
(§3) and Ky (x, y) the corresponding distance function. Let us now choose 
the rectangular region # so large that on its boundary 


En (x, y) > Nn (n — 1, 2, --+) 


where NV, is the maximum value of — K, (z, y) in the interior region of Kn.* 





*It is obvious that R can be so chosen if we recall that the functions K, (a, y) con- 
verge to the function J (a, y). 
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Let us recall that P,(2, y) is a polynomial which approximates K,, (x, y) 
uniformly in R’ to a pre-determined degree of accuracy, while the first 
derivatives of P,(x,y) approximate those of Ky(a, y) in the neighborhood 
of K,. According to § 2, P»(x, y) can be obtained by first transforming R 
linearly into a region which we can take to be S, lying in Q. Kzn(z, y) 
is thereby transformed into Kn(x,y) which can be approximated in Sy as 
closely as is necessary by a certain polynomial P, (x, y) of the type (9) 
whose derivatives approximate those of K,(z,y). On transforming back, 
the desired P, (x, y) is obtained. 

On the boundary of S» and hence also at every point not in Sj, we 
will have 


Kn (a, y) > Nn- 
Hence all the conditions of the Lemma are satisfied and it follows that 
Pr (x, y) >0 
for every finite point not in Sj, and hence 
Pr (x, y) >0 


for every finite point not in R’. 

Since P(x, y) is zero in R’ only on the oval approximating J, we 
have the 

CoroLuaRY. The Pn(x,y) of Theorem 1 can be so chosen that for each n, 
the corresponding approximating oval is the only real branch of the curve 
Pa(x, y) = 0. 

5. Approximation by unicursal curves. THEOREM 3. Given an 
arbitrary positive number ¢, there exists a unicursal algebraic curve whose 
only real branch is a. non-singular oval which can be mapped (e) on J. 

Proof. We shall let K, 7, 43, retain the meanings already given them 
in § 3. Let a parametric representation of K be given by 


x= FQ, y = G() 


2 
Ss 
of are measured in a fixed sense from a fixed point of K. We shall assume 
that F' and G are defined for all finite values of 4. Hence 

(a) F and G are continuous for all finite values of 4 and periodic, each 
possessing the period 27. 


where 4 = s, S being the total length of arc of K, and s the length 
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Let @(2) be the angle which a tangent to K at the point (F(A), G(A)) 
makes with the x-axis. Owing to the rounded nature of K, @(A) is 
continuous for all values of 4 while sin 6(4) and cos 6(4) considered as 
functions of 4 each possess the period 27, 

We have 

dx S dx S 


ina a. 
‘Oe a aaet ae oe 


(11) 


Hence 
(b) F’(4) and G@’(4) are continuous and periodic, each of period 22. 
(c) F, G, F’, G’, are bounded and each possesses only a finite number 
of maxima and minima when / varies over any interval of length 27. 
Now let @ be a number such that 


(12) 


and let d>0O be such that, if 4; and 4; are any two values of 4 satisfying 
the inequality 


then 
F' (4;) — F" (4) | 


(13) |@" (i) —G'() | <a. 


Having thus defined 0, let 4, be an arbitrary positive number and let & 
be such that 


and such that, if P, and P, are any two points of K with P, Pr < 28, 
then 


4,—4.i<d 
where 4, and A, are suitably* chosen values of 4 corresponding to P, 
and P;. The existence of § follows easily from continuity considerations 
and the fact that K is without multiple points. 
By virtue of (a), (b), and (c) we can approximate the functions F and G 
uniformly by Fourier Sums whose derivatives approximate F’ and @’ respect- 
ively. More precisely, there exist functions g(A) and w(A) defined by 


*j. e. with regard to addition of suitable multiples of 27. 
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g(4) = cos nA + by sin nd, 
(15) 
m cos nA + dy, sin nd, 


ya) = 


Mo N 
teu 
. N 
ztZe 


where JN is sufficiently large and the an, bn», c,, dy are Fourier coefficients, 
such that 

F@—9@)|< ps: 
(16) P 
EM—W@|<P5 
and 


(17) 


for all values of 4. 
I. The curve 2 represented by the equations 


F’™@)—¢9'@)\<e, 
1G’ (4) —y'(A)| <a, 


(2) zc= gg), y= vA) 


can be mapped (ny) on K and is therefore a simple closed curve. 

A continuous correspondence between the points of K and those of 2 
may be defined by letting the point of 2 with parameter value 4 correspond 
to the point of K having the same parameter value. The distance A(A) 
between corresponding points is given by 


A*(4) = [F@)—9A]?+[E@)—y@/P 
and by (16) and (14) 
(18) AA)<E<m 
for all values of 4. 

It remains to show that the correspondence established between 2 and K 
is (1,1). Let us consider as identical, values of 4 differing by integer 
multiples of 2a. Then to each point of K there corresponds only one 
value of 4 and hence one point of 2. We must then show that to each 
point of 2 there corresponds only one value of 4 and hence only one 
point of K. To prove this suppose that to the point P, of 2 there correspond 
two values of 4, 4, and 4. Let Q, and Q, be the two points of K corres- 
ponding to these parameter values. By (18) 


Q Po <8, Q: Py << 
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and hence Q, Q.<2&. Hence by choice of & 


|A;—dy| <4. 
Now by assumption 


@ (A) a y (Az), w(4,) = W(ds). 
Hence there must exist by Rolle’s Theorem numbers 4, and 4, where 


de << Ag xk, 
A, < A, ~, ds 
such that 


g’ (As) = 0, y/ (a4) az §, 
Hence by (17) 


(19) F’ (as) <a, G’ (Ay) <<a@, 
Since |4,; —4,|< 6, we have by (13) 
| F" (43) — F" (44) |< @ 


and hence by (19, i) 
(20) F' (4) < 2a. 


Combining (11) with (19, ii) and (20) 


ens 00) |< 2 8, ind) |< see. 


S S 
Hence by (12) 
1 
2 ’ 


i 
< 


cos 0(A,4)| << | sin 6 (A,)| << 
But this is absurd, and hence to no point of 2 can there correspond two 
values of 4. This establishes I. 

As a consequence of I together with V of § 3, we have 

II. 2 can be mapped (9: + 42+ 4) on J. 

Since 4, 92, 7, are arbitrary positive numbers, we can assume that 


™ + 42+ < &, 


where « is given in Theorem 3. In order now to complete the proof of 
this theorem, it remains to show that 2 is the only real branch of a 
unicursal curve. 
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; : . A 
Since sinnmA and cosmA are expressible as rational functions of tan-> 
we can, by making the substitution 
A 
u = tan oe 
reduce the equations (2) to 


(21) a=Ru), y= Rw), 


where R, and R, are rational functions with real coefficients. As 4 varies 
from —2 to +2, u varies from —oo to +00 and the corresponding point 
of 2 describes 2 exactly once. Hence, with the exception of the point which 
corresponds to + o, there is a (1,1) correspondence between the points 
of 2 and the real values of u. Hence 2 is a complete real branch of the 
unicursal curve which is represented by (21) when u is allowed to assume 
al! complex values. By the Theorem of Harnack a curve of genus p can 
have at most p+ 1 real branches.* Hence 2 is the only real branch of U, 
and Theorem 5 is thus completely established. 

6. Discussion of results for curves. The work of §5 does not 
preclude the possibility of the unicursal curve U having real isolated points. 
It is conceivable for example, that on demanding that 2 approximate J 
more and more closely (corresponding, say, to the sequence «,, &, --- of 
Theorem 1) the set of real isolated points tends to become everywhere 
dense in some region containing J. Suppose that for each ¢, the corre- 
sponding U has a polynomial representation S,,(z, y) = 0. The polynomials 
S,(x,y) would certainly not converge uniformly in any region containing 
J to a function of the type J(z, y). 

On the other hand, we have obtained no information concerning the genus 
of the curves P, (x, y) = 0 of Theorem 1. In other words, we can not con- 
clude from our methods that Theorems 1 and 3 can be combined. 

7. Approximation of manifolds in n-Space. We extend Theorem 1 
to (n—1)-dimensional manifoldst M"— in a number space S*, admitting 
of a local parametric representation of the form 


at = gi(ul, ---, wu”), 


The points (u’, ---, w*—') describe an (m—1)-cell C” in which the g* 
together with their first derivatives are continuous, the g* being single-valued. 
At no point of C"—' do the Jacobians 





* See for example, Severi-Léffler: Vorlesungen itiber Algebraische Geometrie, p. 239. 
It is implied in this proof that a real branch is any set of real points of the curve whose 
image on the Riemann Surface is a 1-circuit. 2 obviously satisfies this definition. 

+ As defined by 0. Veblen, Analysis Situs, p. 88. 
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a (2/, a, sade a) 
8 (o', u®, .--, *g®—") 





all vanish. By these assumptions M@”~' possesses at each point a unique 
normal which varies continuously with the point. 

By the Jordan-Brouwer Theorem* S” is separated by M”— into two 
connected regions. Hence a distance function M"—'(a', -.-, 2”) may be 
defined with respect to MM". 

Let A” be a generalized rectangular region containing M”—. 

THEOREM 4. Given an «> 0, there exists a polynomial A(z’,---, 2”) 
such that 

| M** (x, -- +, *)— A(a', ---, a") |<e 


in Rn, while the real finite points of the algebraic manifold 
(22) A(z’, hate a”) = 0 


constitute a manifold which can be mapped (e) on M*—', 

A(a',---,2") may be obtained precisely as we obtained the corresponding 
polynomial for the rounded-off polygon K, § 3.+ The only detail which 
must be considered is the construction of a region U” by means of normal 
segments, analogous to the ring-shaped region U of § 3, in which the 
first derivatives of M"—'(a',.--,a”) are continuous. It will be sufficient 
to prove the following propositions: 

I. For each point P of M”~, there exists a number 7 >0 and an 
(n—1)-cell Bp on M”" containing P, such that no two normal segments 
of length 2 and mid-points distinct points of Bp meet. 

Proof. In a small neighborhood Vp of P on M”~' corresponding to 
(u’,---,w"-) in a cell C%~', each normal is given a unique sense by 
bringing a variable, sensed normal into coincidence with it. To each of 
the points on these normals is associated one or more sets 


(w',---, u™—1, mn), 


where » is the distance, with proper sign, from M"— to the point along 
one of the normals through it. The corresponding «-codrdinates are 
given, say, by 

(23) at = y*(u',.--, u*-1, n), (u’,---, a") in Cz. 


*See J. W. Alexander, Proof and Extension of the Jordan-Brouwer Theorem, Trans. 
Amer. Math. Soc., vol. 23 (1922), p. 333. 

+The approximation theorem of § 2 generalizes without difficulty, and an obvious 
extension of § 4 allows us to choose A(x',---,a") so that its finite real points constitute 
but a single manifold. 
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Now at P, the Jacobian 
J= a(y', w®, ea y") 


0 (u’, ety wr, n) 


rita = >= ae == > ai Ai, 


where the a? are the direction cosines of the normal at P, and A* is the 





is equal to 








cofactor of iv in J. The A‘ are proportional to the a‘; and hence 
Dai Ai = K Dd (ai)*, K +0. 
i 
Hence at P, J+0. But the derivatives oe are continuous since the 
| ee REO, 
ous” on 


an (n-—1)-cell Dp contained in C%~', and a number 4, > 0 such that for, 
(ut,---,u"-!) in Dp and |n|<9,, J+0. Hence for these points (23) 
possesses a single-valued inverse. Hence if Bp is the image of Dp on 
M"—, no two normal segments of length 2, 7 <4, and distinet mid- 
points in Bp intersect. 

II. A value w for y exists which serves for the whole manifold M”"~"'. 
For if not, we could easily show the existence of a point for which I 
does not hold. As a corollary: 

11]. A normal segment of length 2” has only its mid-point in common 
with M", 

IV. One end-point of a normal segment of length 2m and variable mid- 
point remains always interior to 1/”—', the other exterior. This follows 
from ITI.* 

We take for U” the totality of normal segments of length 2m. 


V. The first derivatives of M"—!(a1, ---, 2”) are continuous in U". For 
n—1 
at a point P in U", - ae - is the rate of change of the normal distance 


from P to M". This is easily seen to be equal to the cosine of the 
angle which the normal makes with the z‘-axis, and hence it is continuous. 

8. More general manifolds. Theorem 4 obviously holds for any 
closed manifold H”— in S” for which there exists a manifold of type M"— 





*For, if AB is a normal segment with variable mid-point P, then by III PA (P not 
included) is always on the same side of M”~'; similarly for PB. Now the totality {PA} 


n—l 


of segments PA plus the totality {PB} constitutes a complete neighborhood of M 
which consists of two disjoint parts since M”— "is two-sided. Hence {PA} is on one sille 
of M"~ and {PB} on the other. 
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upon which it may be mapped (¢). It is not known that the most general 
HH” can be thus approximated. We shall indicate briefiy however how 
this may be done for 2 and 3-dimensional polyhedra in S* and S* respect- 
ively, and point out what prevents our method from extending to m dimensions. 

Let 7" (n = 8 or 4) be a non-singular (n—1)-dimensional polyhedron* 
in 9”, 

THEOREM 5. There exists a manifold K"— of type M™— (§ 7) which 
can be mapped (e) on II*—1, n = 3 or 4. 

Proof. K*” will be obtained by “rounding off the corners” of 7” 
by fitting in pieces of tangent surfaces. These surfaces will always be 
generated by an arc of a circle or a portion of a sphere. The resulting 
manifold will possess a continuously turning tangent plane and will be 
seen therefore to possess the properties of an M”~'. We shall treat 
separately the cases nm = 3 and n = 4. 

n= 3. By introducing new edges when necessary, we may assume 
that the faces of Z* are triangular. Since M* is non-singular, two faces 
abut on each edge. 

Let it be understood once and for all that the upper bound of each 
radius mentioned in the following is to be so small that the statements 
which will be made concerning mapping will be true. 

Now let P be a variable point of an edge e, whose ends are the vertices V, 
and V,. A plane perpendicular to e, at P, intersects the two faces abutting 
on ¢, in a pair of lines whose angle 6 is constant. We may assume 6 + 7; 
for, if 6 = 7, there is no rounding to be done along e, and we proceed 
to another edge. Into 6 we fit an are o of a tangent circle of radius @ 
(see fig. 3, § 3) and o can be mapped («) on the broken line which it replaces. 
In the neighborhood of V;,e, which is a function of P, is to approach 
zero linearly as P approaches V,; similarly at V,. Elsewhere on ¢, @ is 
to vary so that ae —=V,P, is continuous. The resulting surface &, 
generated by 9, consists near V, (also Vz) of a portion of a circular cone 
with apex V;. &, possesses a continuously turning tangent plane and can 
be mapped (¢) on the part of * which it replaces. 

We treat the remaining edges in a similar manner, choosing the upper 
bounds of the radii so small that no two surfaces S, intersect. We thus 
obtain a surface i; which can be mapped («) on 7” and which possesses 
a continuously turning tangent plane except at the vertices. 


*For a definition of polyhedron see 0. Veblen, On the Decomposition of n-Space by 
a Polyhedron, Trans. Amer. Math. Soc. 14 (1913), p.65. By non-singular we shall mean 
that, if P is any point of 1/"~’, the points of //"~* interior to and on an (n—1)-sphere 
of sufficiently small radius and center P constitute an (n—1)-cell and its boundary. 
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Now let a sphere O of radius t be placed about V, for center. For t 
sufficiently small the points of 17* interior to O constitute a 2-cell. It is 
easily seen that the same statement holds for Ij, the 2-cell being, say, ¢’. 
We further take t so small that O cuts the surfaces &, adjacent to V, 
only in the portions where they are conical. With + so chosen, we see 
that O is orthogonal to H;, cutting it in a simple rounded-off polygon L. 
We replace c*? by one of the two 2-cells on O, call it d*, which LZ bounds. 
c? can be mapped («) on d® and this is to be done in such a way that L 
considered as the boundary of c®? corresponds to itself considered as the 
boundary of d’. 

There is no difficulty now in rounding off the corner along LZ which d? 
makes with 17; —c’, by fitting a 2-dimensional collar which can be mapped (e) 
on the part of WZ which it replaces. The collar is generated precisely 
like a surface & but with a generating are of constant radius. 

Treating the remaining vertices of WZ in like manner, we have the 
desired K®*, 

n == 4. We merely outline the argument here which follows closely 
that of the previous case. 

By introducing new 2-faces when necessary, we may assume that all 
the 3-faces of /7* are tetrahedral, and hence all 2-faces triangular. Two 
3-faces abut at each 2-face. 

Let P be a variable point of a 2-face Fj at which the 3-faces F} and F2 
abut. An S” perpendicular to Fi and F2 at P cuts them in a pair of 
lines forming a constant angle which we may assume to be +2”. We 
round off this angle by an are of radius r = g(P) where ¢(P), a single- 
valued function of P, has the property that it approaches zero linearly 


as P approaches the boundary B of Fi along a line either perpendicular 


to an F' on B or through an F” on B. Elsewhere on Fi, a and % are 


to be continuous, where § and » are the codrdinates of P with regard to 
a cartesian system set up in the plane of F7. Finally y(P), always positive, 
is to have an upper bound small as we please.* 

Having treated all 2-faces in like manner, we obtain a manifold 7} having 
the desired properties except along its edges and vertices. An S* perpen- 
dicular to an edge F" at a variable point Q, intersects 7; near Q in a set 
of points whose structure is precisely that of a neighborhood of a vertex 





*Such a function may be defined by means of a tetrahedral surface 7 erected on F; 
for its base, the fourth vertex D having its orthogonal projection on F;. The edges 
meeting at D are rounded off by the methods for obtaining 7/7. Then D is rounded off 
by a suitable sphere O and collar. In order that the function shall be single-valued, it 
will be necessary that the cell of O which replaces the neighborhood of D shall be the 
one interior to T. 
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of a H;, and is accordingly rounded off by means of a sphere of radius s 
and a 2-dimensional collar the radius of whose generating arc is ¢. s and ¢ 
are to vary with Q precisely as @ varied with P in the construction of 
T7;. The remaining edges are similarly treated. 

We now have a manifold 72 which has the desired properties except 
at the vertices. Owing to the linear nature of the variation of the various 
radii in the neighborhood of a vertex, it is clear that the structure of m 
near a vertex F” is that of a sheaf of lines through F’. Hence a hyper- 
sphere O° of small radius and center F” is orthogonal to i; intersecting it 
in a closed surface L* without corners. The points of Z interior to and 
on O* constitute a 3-cell c® and its boundary. dence L* is of genus zero 
and hence, by a theorem due to J. W. Alexander,* L® bounds two 3-cells 
on 0%, one of which we call d*. We replace c*® by d® and round off the 
corner between d° and 1; —c’ by fitting in 3-dimensional collar of obvious 
construction. 

When the remaining vertices of 72 are similarly treated, the desired K° 
will be obtained. 

The above method demands for its extension to any » that the theorem 
of Alexander just referred to hold for spaces of any dimensionality, and 
this is still an open question. 


* On the Subdivision of 3-Space by a Polyhedron, Proc. Nat. Acad. Sci., vol. 1 (1924), p. 6. 





NOTE ON MATRICES IN A GIVEN FIELD. 


By J. H. M. WeppDERBURN. 


The object of this note is to give two theorems on matrices whose 
coefficients lie in a given field or domain of rationality. The first deals 
with a well known result concerning real symmetric matrices and Hermitian 
matrices. The form of proof is suggested by the discussion given by Tait* 
but has the formal advantage of not employing vectors. The second gives 
a normal form for a matrix which is rational in a given field which differs 
from that already given by Professor Dicksont in that it is analogous to 
the form usually employed in the field of complex numbers. 


1. Real Hermitian matrices. Before proceeding to the main theorem 


we require the following lemmas. 
LemMA l. Jf a,b, c,--- are matrices such thatt 


(1) aa’+bb’+ce’+--. = 0, 
then a, b, c,-++ are all zero. 

For the trace of (1) is the sum of the squares of the absolute values 
of the coefficients of a, b,c,---. 

Since @’ = a when a is Hermitian, we have: 

Lemma 2. Ifa, b,c, --- are Hermitian matrices such that a®+-b*+-c?+ .-. = 0, 
then a,b, c,--+ are all zero. 

THEOREM 1. The roots of a Hermitian matrix are real and its elementary 
divisors are simple. 

Let x =~’ be a Hermitian matrix and g(x) = 0 its reduced equation;§ 
since 0 = g(x) = g (2’) and x’ has the same reduced equation as z, it 
follows that the coefficients of g are real. Suppose that §&, = a+ 78 (840) 
is a root of g(x); then §&, = a—if£+§&, is also a root and, if 4 is a scalar 
variable, we may write 


(2) g(4) = A—§i) (nA) + tge(4)) = &—Fz) Gi A) —tge A) 


*P. G. Tait, Note on the reality of the symbolical cubic ete., Proc. Roy. Soc. Edinb., 
vol. 6 (1867), pp. 92-93, Se. Papers, vol. 1, pp. 74-75. 

7 L. E. Dickson, A new theory of the rational equivalence of linear transformations of 
pairs of bilinear forms (so far published in abstract only), Bull. Amer. Math: Soc., vol. 31 
(1925), p. 198. 

t Here a’ and a denote, respectively, the transverse and the conjugate imaginary matrices 
related to a. 

§ Readers who are not familiar with the theory of the reduced equation, which is due 
to Frobenius, will find a short discussion of it in Professor Dickson’s “Algebras and their 
arithmetrics”, p. 109. 
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where g, and gz are real polynomials, of lower degree than g, neither of 
which is identically zero since g is real and we are assuming that &, is 
compiex. 

Now 


(3) [9: @)}* + Los @)]? = (Gi) + tgs (@)) i (@) — tgs (@)) = 0 


since from (2) together with &, + &, it follows that &, is a root of g,(4)—ig(A) 
and hence (9,(4) + igs(A)) (g:(4)—zg2(A)) is divisible by g(4). But, since 
the coefficients of g, and gz are real, g(x) and g.(x) are Hermitian matrices, 
so that from (3) and Lemma 2 we conclude that g,(x) and gs(x) are zero; 
and this is impossible since g,(4) and g(4) are not identically zero and 
are of lower degree than g(4). Hence the hypothesis that g has a complex 
root leads to a contradiction, so proving the first part of the theorem. 

To prove that the elementary divisors are simple it is only necessary 
to show that g(4) has no multiple roots. Let 


g(4) = &—Ey h(a), hS) $0, 


and, assuming r>1, set g,(4) = (A—&)""A(A); then [9,(A)]? is divisible 
by g(4) and hence the square of the Hermitian matrix g,(x) is zero, so 
that, by Lemma 2, g,(x) itself is zero, which is impossible since the degree 
of g, is lower than that of g. It follows that r cannot be greater than 1, 
which completes. the proof of the theorem. 

2. Normal form of a matrix which is rational in a given field. 
The notion of an elementary divisor, which is usually introduced with re- 
ference to the field of all complex numbers, generalizes readily when this 
field is replaced by any field #. The formal definition is as follows. Jf 
E,, Es,+++, En are the invariant factors of a matric polynomial in a scalar 
variable 4, and if 

Ej; _— [a (a)]"™ [as (a)]"* eu [a, (ay, = 1, 2, cy N, 


where each o,(A) is an irreducible, rational, scalar polynomial in F, such 
of the factors [a,(A)]"* as are not constants are called the elementary divisors 
of the matric polynomial in F. 

If 
(4) (2) = A$ ay AMA ba 


is a scalar polynomial in a scalar variable 4, then the matrix of degree m 
defined by* 


* So far as I am aware, this form was first given by Frobenius. It is perhaps most 
readily derived by taking the polynomial basis 1, x, x’,---,a"~' and using the relations 
2a = — (a, 2™—" +--+ + an), x. ga? — ae ae | ae Re 





MATRICES IN A GIVEN FIELD. 
——@, ——Gg 9+ —~—ta- ~~ Gea 
1 QO --- O 0 


0 bene® 0 


0 S sie § 0 


has @(A) as its characteristic function i. e., #(4) = |A—axq|; and a (xq) = 0 
is the reduced equation of zg. 

Let 1g denote the identity matrix of degree m and consider the matrix 
of degree rm defined by 


Xa la 


Xa lq 
(6) a (ry rows and columns) 


Xe le 
La 
where xq represents the block of m* terms defined by (5), where 1, is a 
block of m?® terms with 1 in each term of the main diagonal and 0 
elsewhere, and where all other terms are 0. It is readily seen* that, if 
if f(A) is a scalar polynomial, then 
, r—1 
flea) f (ee) 0)... FE 


So (aa) 


J (xa) I’ (xa) ++: (r —2)! 





S (xa) 
where all terms on a parallel to the main diagonal on the right are the 
same as the corresponding element in the first row, and all terms to the 
left of the main diagonal are 0. 





* Cf., for instance, Ann. of Math. (2), vol. 23 (1921), pp. 123-124. 
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Now, if f(x.) = 0, each of the coefficients in (7) must vanish and, 
in particular, f°-(aa) = 0. If f(z) = 0 is the reduced equation of 
Le, J" (2) must equal @(A); for xq can satisfy no equation of lower 
degree than that of «(A). It follows immediately that f(4) = [a(a)}" = 0 
is the reduced equation of z,, and hence, from the theory of invariant 
factors, A—2x, can be reduced by means of rational elementary trans- 
formations to the form 


[«(a)}” 


1 


We can now state our conclusion as follows: 

THEOREM 2. Let a, (A), a, (A),---,ax(4) be polynomials, not necessarily 
distinct, which are rational and irreducible in a field F' and whose degrees 
are My, Mg,+++, M_ respectively; let 11, T2,+-+, Te be any positive integers 
such that 

ry My + 12 Me +++ + eM, = 1; 


then, if X_, is the matrix of degree rim: formed from aj(4) in the same 


way as X_ in (6) is formed from a(A), the matrix of degree n defined by 
Le, 


La, 


Le, 


has o, (A), (A), +--+, a, (4) as its elementary divisors in F. 





ON THE ARITHMETICAL APPLICATIONS 
OF THE POWER SERIES FOR THETA QUOTIENTS. 


By E. T. Bei. 


1. The arithmetical consequences of the trigonometric series for the 
elliptic functions and other theta quotients (elliptic functions of the rth 
kind, r >1) have been extensively investigated, those of the power series 
for the same functions-scarcely at all. The systematic use of the latter 
series amounts to a distinct technique in the application of elliptic functions 
to the theory of numbers, yielding many interesting theorems of new kinds 
which it would be difficult to obtain otherwise. For example, it was 
shown in a former note* that four far reaching theorems on represent- 
ations as sums of squares, published without proof by Liouvillet follow 
easily from the power series for snu, cnu, dnwu, sn? u. In a little known 
paper the late V. Bulyguint by a skilful use of the same series and their 
derivatives obtained, for the first time, a complete and simple solution of 
the problem of determining for any positive integers n, r the number of 
representations of m as a sum of 2r squares. These two applications 
appear to exhaust the literature. 

In the present paper we shall sketch a general method and indicate by 
a few examples how specially prepared lists of what were elsewhere§ 
called the arithmetical expansions for theta quotients can be profitably 
used in this connection. 

2. The singular feature of the arithmetical theorems obtainable by this 
method is seen in the following illustration, which also fixes the notation 
for the quadratic forms used later. 





* Bull. Amer. Math. Soc., vol. 26 (1919), pp. 19-25. . . 

+ Journ. des Math. (2), vol. 6 (1861), pp. 233-8; vol. 6. pp. 369-376. 

t Bull. de l’Acad. impér. des Sci. de St. Petersburg (1914), pp. 389-404. This remarkable 
paper seems to have escaped adequate notice. The abstracts (presented by G. Humbert) 
in the Paris Comptes Rendus, vol. 158 (1914), pp. 328-330, ibid., vol. 161 (1915), pp. 28-31, 
on which is based the account in Dickson’s History, vol. 2, p. 317, are insufficient. Humbert 
was unaware of the existence of the completed memoir, for six years after it was in print 
he enquired whether Bulyguin (died 1919) had ever finished his important research on 
the problem of squares. I am indebted for my knowledge of Bulyguin’s work to Professor 
J. V. Ouspensky of Leningrad. 

§ Trans. Amer. Math. Soc., vol. 22 (1921), pp. 198-201; Messenger of Math., vol. 53 (1924), 
pp. 166-176, hereafter cited as (M). To save space we shall use without further reference 
the m, n, d, t, ¢t, notation in all series and quadratic forms in this paper, as explained 
in (M), p. 167. 
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Let Ua, Vo, W-. denote respectively sums of a uneven, b even, ¢ arbitrary, 
(uneven or even) squares of integers =0, and let (a;, a;) (i = 1, 2,---) be 
distinct pairs of integers, so that (a;, «;) = (aj, @j) only when a; = aq, 
a; = aj, and similarly for (b;, 4;) and (c:, 7). The number of represent- 
ations of m in the form 


A B g 
= = ai Ue,+ p> bj Va, = cn Wy, 


will be written 
N(n) = N(n: (a, &), +++, (aa, @a); (bi, Bi), «++, (dB, BB); (1 71), +++, (co, xe)), 


in which note that the symbols containing a, b, c refer respectively to 
uneven, even, arbitrary squares, and the order of the a, b, c within the 
complete symbol is fixed. When all the squares of a given kind, say 
the W,, are lacking in F, their place in N(m) is marked by a star, thus 


N(n:(m, a,), we ty (aa, a); (b,, A), cates (bp, Bp); *). 


Call f(n) simple if it is an algebraic function of the real divisors alone 
of a single integer, and likewise call the sum of a finite number of simple 
functions simple. Keep the a, b, c in F fixed; let the a;, 8), yx run through 
a range of sets of values S;(¢ = 1, 2,---, 7'), 


—— ‘ t m 
S, = (a, eee, a®; se, eee, BY; yo, see, ¥?), 


and let the particular N(m), for n fixed, pertaining to the S; just written 
be N:(n). Then, although in general no one of Ni(n) (¢ = 1, 2,---, T) 
is simple, it may be possible to choose rational numbers (not necessarily 
integers), vz, not depending upon the n whose representations are concerned, 
such that 


T 
p> Vt N;(n) 
t=1 


is simple, and moreover 7’ does not depend upon n. The situation is 
analogous to a familiar one in the integral calculus, or to the algebraic 
addition theorems for certain transcendental functions. 

The analysis gives at once the forms F, the systems &;, and the numbers 7’, 
for which such theorems exist. It will be evident as we proceed that the 
number of these theorems is infinite. In what follows we do not state the 
explicit forms of the . For a specific F the ™ can always be found; 
the general discussion of these coefficients appears to be a matter of consider- 
able difficulty. Our results therefore are in the nature of existence theorems 
(like those of Liouville cited in § 1), although the analysis in each case 
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shows how the precise forms of the coefficients can be found if required 
(an important detail not indicated by Liouville). 

3. To arrive at theorems of the type described in § 2, the power series 
for the theta quotients must be obtained in two essentially different ways. 
Using Jacobi’s notation we have 


= 9/3, k= #/9, 2K = nh, 
and, with z= u/3, 


Is I; (2) Ho Fs (2) to Fs (2) 
me —- za 7 ast = n = 
Fy Iq (2).’ ds Fo Io(z)’ ts Jo (z) ’ 
whose Maclaurin developments can be written in the convenient symbolic 
forms 
sn uw = sin Su, chu = cos Cu, dn u = cos Du, 


where S/, C/, D/ (7 = 0,1,---) are to be replaced after expansion by 
Sj, Cj, Dj, and OF = D, = 1, 


8,4 >> 8,k* = == 8, OF 9, * (r>0), 


r—2 r 


Casa = Sacra o>, 


r—2 r—2 


Pps 24h = aes ggartais (>), 


in which the s, ce are integers >0O. For completeness s, c: should carry 
a double suffix, soy—i,t, Cor—1,4, but we can neglect this detail. The symbolic 
notation sin Su, etc., leads to a powerful algorithm for expanding 


F(u) = sn*u cn?u dnea, 


where a,b, c are any integers. As this was fully discussed in a previous 
paper* we shall assume here the few simple results poyeres | for illustrating 
the general method. 


The second power series development of F(u) is obtained by writing 
F(u) in the form F(z), where 


I IO I) I) HE) 
BR PRG 





F(z) = 





* Trans. Amer. Math. Soc., vol. 24 (1922), pp. 89-112. 
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Now suppose, as generally is the case, that the arithmetical development 
of F,(z) = GF(z), where G is a theta constant (independent of z), can 
be found more readily than that of F(z). Then, expanding the circular 
functions in the arithmetical development of F,(z), we must always reach 
(as is evident from the papers cited) series of one or other of the forms 


A(z)+ sin Pz, A(z)+ cos Pz, 


where P/ = P; is a power series in g, the sin or cos form occurring 
according as F(z) is an odd or an even function of z (or u), and 
A(z) is either a constant or a series in 2*' containing at most a finite 
number of powers of z~', and moreover the coefficients of the positive 
powers in A(z) are readily determined functions of Bernoulli or Euler 
numbers.* 

Finally, equating coefficients of like powers of u in this development of 
F(z) and the Maclaurin expansion, we obtain an identity of the form 7;— P,, 
where JZ/; is a finite polynomial in Iz (« = 0, 2, 3) with rational coefficients. 
Let us suppose for simplicity, as usually is the case, that no negative 
powers of #, occur in J7;, and further that only even powers of » occur. 
Then # may be eliminated by the transformation of the second order and 
by means of 9§-+ 9$ = Jf. The coefficient of g” in 1; is now seen by 
inspection to be of the form >» N:(m) in § 2; equating like powers of q 
in JJ; we get a theorem of the type there discussed. 

When the above assumptions regarding J/; are violated, the method is 
essentially the same, after clearing the equation of negative powers of 
+,, but the theorems are not simple in the sense of § 2. They relate, 
among other interesting circumstances, to representations in quadratic forms 
in an odd number of indeterminates. 

Obvious modifications of the foregoing outline lead to precisely similar 
conclusions regarding the twofold expansion of any rational function of 
elliptic theta functions. In the particular case where the function expanded 
is elliptic, the final arithmetical theorems are not simple as defined if 
the denominator of the function consists of more than a single product 
of powers of elliptic functions. We proceed to a few illustrations of the 
general process. 

4. To connect the elliptic functions with the arithmetical expansions 
given in (M), we require the forms of sn u, etc., in § 3 and the following 
from (M), 





*In the illustrations of this paper we pay no attention to the arithmetical theorems 
obtainable by considering A (z). , 
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ty = 4 Dom*[D sin ae, 


Ip Ie pet = 4D 9"2[> (—1]6) cos dal, 


9s (a) 
to (x) 


Io Is = 144 > q [S10 cos 2tz]. 


In these we expand the sines and cosines, getting 
‘A — 1)*-1 y2r-1 ie ‘ 
“. ae ieee [93-4 Dg? Cora (m)], 
‘iain 1)" y2r—2 
(2r—2)! 


(—iyf-*r-* 
(2r—2)! 





cn u 4952 > ( [os Dg? &,2(m)], 


dn u a? +4 Da ied pe q” 2°"? Es,» (n)], 


in which the outer > refers to » = 1 to oo, the inner is as in (J), viz., 
it refers to all odd integers m>0O, or to all integers n>0O, and ¢,(N) 
= the sum of the sth powers of all divisors of N, &(N) = the excess 
of the sum of the sth powers of all those divisors of N whose conjugates 
are of the form 4¢-+-1 over the like sum in which the conjugates are of 
the form 4¢—1. 

Comparing these with the Maclaurin developments in § 3, we have the 
following expansions of the S, C, D polynomials: 
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, 
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Sopa ee 497° «iad >" Deis (m), 


Co—2 455° oT * > y? Ts (m), 


D,,_,= 492-” 29-3 > a" & _,(n), 


r—2 ara 
and therefore finally 
r—1 
=, S, atte oe —é-3 _ 4 Zz qm? Fig (m), 
7—3 
=, C, Hit+2 jar—at 4 R qe r (m), 


r—1 


p> Cs «tas atte = Q2r+2 p 2 q™ & & (n), 
=0 


the summations on the right referring to all odd integers m>0, 
all integers n> 0. 
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The last three give the simpiest theorems of the type in § 2. For, 
changing q into g* and comparing coefficients of like powers of g, we have 


r—1 


(I) ZN Om: (1, 4¢+2); (1, awa 4¢, (m), 


r—1 


(II) =, Nm: (1, 4¢+ 2); (1, 4r—44);*) 4 &) (m), 


r—1 


(IIT) ZN (An: (1, 4r—40); (1, 4¢ + 2);*) = 27+? .(n). 


5. The expansions of § 4 alone combined with the processes of elliptic 
functions and the series of (M) suffice to give an endless variety of theorems 
of the type considered. For example, by Jacobi’s imaginary transformation 
and § 3, 


r: i yp es ~ yr (— a) 7 _ 
sn (k iu, pr) = tk ao ik Soy—4 ¥) Qr—1)!’ 


where it is now necessary to indicate that the argument of S is 1/Kk’, 
not k* as before. The expansion of the second function is given in (M): 


Io Fs F, (x)/ Pe (x) = tan xr—4 > g[ > (—1)44? sin 2dz], 


and we have 
snu it 4; (2) 


— —. 9,9 2g = u/%. 
cn u KH ” ” Mley’ ? 


To obtain the necessary expansion of this function as a power series in z 
(or of the preceding in x) we require 


clr? 2r—1 


1 
tanx = — cos2Gr = >: ent 


— 277-1 Go, 

2a r=1 : 
where the cosine is symbolic and the G’s are the numbers of Genocchi 
in the even suffix notation,* G2, = 2(1—2”") Bon, the B’s being the 
Bernoulli numbers in a similar notation. Proceeding with the coefficient 
of g’” as in § 4 we get finally, after several easy reductions, 





-” (—1)" 2?" 22r—-1 | G., “ 
Io Fs vag > @r—i)! Ee +42) ¢ vars(n)), 





* Cf. Lucas, Théorie des Nombres, p. 256. 
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the inner > referring as before, by (M), to all integers n>0O, and wy 
being 


Wr(n) = D(—1)"4 a = —[14+(—1))] 27 —1)t-(5 +)- {1+2(—1)"] f-(n), 


where ¢,(N) is as defined in § 4, and ¢;(N) is the sum of the rth powers 
of all odd divisors of N. The d, d here refer (by (M)) to all pairs of 
conjugate divisors of N. This function is of frequent occurrence. Comparing 
expansions as before we now have 


Kg (73) a — 92r—1 G 4 4> g?” Woy—1 OF 





In precisely the same way* we find from 


oe . ras A eee 
en (k iu, a sen dn (i iu, +) per 


the following, 


ree 1 —-jy-? 
Leis (=a) = = aoe [Bar-2+ 42D q” For—2(n)], 


/2r— 1 a SR 
k? ae (Sa) — es [ For - o+4> q" (— 1)" Exy_, (n)], 


where the E’s are Euler numbers in the even suffix notation of Lucas. 


Replacing k’ by its theta equivalent, and referring to § 3 for the polynomials, 
we get from these three, 


S' a? ott? _ (1) 971 &» +42) 9" Wor (n)], 
(— 1) [Ex 4D ” For (n)], 


cH oT = (1) [By +42 g" (—1)" Sr (n)], 


the last two of which mutually check by changing the sign of g. In 
these, cf.(M), §,(N) is the excess of the sum of the sth powers of all 
those divisors of N which are of the form 4¢-+1 over the like sum for 
the 4¢—1 divisors. 





‘*As the calculations, although straightforward, are rather detailed, I have checked 
all twice. 
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The arithmetical interpretations read off from these as they stand relate 
to differences of numbers of representations. It is more interesting how- 
ever to eliminate +, first. For example, using 


R=RO—HG), Y= RG+H@ 


on the first, we reduce it to the form 


2r 
Dd i! 99 @) OF (@) = (—1y Fr Ee +4209" ort in| ; 
t=0 


in which the s;’ are integers. This gives 


2r 
(IV) > x N(4n:(1, 24); (1, 4r—28); *) = (— 1)" 277-1 Woy, (n). 

it 

In (1)(TV) all the quadratic forms concerned are sums of squares (with 
coefficients 1). A process similar to the above gives corresponding theorems 
in which some of the squares have the coefficient 2, on replacing # as 
above, and leaving #3 as it was. Treating instead the third theta identity 
as suggested, we find, with the ci integers, 
r—1 2¢+1 


(Vv) 2 a ctaN(2n:(1,2a); (1,4t-+2—2a); (2,4r—4#)) = 4(—1)"*" &,, (n). 


6. As another example we shall apply the transformation of the second 
order to the theta identity in § 4 from which (I) was derived, getting 


r—1 


= sy Qt gat (q*) gt (q°) Hr-it—2 — 4 > q’!? Coys (m), 


which gives 
r—1 


(VI) >) 2%+1g,N(m:(1,2t+1); (1,2t+1); (2,4r—4t—2)) = 40,1 (m). 


t=0 


Or, before applying the transformation we may combine terms equi- 
distant from the ends of the theta sum, since sp; = s,, and apply 
29,9, = #(Vq). Separation of cases according to odd or even r then 
gives the following, 


r—1 
2, Qir—st—4 5, p8t+4 ( VY q ) (98r—8t—4 4. p8r—8t—4) nial o” > a? Coys (m), 


Pe r—2 sis 
sy—-1 38-4 (Vg + 2 Qtr—st-4 g, gatts (Vg) (98r--84. 98r—Bt-8) 
— Qér 2 gr”? Cay—s(m). 
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The first gives 


r—l 
(VI) 22 oe (4 m:(1,8¢+ 4); (2, 8r —8t—4); *) 


+ N(4m:(1,8t+ 4), (2,8r—8t—4); «; *)] = 2° Sy—1(m); 
and the second, 
(VIII) 8-1 N(4m:(1,8r—A4); *; *) 


r—2 


+ P taal [V(4m:(1,8¢+- 4); (2, 8r —8t—8); *) 
+ N(4m:(1, 8¢+ 4), (2, 8r—8t—8); *; *«)] = 27 02,-1 (m). 





7. In the paper cited on anharmonic polynomial generalizations of the 
Bernoulli and Euler numbers, it was shown how to obtain the coefficient 
(a polynomial in k, k’) of the general term in the Maclaurin series for 
any elliptic function. The general form of these polynomial coefficients 
(degree in k or k’, etc.) can be readily determined by the methods there 
given, but the explicit forms of the rational number coefficients as functions 
of the rank and degree are not easily found. A knowledge of the arith- 
metical form of these numerical coefficients, which have engaged the 
attention of many writers on elliptic functions, including Weierstrass, 
Hermite and Hurwitz, would throw much light on the necessary and 
sufficient conditions that an integer may be simply representable in a 
given quadratic form. The methods outlined above, combined with ex- 
pansions such as those in (M) seem sufficient for the algebraic discussion. 
For the further investigation of the underlying arithmetic, the method of 
Gruder* for calculating the numerical coefficients explicitly is more pro- 
mising than previous attempts, all of which prove illusory in practice. 
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CONDITIONS FOR SELF DUAL CURVES.* 


By Tempe Rice HoLicrort. 


1. Introduction. In former paperst in which the term “self dual curve”’ 
occurs, no definition is given. It is there assumed that such a curve is 
one whose reciprocal Pliicker characteristics are respectively equal, which 
is sufficient only so long as no distinction is made between real and 
imaginary singularities. This distinction necessitates a more precise definition. 

The dual curve of a given curve /(z, y, z) =O is the curve whose 
equation is (x,y,z) 0, where » (A, u,v) =0 is the equation of f(a, y,z)=0 
in line coérdinates. Geometrically, y is the polar reciprocal of f£ with 
respect to the conic 2*+y?+z*=0. A definite self dual curve / is, 
then, a curve whose equation g is such that » =/. 

By a curve type is meant a curve of given order, class and genus with 
a given number of each kind of double points and lines, that is, a sufficient 
number of these given to determine the rest. If the reality of these double 
elements is not involved, a curve type shall be considered the totality of 
curves whose six Pliicker characteristics have each a definite value. How- 
ever, if a distinction is made between real and imaginary cusps and inflections, 
real, isolated and imaginary nodes and bitangents, then a curve type shall 
be taken to mean the totality of curves of given order, class and genus 
for which the number of each kind of double element distinguished as to 
reality is given. 

The dual curve type C’ of a given curve type C shall mean here the 
totality of curves C’ whose characteristics, (distinguished or not distinguished 
as to their reality) are those of the dual curve of any curve of type C. 

A self dual curve type C shall mean the totality of curves whose 
characteristics (distinguished or not distinguished as to their reality) are 
those of any one definite self dual curve. 

A self dual curve of order m and genus p and of any given type has 
2n—p-+1 degrees of freedom. 

Of the (2n—p-+1)-fold infinity of descriptively self dual curves of a 
given type, comparatively few are metrically self dual, that is, have equations 





* Presented to the American Mathematical Society May 2, 1925. 

7 M. W. Haskell, The maximum number of cusps of an algebraic plane curve and 
enumeration of self dual curves, Bull. Amer. Math. Soc., vol. 23 (1917), pp. 164-165. 
T. R. Hollcroft, Maximal cuspidal curves, Annals of Math., vol. 26 (1924), pp. 37-46. 
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such that f= gy. In order to find the number of these, consider any 
definite self dual curve type. Write the most general equation f(z, y, z) = 0 
of this type with 2n—p-+1 independent parameters and consider that 
the reciprocal equation (x, y,z)—0O has been found. The function » 
will be of degree » and will, in general, contain terms of the same degree 
in x, y and z respectively as those of f and other terms as well. The 
coefficient of each term of g will be a function of degree 2(m—1) in the 
parameters of f. Since for a self dual curve, » =f, equate the coefficients 
of like terms of g and f. Since f and » each has at least 2n—p+1 
terms, this will give at least 2n—p-+1 equations involving the 2n—p+1 
independent parameters of f. No more than 2n—p-+ 1 of these equations 
are independent, because g can have no more than 2n—p-+1 independent 
coefficients. If for a given type, 2~—p-+1 of the equations are independent, 
then a finite number (2n—2 taken 2n—p-+1 times as a factor) of 
metrically self dual curves of that type exist. If only 2n—~p of the 
equations are independent, then a single infinity of metrically self dual 
curves of that type exist. 

The last case holds for the conic. Of the six equations between the 
homogeneous coefficients of the general conic and those of its dual, only 
four are independent and a finite number of one parameter families of 
conics that have the same point and line equation can be found. An example 
of such a metrically self dual family of conics is 
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The envelope of this family is 
x*+ (y*?+ 2%) = 0. 















Two other similar families exist whose equations contain xy or xz. a|. 
For n> 2, the algebraic difficulties involved in attempting to find specific a 
examples of metrically self dual curves by this method are practically 
insurmountable. For example, in the simplest case, that of the cuspidal 4 
cubic, seven simultaneous equations, each of order four in the seven inde- 

pendent parameters of /, must be solved. 

As a notation for the number of singularities of any algebraic plane 
curve of order n, class m, and genus p, we shall say that the curve has 
x cusps, d nodes, « inflections, and t bitangents; or if the double elements 
are distinguished as to their reality, K real cusps, k imaginary cusps, 
D real nodes, d isolated nodes, D imaginary nodes, J real inflections, 
2 imaginary inflections, 7’ real bitangents, ¢ isolated bitangents, = imaginary 
bitangents. In all cases: 
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x = K+k, 
6= D+d+D, 
= I+, 
e= T+i+f. 


The definition of a self dual curve type when no distinction is made 
as to the reality of the singularities is equivalent to the statement that 
a self dual curve type is that type for which 


n =m, 


When a distinction is made as to reality, the definition of a self dual 
curve type is equivalent to: A self dual curve type is that type for which 


asm, KedI, kwi; Del, d=t, 9 = &. 


Since only curve types and not metrically distinct curves are to be dealt 
with in this paper, from now on the term “curve” shall be used with the 
meaning “curve type” and “a self dual curve” shal! mean “the totality 


of curves of a self dual curve type”. 
2. Limits for self dual curves. By the use of Pliicker’s equations, 


it has been shown by Haskell* that for any self dual curve 


= n+ 2p—2, 
= +(n—2) (n—3)—3p, 


and that the minimum number of cusps for a self dual curve is n—2 
when p = 0 and the maximum number 4(n—2) when p = 3 (n—2)(n—3). 
Counting one and but one self dual curve for each value of p between 
the upper limit and 0, including both limits, for a given value of m the 
number of self dual curves (whose singularities are not distinguished as 
to reality) is the largest integer contained in 4(m*—5n + 12). 

For any algebraic plane curve, Lefschetz{t has proved that a node 
accounts for one independent absolute invariant and that for p > 2 a curve 
of order n can have at most 4n(n-+3)—8 such invariants, He assumed 
further that each cusp always accounts for two such invariants, calling 





* M. W. Haskell, loc. cit. 
+ Cf. Hilton’s Plane Algebraic Curves, p. 114, Ex. 4. 
1S. Lefschetz, On the existence of loci with given singularities, Trans. Amer. Math. 


Soc., vol. 14 (1913), pp. 23-41. 
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this assumption “The postulate of singularities’. This postulate has been 
rigorously established for a given m only for a genus less than the genus 
belonging to the least class for that n.* 

In order to find an upper limit to the genus for which self dual curves 
satisfy this postulate for a given n, substitute the above values of 6 and 
x for a self dual curve in 


549% = Sn(nt3)—8 


and obtain 
p = 2n—7. 


Since 2n —7 < i (n—2) (n—3) for n > 14, it results that, in accordance 
with the Lefschetz postulate, for m > 14 the self dual curve of highest 
genus has the following characteristics: 


p = 2n—7, 
x + = 5n—16, 
§ = ¢ = 5 (m—4)(n—138)—2. 


In accordance with this, for m > 14 there are but 2n—6 self dual curves 
for a given n. 

For n= 16 the only self dual curve that has the greatest number of 
cusps for its genus is the one of highest genus 2n—7. When n < 13 
there are 4(n—-3), 4(m— 4), 4(n—2) self dual curves with the maximum 
number of cusps for their genus and for v of form 3a, 3a+1, 3a+2 
respectively, and when n = 14, 15 some of these exist.7 

In the proofs of the theorems of this paper, the various forms of 
Pliicker’s equations will be used and Klein’s{t Theorem 


n+I+2t = m+K+2d 


when the reality of the singularities is involved. 
Pliicker was the first to notice that some of the singularities of certain 
curves must be imaginary. The following general theorem may be proved: 





* Cf. Lefschetz, loc. cit., pp. 25-26, and J. L. Coolidge, On the existence of curves with 
assigned singularities, Bull. Amer. Math. Soc., vol. 28 (1922), pp. 451-455. 

t Cf. T. R. Holleroft, loc. cit., pp. 44-45: 

{F. Klein, Eine neue Relation zwischen den Singularititen einer algebraischen Kurve, 
Math. Ann., vol. 10 (1876), pp. 199-209 and Gesammelte Mathematische Abhandlungen, 
vol. 2, pp. 78-88. 
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THEOREM I. Jn the case of any algebraic plane curve whose equation has 
only real coefficients, when the curve is self dual and then only may all 
its double points and lines be 

(a) wholly real, that is real points (lines) with real tangents (points of 
contact) ; 

(b) wholly imaginary, that is imaginary points (lines) with imaginary 
tangents (points of contact). 

Isolated singularities are neither wholly real nor wholly imaginary; so 
to prove this theorem we assume that none of the singularities are isolated. 
Then all must be either wholly real or wholly imaginary or consist of 
some of each of these two kinds. From Klein’s theorem there results, 
since t= d = 0, 

K—I = n—m 


and, since by Pliicker’s equations x. = 3(n—™m), there results 
k—i = 2(n—m). 


From these expressions it is evident that when ¢==d=—0O and m+n, 
it can happen neither that both K and J are zero nor that both k andi 
are zero. Therefore, when m +n, the singularities of a curve can not all 
be either wholly real or wholly imaginary. 

When m =n, it may be that K = J=0O or that k=72=—0 but not 
both. In this case, however, the following still more general theorem holds: 

THEOREM II. There are no restrictions as to reality on the singularities 
of a self dual algebraic plane curve whose equation has real coefficients, 
except that imaginary singularities must occur in pairs. 

To prove this, it is sufficient to note that, when a curve is self dual, 
Klein’s formula is identically satisfied and it is necessary that only the 
following relations hold: 


K+k = [+7 = n+2p—2, 
D+dt+®D = T+t+E = + (n—2) (n—3)—3p, 
D=T7, d=t, D=—t EKE=f, k=i. 


3. Conditions that a plane curve be self dual. Many conditions 
for self duality exist among the characteristics of plane curves. Of these, 
some are both necessary and sufficient while some are only necessary and 
others only sufficient. From the definition of self dual curves it follows 
that the equality of each characteristic with its reciprocal is always a 
necessary condition. 
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In order to avoid confusion, the theorems giving the conditions for self 
duality will first be established when no distinction as to the reality of 
the singularities is made, after which all those conditions that involve 
such a distinction will be proved. 

In section 2 the value of each Pliicker characteristic for a self dual 
curve was found in terms of and p. These conditions are thus necessary. 
They are also sufficient. Moreover, the following theorem is readily proved 
by Pliicker’s equations: 

THEOREM III. For any algebraic plane curve of order n (class m) and 
genus p, any one of the following eight conditions is both necessary and 
sufficient that the curve be self dual. 


(1) e=n+2p—2, 6) d= F(n—2)(n—3)—2p, 
(2) nex mt+8e—28, © + (n—2)(n —8)—8p, 


(3) += n+2p—2, (1) 6 = + (m—2)(m—3)—3p, 


(4) « = m+2p—2, (83) ¢ = > (m—2) (m—3)—3p. 


The following theorems will now be established. 

THEOREM IV. For any algebraic plane curve, each of the following 
equalities is both necessary and sufficient that the curve be self dual: 

(1) ad+ be +en = ar+bit+em 
Sor any fixed values of a,b and c when a and 3b+ c have the same sign 
except b = c = 0 ora = 3b+e. 

(2) p+q = 2n—7 
wherein p is the genus and q is the invariant characteristic defined by 
q = tn(n+ 3)—d—2x—8, (See section 2). 

(3) Any set of three independent relations from among the six necessary 
relations: n=m, D=T,d=t, D=T, KEI, k =i. 

To prove (1), write it in the form 


a(d—r) + b(x—+) + c(nm—m) = 0. 


Substitute in this the values of d—vc and x— in terms of » and m from 
Pliicker’s equations, and there results 


(n—m) [a(n + m—9)+ 6b +- 2c] = 0. 


Then either » = m and the curve is self dual or 


n+m = 9-=Bb+0). 
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Since for a non self dual curve n-++ m= 7 in the above equality, it follows 


that a>3b+c. But in order that 2 (3b-+ c) may be an integer, a must 


be a factor of 2(3b-+c). The only values of a, b and c satisfying these 
conditions are 
b=c=0 and a= 3bd-+e. 


The discussion of these two exceptions will be completed in Theorem V 
under which they come. 

To prove (2), substitute in the expression defining qg the following 
expressions for x and 0 


x = 2(n+p—1)—m, 
5 = +(n—1) (n—6) + m—3p, 


and we obtain 
n= Mm. 


THEOREM V. For any algebraic plane curve, each of the following equalities 
is necessary that the curve be self dual, but it is sufficient when, and only 
when, the additional conditions given with each holds: 

(1) ad-+bex+en = avr+bi+tem. 

(1,) For a and 3b-+ c both of the same sign and b = c = O when 
n+m+9 or a = 3b+c when n+™m ¢F 7. 

(1,) For a and 3b-+ c opposite in sign when a is not a factor of 2(3b+-c). 

(2) D=T, D=T, K=T, when n+m F 10, except n = 5. 

(3) D=T, D=T, k =i, when n+™m F 7. 

The proof of (1) was begun in the first part of Theorem IV. There it 
was shown that either » = m or this relation results: 


sili. si 9—= Bb+0). 


For (1,), when b= c= 0, 6 =r, and the above relation becomes n+-m = 9. 
There are four and only four curves for which 6 +r and n+m= 9, 
namely the elliptic cubic, the rational quartic of class 5 and their reciprocals. 
When a = 3b+c the above relation becomes n+ m= 7. Two curves, 
the nodal cubic and its reciprocal, satisfy this. 


In the case of (1,), the term = Bb+0) is always negative and is an 


integer when a is a factor of 2(3b-+c). Then curves for which n+ m 
equals the sum of 9 and this integer can be found whose characteristics 
satisfy condition (1) when n + m. 
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THEOREM VI. For any algebraic plane curve, each of the following sets of 
equalities is sufficient, but not necessary, that the curve be self dual: 

(1) If any linear function of two or more of the six. Pliicker characteristics 
n, m, 6, x, t, 4, vanishes, and if there vanishes also the same linear function 
of the same number of characteristics such that equal coefficients of the 
two functions are associated with dual characteristics, then the curve is 
self dual with the exception only of certain particular relations among the 
coefficients. As an example, consider two functions involving all the 
characteristics. (This really includes all cases, as functions involving a 
smaller number can be found from these by setting the appropriate 
coefficients equal to zero.) 


ad+br+cx+diten+fm+g = 0, 
at+bd+ce +detem+fn+g = 0. 


This holds for all values of the coefficients when the expressions (a— b) 
and 3(c—d)+e—f have the same sign, except when c—d and e—f 
both vanish or when a—b = 3(c—d)+e—/. 

(2) K=¢d, f=t, D=T, D=t. 

(3) D=—d, T=t, t= D, K=1,k=t. 

To prove (1), subtract the second equation from the first and the state- 
ment of (1) Theorem IV results. The proof of (1) of the present theorem 
therefore reduces to the proof of (1), Theorem IV. 

If d=e=—f=—g=O0 and either a—0, b=—c, n+m+415, or 
b= 0, a = —c, the curves that satisfy (1) are such that 


P = 75 n—2) (n—9), 


@=xe=—f¢=5= = n(n—2). 


The four singularities can be equal only when n = 0,2 mod5. If we 
put 5x = n(m—2), we find that a curve of order 7 exists for which all 
six of the Pliicker characteristics are equal. For n> 23, the number of 
nodes and cusps of these curves exceed the maximum number allowed by 
the Lefschetz postulate, so that there are but nine curves for which 
x = t=—06= of which the orders are 2, 5, 7, 10, 12, 15, 17, 20, 22. 
THEOREM VII. For any algebraic plane curve, the following sets of conditions, 
which are not necessary, are sufficient that the curre be self dual except for 
the particular relations given: 
- (1) General statement the same as in Theorem VI (1). The exceptional 
values of the coefficients come under the present theorem. 
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(1,) When the expressions a—b and 3(c—d)-+ e—/ have the same sign 
and either c—d = e—f = 0, n+m+9 or a—b = 3(c—d)+e—-f, 
n-+m + 7. 

(1,) When the expressions a—b and 3(c—d)-+e—/f have opposite 
signs and a—b is not a factor of 2[3(¢-—d)+e—/f]. 

(2) Of the six Pliicker characteristics, if any two not duals of each other 
are so related that the first equals a linear fractional function of the 
second and if the dual of the first equals the same function of the dual 
of the second, the curve is self dual except for certain particular values 
of m and m. As an example, consider 


at+b _ ad+b 


* eee i= cé+d’ ad—be+0. 


Under these conditions, either » = m or distinct integral values of n and 
m must be found satisfying the relation 


[(ad—bc) (n+-m—9) —3 (3bc—3ad+ 2d*)] 
[(n+ m—9) {2 (ad—be)+-3¢ (n—m) [3a—2d—c (n*—n—m)]} —6 (3be—3ad+ 2d")| 
+3 (n+m-—9) (ad—bc) [3a—2d—c(n*—n—m)]? = 0. 


(3) x = 4n(n—2) for nm of form 3a or 3a+2 and n+ 6, 

4) K=-¢4tI=4 T=), 7=— 9, 2+ +11. 

The proof of (1) bears the same resemblance to V(1) as VI(1) bears 
to IV(1). 

In (2), eliminate 6, x, c and « from the two fractional functions and 
from Pliicker’s equations, obtaining the condition given in the theorem 
that must be satisfied by distinct integral values of » and m if n4+™m. 
In general, the equation in m and m resulting from a given collineation 
form is not satisfied by integral values of m and m so that there remains 
only n = m. 

To prove (3), substitute the given value of x in the Pliicker formula 
for the class and there results 


26 = n—™m. 


From this it resuits that m< n when d>0. Substitute this value of d 
in the Pliicker formula for 6—r and we have 


= 5 (m—n)(m-+n—10). 


Then for m<n, «<0 except when m-+n< 10. The only curve for 
which x = $n(n—2) and m<_n is the elliptic sextic of class four. 
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Then, except for »n = 6, 6d = 0 when x = }n(nm—2) and therefore 
n = m and the curve is self dual. In accordance with the Lefschetz 
postulate, these curves do not exist for n > 14. 

THEOREM VIII. The following conditions are only necessary that a curve 
be self dual. Conditions (1) to (4) inclusive are not sufficient when taken in 
any combination or all together, nor can any or all of them be combined 
with any set of necessary but not sufficient conditions to make a set of 
sufficient conditions. 

(1) x >n—2. 

(2) d<4(n—2)(n—3). 

(3) p<} (n—2)(w—83) for n< 13. 

(4) p< 2n—7 for n> 14. 

(5) When the characteristics are distinguished as to their reality, any set 
of conditions from among the following six if such a set is equivalent to 
no more than two independent conditions: 


sa=nm, D=T d=t, D=t K=eI, k =i. 









The first four conditions are merely limits, and the fact that a curve 
has characteristics within these limits does not at all imply that it is self 


dual. In (3) is implied the limit *« < = n(n—2), d > 0 and in (4), 


x < 5n—16, d= 5 (n—4) (n—13)—2. 


The conditions for self duality in the preceding theorems that involve 
the reality of the double elements will now be established. These are 
put together because the term “self dual curve”, when the reality of the 
singularities is considered, is used in a more restricted sense than when 
only the Pliicker characteristics are involved and it would be confusing 
to turn often from the more restricted to the general meaning and vice 
versa. (The term “more restricted” does not imply that a self dual curve 
has fewer degrees of freedom when a distinction is made as to the reality 
of its double elements.) 

When the reality of the double elements is taken into consideration, 
those conditions that were sufficient for the curve to be self dual when 
no distinction was made as to reality, are no longer sufficient. However, 
if they were then necessary, they still remain so. Any condition suf- 
ficient to make nm = m may be considered as equivalent to the condition 
n=™m. 

Proof of Theorem IV, (3). The condition » = m leads to the three 
equalities, the first two from Plicker’s equations and the third from 
Klein’s theorem: 
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K+k = I+i, 
D+d+D = T+t+f, 
I+2t = K+2d. 


In this case, in addition to n = m, two intependent necessary conditions 
are needed to cause the curve to be self dual, that is, any one of the 
seven sets obtained by taking D = 7 or D = T with each other or with 
any other of the three remaining necessary conditions. In all there are 
sixteen such sets, each containing three independent, necessary conditions 
and each set is sufficient (with the exception of two which are sufficient 
except for particular values of m and m and thus come under Theorem V) 
for the curve to be self dual. Any such set must contain either D=— T 
or =f. The proof for any set that does not contain n = m, is similar 
to that given in the next theorem. 

Proof of Theorem V, (2). When K = J, from Klein’s theorem and 
Pliicker’s equations, respectively, there results 


‘3 
2 
k—i = 3(n—m). 


d—t = (n—m), 


Subtracting from 


p = (m1) (m—2) (TH t+ D—-U4-9) 


the similar expression for p in terms of n and the point singularities, we 
obtain, using the conditions D= T, D=—=T, K— TJ, 


(m—1) (m— 2) —(n—1) (n— 2) + 2(d—#) + 2(k—1) = 0. 


Substitute in this the values of d—t and k—7z in terms of mn and m 
found above, and there results 


(n—m) (n+ m—10) = 0. 


Then, when conditions (2) hold, either n = m or n+-m= 10. Two and 
only two curves, duals of each other, satisfy the latter case. 

For (3), when k = i, K—I = 3(n—m). Substituting this in Klein’s 
theorem, we obtain d—t — m—n. Substitute these values of K—J 
and d—t in the difference of the two expressions for p as in (2) and 
there results: 

(n—m)(n+m—7) = 0. 
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Proof of Theorem V1, (2). Using the conditions K = d, J = ¢ and | 
Klein’s theorem, we obtain 


3(d—t) = n—™m. 


— 
. ee ee 
en Fre nee 


When D = T and D = Tf from Pliicker’s equations t 


2(d—t) = (n—m)(n+m—9). 


te 
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Equating these two values of d—t, we obtain 


- ry 
SR oe aE er any 
- ‘ a <8. 


2(n—m) = 3(n—m)(n+ m—9). 


Then » = m, since otherwise »-+ m is not an integer. 
Part (3) can be proved in a similar manner. If the additional condition 
K = k is put on this curve, a self dual curve is obtained for which 








nm 2 Gaede te =1=i=Znn—2) 


and p = 7s5(n—2)(n—6). Only curves of orders 2, 12, 14, 24, 26 can 
satisfy these conditions and the Lefschetz postulate. For » = 14 the 









ten singularities equal. 
Other sets of relations similar to (3) can be found. Some of these may 
be obtained from (3) by permuting the characteristics. 
Under the conditions given in VII, (4), Klein’s theorem and Pliicker’s { 
equations give 
(n—m)(n + m—11) = 0. 





When n = m, the two independent, necessary conditions of (4) make the 
curve self dual. When n +m, there are two quintic curves, one rational 
and one elliptic, which together with their duals satisfy conditions (4) 
and n+m = ll. 
Other sets of relations of this kind may also be found. 
In Theorem VIII, (5), the four necessary conditions n = m, d = ft, 
K = J, k = i taken simultaneously are not sufficient for the curve to 
be self dual. As stated in the proof of Theorem IV, (3), any such set 
- of conditions in order to be sufficient must contain either D — T or 
D = ¢. 








Then, when conditions (3) hold, either » = m or n-+m = 7. Two curve pe 
types, duals of each other, satisfy the latter relation. : i. 
q 


self dual curve satisfying these conditions has the order, class and all Ai ; 
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4, Conditions under which two or more of Pliicker’s numbers 
vanish. For n > 1 no more than two of the four Pliicker numbers 
d, x, t, ¢ may vanish simultaneously with these exceptions: for the conic, 
all four may be zero and for the elliptic cubic and its reciprocal, three. 

Under the condition, d — + = 0, we obtain either the elliptic cubic and 
its reciprocal or the self dual curve for which x = « = 4n(n—2). As 
we have seen, this is the curve with the maximum number of cusps for 
a given » and it does not exist for m = 14. Then for n= 14, 6 and rt 
can not vanish simultaneously. 

For n > 2 no curve exists for which x — « = 0. 

To find the curves for which 6 = + = O, take these conditions simul- 
taneously with Pliicker’s equations and obtain 

1 


ieee n(10—7). 


This is satisfied by two curves, the sextic with nine cusps and the tri- 
cuspidal quartic. The conditions c = x = 0 lead to a relation reciprocal 
to that above which is satified only by the elliptic and nodal cubics, the 
reciprocals of the above curves respectively. 

The necessary and sufficient condition fort = « = 0 is n = m(m—1) 


and dually, for d == x = 0, m = n(n—1). For n = 14, these are the 
only curves for which two of Pliicker’s numbers are simultaneously zero. 


WELLS COLLEGE. 











SEMI-PARALLEL MAPS OF SURFACES. 


By W. C. GRAUSTEIN. 


1. Let S and S be two surfaces in one-to-one point correspondence. 
If the tangent planes at corresponding points, P and P, are parallel, 
S and S correspond by a parallel map. If, on the other hand, the tangent 
planes at P and P are not parallel, but there exist two families of curves, 
one on each surface, which have the property that their curves correspond 
and have at corresponding points parallel tangents, the map of S on S shall 
be called a semi-parallel map. 

In the case of an arbitrary non-parallel map, there are just two directions 
tangential respectively to S and S at P and P which are mutually parallel. 
It is only when the curves C and C generated by these directions correspond 
that the map of S on S is semi-parallel. 

We proceed to discuss a number of interesting types of semi-parallel maps. 

2. Let S and S be represented parametrically so that corresponding 
points x: (x, 22, 3), X:(%1, Xs, Xz) have the same curvilinear coérdinates 
(u, v). Choose, in particular, as the w-curves, the families of curves C 
and C whose corresponding tangents are parallel. Then, 


Lu = Ate, 


1 Hs 
(1) i = etyt Baty, y #0, 
where «, 8, y, 4 are scalar functions of u, v, and {;, ¢, ¢; are the direction 
cosines of the oriented normal to 8. ot 

We proceed to ascertain when the curves C and C belong to corres- 
ponding conjugate systems on S and S, or, when these fail to exist, 
when C and C constitute corresponding families of asymptotic lines. 

Consider the latter case first and assume that the curves C are asymp- 
totic limes: e = 0.* From (1), we find: 

A> — —n?2-,J! Il 

De = Di r| 2 ‘ke 


Hence, if the curves C are asymptotic lines, if follows that the curves C 
are straight lines. Then this must be true also of the curves C, since 
the roles of S and S may be interchanged. 





* We denote the first and second fundamental quadratic forms and their discriminants 

as follows: 

Edw’?+2Fdudv+ Gdv’?, D = EG—F* 
edu?+ 2fdudv +gdv’, @ = eg —f?. 
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If the curves C and C which correspond by parallel tangents in a semi- 
parallel map are asymptotic lines, the surfaces are ruled and the curves C 
and C are the rulings. 

It is evident that any two ruled surfaces whose director cones are 
congruent can be rejiated in infinitely many ways by a semi-parallel map 
in which the rulings are the curves which correspond by parallel tangents. 

3. We consider now the general case in which there exists a conjugate 
system of curves on each surface corresponding to a conjugate system on 
the other and investigate under what conditions the families of curves C 
and C belong to these systems. 

Take as the v-curves on the surface S the family of curves conjugate 
to the family of curves C. The parametric curves on S then form a 
conjugate system: f= 0. It follows from (1) that, if this is true also 
of the parametric curves on S, then 


jl “| ical 
i 2. 
Consequently, 

= Ary, 
and hence 


(2) Lu = au, 


where a is a scalar function of u, v, and U:(U,, Us, U3) is a triple of 
functions depending on w alone. 

Since the surfaces S and S may be interchanged without affecting the 
argument, we have also: 
(3) Lu = au. 


Conversely, if equations (2) and (3) subsist, S and S are related as 
desired. 

A necessary and sufficient condition that two surfaces S and S can be 
made to correspond by a semi-parallel map in which the families of curves 
which correspond by parallel tangents belong to corresponding conjugate 
systems is that parameters, common to S and S, can be so chosen that 


(4) a au, Les —_ au, 


where a and @ are scalar functions of u, v and U a triple of functions 
of u alone. 

It is evident that the existence of parameters rendering the relation (2) 
valid is equivalent to the existence on the surface of a family of curves 
each two of which can be related by a transformation of Combescure, 





ad 
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i. e., can be put into a one-to-one point correspondence so that the tangents 
at corresponding points are parallel. 

A necessary and sufficient condition that a surface S admit a semi-parallel 
map in which the curves C which are mapped by parallel tangents belong 
to a conjugate system which remains conjugate in the map is that there exist 
on the surface S a family of curves each two of which can be related by a) ay 
a transformation of Combescure. The curves of this family are, then, to 5 | i 
be taken as the curves C. 

The necessity of the condition has already been established. To prove 
the condition sufficient, we have to show that when curvilinear codrdinates 
on S are so chosen that 





ty = aU, 





bane er tar dA VS Ss 15D 


scalar functions, @, «, 8, y($0), can be found so that the equations 






















fy = GU, Ly = Ciut+ Baytrl 
are compatible. 
The conditions of compatibility are readily found to be: 


Seeks 


fi 1 Ww pg eG _ dy a 
ay + 1 fe + a B D?” — a’ h 
F 4 
ey +r = 0, rf 
Yu + ea 0 


It is evident that @ can be chosen at pleasure; v can then be considered 
as a parameter and the three equations thought of as a system of ordinary 
differential equations linear and of the first order in a, 8, y as functions of w. 

4, When the developables of the congruence of lines joining corresponding 
points of the two surfaces S and S§ cut the surfaces in conjugate systems, 
the transformation of the one surface into the other is known as a fundamental 
transformation or a transformation F.* It is understood that neither surface 
is a focal surface of the congruence. 

If S and S are related by a semi- parallel map, the ruled surfaces of 
the congruence which intersect S and § in the curves C and C corres- 
ponding by parallel tangents form one family of developables of the con- 
gruence. Consequently, if the transformation of S into S is a transform- 
ation F, it follows, first, that the families of curves C’ and C’ conjugate 
respectively to the families of curves C and C correspond, and, secondly, 
that the surfaces of the congruence which intersect S and S in these new 
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* Cf., e. g., Eisenhart, Transformations of Surfaces, Princeton (1923), Ch. 2. 
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families of curves are developables, or, what amounts to the same thing, 
that the tangents to corresponding curves C’ and C’ at corresponding points 


always intersect. 
In light of the first theorem of the preceding paragraph we can express 


our conclusions analytically, as follows: 

A necessary and sufficient condition that two surfaces S and S can be 
related by a semi-parallel, fundamental transformation is that parameters, 
common to both, can be so chosen that 


La > au, Lu = au, 
(5) C= pt = F+pxe, 


where a, , @, w are non-vanishing scalar functions of u,v and U,, Us, Us 


are functions of u alone. | 
Differentiating both sides of equation (5) with respect to u, we obtain 
a relation which can be reduced, by means of (4), to the form: 


(a+ @ dy) UF py ty = (a +4 av) U+ pure. 


Since the transformation of S into § is not a parallel transformation, 


we have 
eu = 0, 


ated = at+pay. 


In the equations (4) and (5) representing a semi-parallel, fundamental 
transformation, w and w are functions of v alone and 


(6) atpwdy = A+ pay. 


The transformation of S into S establishes between the pencils of tangent 
lines at corresponding points, P and P, of S and S a projective corres- 
spondence. The two pencils cut the line of intersection, L, of the tangent 
planes at P and P in two projective ranges of points. The invariant 
cross-ratio, J, of the projectivity on L is an invariant of the transformation 
of S into S. Its value, in the present case, is* 

_ ap 
(7) [= a? 

5. If = 1, the projectivity on L is the identity, all the ruled surfaces 

of the congruence of lines joining corresponding points S and S are develop- 





* Cf. Author, An invariant of a general transformation of surfaces, to appear shortly 
in the Bull. Amer. Math. Soc. 
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ables, and hence the lines of the congruence all pass through a point, 
finite or at infinity. In this case, the transformation of S into S is known 
as a radial transformation. 

It is evident that the general radial, semi-parallel, fundamental trans- 
formation can be written as 


Rabie 9, xh mice 
ok ee SOE oA 


Z=v2z, wr £ = 2z+00, 








according as the point common to all the lines of the associated congruence 
is finite or at infinity, it being understood that in both cases 7, = aU. 

An important case is that in which J = J(v) #1, for then the invariant 
is constant along each pair of the curves which are mapped by parallel 
tangents. In this case, since w and mw are functions of v alone, a/a is a 
function of v alone and we can replace a and a respectively by a(v)b(u,v) 
and a(v)b(u,v). Equation (6) then becomes 


a(v) +m (o)a'(e) = a) +R@)a'@) + @a—na) >". 


Since J1, b,/b is a function of v alone and b is of the form k(v)/(w). 
But k(v) can be absorbed in a(v) and a@(v), and /(w) in U. In other words, F 
we can assume without loss of generality that } = 1, or that the original ‘ 
a and a are functions of v alone. 

We have, then, from (4), 
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(8) x = a(v)U+9, z = a(v)U+V, 









where the new triple U is an integral of the original one. 
then satisfied, provided that 


Equation (5) is 






(9) a+ pa’ wer at+pa’, 
V+pv’=V+pV". 

A necessary and sufficient condition that a surface S admit a semi- 
parallel fundamental transformation whose invariant is constant (+ 1) along 
each of the curves mapped by parallel tangents is that S contain a family 
of curves C each two of which are homothetic, that is, that S admit a para- 
metric representation of the form x = a(v)U+V, where a(v) is a scalar 
Junction and U(u), V(v) are triples.* 

The surface S which is the general transform of S of the type in question 
is then 2 = a(v)U+V, where the triple V(v) is first chosen so that the 
curve y = V(v) is so related to the curve y = V(v) that corresponding 





- *A surface of revolution constitutes a case in point. 
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tangents always intersect.* Then » and w are determined and the first 
equation in (9) becomes a linear differential equation of the first order for 
the determination of a (v). 

Characteristic of this type of map is that each two curves C and C which 
are mapped by parallel tangents are homothetic. 

Suppose now that we demand that each two curves C and C be con- 
gruent. Then a = a, and equation (6) becomes 


dy (U—p) = 0. 


If we assume that J+ 1, then « +m, and hence a = 0. We can, then, 
take a = a = 1. Equations (4) and (5) give rise to 


(10) 2 = U+YV, z= U+YV, 


as the forms of S and S, where V and V are connected by the relation 
(11) V+pev’ =V+pV". 


Each two curves C and C which correspond by parallel tongents in a 
non-radial, semi-parallel, fundamental transformation of a surface S into 
a surface S are congruent if and only if S and S are translation surfaces 
whose parametric representations can be reduced simultaneously to the forms 
a= U+V, z = U+V, where the curves y = V(v), y = V(v) are so 
related that the tangents at corresponding points intersect. 

6. As a final problem, we propose to isolate the cases in which the 
correspondence established between two surfaces S and S by a non-radial, 
semi-parallel, fundamental transformation is isometric. It is evident from 
(4) that a necessary condition is that a® = a*. Thus two cases arise. 

Case 1. @ = a. Here, S and S are the translation surfaces (10) subject 
to the relation (11). It is readily found that the map of S on S is iso- 
metric if and only if 


(12) U'|V'—-V) =,  (V' |W) = (W"|V)4 


The first condition demands that either U’ or V'—V’ have always the 
same direction. But U’ cannot have a fixed direction, since otherwise 


* For example, y = V(v) might be taken as an evolute of an involute of the curve 
y = Ve). 

t We denote by (a/b) the inner, or scalar, product of two ordered triples of numbers 
(ai, a2, as), (bi, bs, bs). 
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the surfaces § and S would be cylinders and the transformation not 
fundamental. Consequently, 


Vv’ = V'+f(v)Jc, 


where /(v) is a scalar and ¢ a triple of constant direction cosines. 
Substituting this value of V’ into the second condition of (12), we find 
that f(v) —= —2(V’|c) and hence that 


V = V—2(Vioc+d, 


where d is a triple of constants. 
On the other hand, (U’|c) = 0. Consequently, we can write: 


(U|c) = 0. 


It remains to take account of the relaticn (11). For this purpose, we 
choose ¢ in particular as 0,0, 1, and write out the three equations for 
which (11) stands. The conditions that these equations, considered as 
equations in w, w, be compatible lead readily to the final forms of S and S: 


HA=—fAwtrivy w=—fAlwt+dv, <2 = fs(v), 
t= +d, Le = 2 + de, Ly = —a tds. 


The surface S is an arbitrary translation surface having the property 
that its generators are plane curves lying in two pencils of parallel planes, 
the planes of the one pencil being orthogonal to those of the other; S is 
symmetric to S and can be obtained from S by a reflection in a plane of 
the one pencil followed by a translation in a direction parallel to the planes 
of the second pencil. 

Case2. a@=-—a. In this case, (7) becomes 


(u + w)ay + 2a = 0. 


Since 71, » +, +0 and therefore a,/a is a function of v alone. But 
we can then assume that a = a(v). a 
Consequently, we find, from (4) and (5), as the general forms of S and S: 


x = vU+YJ, z= —vU+4 YP, 
where 


(13) ptpt2o=—0, V+ev’=V+an0". 


The conditions that the map of S on S be isometric are 


(14) (U'|V’+V') = 0, (V'|V') +2(0|V'+V") = (V"|V"). 
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From the first of these conditions we have 


V+" ep 2f'(u)e, (U' |c) = 0, 


where /(v) is a scalar and ¢ a triple of constant direction cosines. We 
can, then, without loss of generality, write 


VIV = 2f (ve, (7J\c) = 0. 
It follows that V and V are of the forms 
V = f(vr)ce+ Br), V = f(v)c—B(v), 


where A(v) is a triple. Substituting these values in the second of conditions (14), 
we find that 4’(v) must be perpendicular to c and hence that 


(15) (8\c) =k, 
where & is a constant. 

When we substitute the values of V and V in the second of the relations (13), 
we readily find, by applying the first of these relations and (15), the 
following form for #: 

B = kce+dv, 
where d is a triple of constants such that (c|d) = 0. 
In the forms for § and § which we have thus obtained: 


= v0U+a+(f&)+hc, «= —v0(U+4)+(f(e)—e, 
we can take the triple d as 0,0,0. Hence 
z= wWU+(f()+Ac, x= —vU+(f(ve)—A)c, 


where c is a triple of constant direction cosines, y = U(w) is a plane 
curve in the plane (y|c) = 0, f(v) a scalar function of v and k a constant. 
If we choose c in particular as 0, 0,1, we have 


ye v0, (u), il vU, (u), a w(v), 


ay SS "hy, Le = ——DZe; Ls = Ig+l. 


The surface 8S is an arbitrary surface possessing two conjugate families 
of plane curves such that each two curves of the one family are homothetic 
and hence lie in a pencil of parallel planes, whereas the curves of the second 
Samily lie in a pencil of intersecting planes whose axis is perpendicular to 
the planes of the first pencil. The surface S is congruent to the surface S 
and can be obtained from S by a screw motion through two right angles 
about the axis of the second pencil of planes. 





PROJECTIVE INVARIANTS 
OF AFFINE GEOMETRY OF PATHS. 


By OswaLp VEBLEN AND JosEPH MILLER THOMAs.* 


1, Introduction. The present article sets forth a complete set of 
projective invariantst for the affine geometry of paths and in terms of 
them gives an equivalence theorem analogous to that of Christoffel for the 
Riemann geometry. In solving the problem we employ direct elimination 
processes like those of Christoffel, and incidentally prove a theorem on 
partial differential equations which is of interest in itself. 

An invariant for the purposes of the present paper is an entity with 
definite determining components in any codrdinate system, such that the 
transformations of the components from one coérdinate system to another 
form a group isomorphic with the group of analytic transformations of 
the codrdinates. In § 8 we introduce the idea of the invariant extension 
of such an invariant. 

The projective invariants in terms of which we state our equivalence 
theorem are not in general tensors, but they are a subclass of the general 
class of invariants defined above. Their laws of transformation are rational 
and integral in the first derivatives of the old variables with respect to 
the new variables and also in certain combinations of the second derivatives. 
It is shown that the set of invariants can be generated by a particular 
type of invariant extension which we call projective differentiation. 

In the preliminary part of the paper we have included a few general 
properties of the components of projective connection in addition to those 





* National Research Fellow in Mathematics. 
t+ This problem has already been considered by E. Cartan, Sur les variétés a connexion 
projective, Bull. Soc. math. de France, vol. 52 (1924), pp. 205-241, who indicates a method 
of obtaining a geometrical invariant theory of systems of differential equations of the 
type (3.2) based on the idea of associating a projective space with each point of the given 
manifold. J. A. Schouten’s paper On the place of conformal and projective geometry in 
the theory of linear displacements, Proc. Kon. Akad. Amsterdam, vol. 27 (1924), pp. 417-424, 
attempts to render Cartan’s work analytically intelligible and incidentally shows that the 
one invariant obtained by Cartan is the projective curvature tensor of Weyl. T. Y. Thomas 
has kindly let us read the manuscript of his paper, A projective theory of affinely connected 
manifolds which is to appear in the Mathematische Zeitschrift. His method is an ingenious 
correlation of the projective theory of a manifold of m dimensions with the affine theory 
of an auxiliary manifold of (n+ 1) dimensions. It generates a different type of invariants 
from ours, though the components of his *By,, for which iO are the same as the 
components of our (n + 1) Ta His process of extension is different from ours. 
279 19* 
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required for the equivalence theorem, and toward the end of the paper 
we have given a geometrical interpretation of the contracted components 
of affine connection which will perhaps throw some light on the relation 
between affine and projective geometry. In the last section we describe 
a type of path geometry which has no affine connection. 

2. Affine geometry of paths. The geometry of paths, in so far as 
it has yet been effectively studied, is the theory of a set of differential 
equations of the form 


a xt ¢ ax) dx _ 
oH wo Ca ar” 


where Tj = Ty. In these equations the indices take the integral values* 
from 1 to nm and repeated indices are summed over this range of values. 
Any curve whose coérdinates given in the form 2* = y*‘(s) satisfy (2.1) 
is a path.t 

The quantities Fin (2.1) determine a definition of infinitesimal parallelism. 
If a vector § at a point x becomes §+ 08 by parallel displacement to 
the point x-+da, then we have as far as terms of the first order 


68 = —T,F da". 
Writing 
aj io) 53; — Tx da", 
we find 
F455! = aif, 


a relation which shows that the vectors at the point x-+-d~z are connected 
with those at x by an affine transformation. The quantities 7, are there- 
fore called components of affine connection.t 

If the coérdinates x are changed to x by an arbitrary analytic trans- 
formation, the equations (2.1) will maintain their form if the components 
of affine connection in the new codrdinate system are given by the formulas 


1 dxt —; Ox! ax? 0* xt 


Not ~~? oa) Oa*® ' Oxl bak * 





(2.2) Tj 


Hence the affine geometry of paths can be regarded as the theory of 
an invariant, the affine connection, whose components in a codrdinate 
system x are the functions /j,, and which has the property that its com- 





*This convention will be followed throughout the paper except where the contrary is 
expressly stated. 

+ For a. systematic account of the geometry of paths cf. 0. Veblen and T. Y. Thomas, 
The Geometry of Paths, Trans. Amer. Math. Soc., vol. 25 (1923), pp. 551-580. 

+H. Weyl, Raum, Zeit, Materie, 4th ed., p. 100. 
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ponents in any two codrdinate systems x and z are related by the 
equations (2.2). 

3. Projective change of affine connection, If the parameter is 
changed along each path by an analytic transformation from s to ¢, 
equations (2.1) become 

a? xt i; dx) da*®\/(dt\?, dz dt 
en) Car thar ala) tar a 
From this result it is obvious that the form of the equations (2.1) is 
preserved only under a change of parameter of the type ¢ = as+b, 
where a and b are constants. 

To find a set of equations of the paths invariant under an arbitrary 
change of the parameter, we multiply equations (3.1) by dx//dt, interchange 
i and 7, and subtract, getting 


a 2 
(3.2) ou (SE + 





gt dx? dxt\ dz! 
‘mat dt no 
where 0}; is zero unless i= k and j =1, ori =J and j =k, andis +1 
in the first case of exception and —1 in the second.* From the manner 
in which they were derived it is clear that equations (3.2) are invariant 
under an arbitrary change of parameter. These equations, which were 
first suggested for the geometry of paths by J. L. Synge, define exactly 
the same curvest as equations (2.1). 

Suppose now that the components of the affine connection are changed 
to Tie without the paths being altered. Then equations like (3.2) hold 
along any path for both affine connections. Since the form of these 
equations is independent of the parameter, we can assume that any point 
on a given path corresponds to the same parameter value for both affine 
connections. A comparison of the two sets of equations of the form (3.2) 
gives ‘ 
62, Tf, da’ dx? dxt = dj lyn da’ dx? dz’. 


These relations must be identities in the differentials, since it follows 
from (2.1) that the direction of a path through a given point can be 
chosen arbitrarily. Equating the coefficients, we get 


(3.3) OUT pq + Op Tai + Ob, Tip = 6 pg + Op Tok + Ob, Tip. 





*These generalized Kronecker symbols were discovered independently by J. W. Alexander 
and F. D. Murnaghan. Cf. a paper by the latter, The generalized Kronecker symbol and 
‘its application to the theory of determinants, Amer. Math. Monthly, vol. 32 (1925), p. 233. 

t+ Cf. O. Veblen and T. Y. Thomas, loc. cit., p. 556. 
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Contraction for 7 and p in the last equations gives 


(3.4) (n+ 1) E—d rh—ot rd = (n+ 1) Ti di rid-- db ry. 


Conversely, if equations (3.4) are satisfied, (3.3) are also. Hence equations (3.4) 
are necessary and sufficient conditions that the 7’s and the Z”’s be associated 
with the same system of paths. By contracting the equations (2.2) we find 


pk — 

* ae x 0 log A (x, x) 
ed lite: ~ enna ~ aaa. 
where A is the jacobian 


o Ox 
A(x, x) = rh 


i 


From these equations it follows that the functions y, defined by 


(3.6) Ty —Ty = (n+1)g; 


are the components of a covariant vector. Equations (3.4) can therefore 


be written bc BA 
(3.7) Vix = Te +45 xt oe 9;, 


and they define a projective change of affine connection* for an arbitrary 
vector gj. 
Properties of the system of differential equations (2.1) which persist under 
the change of affine connection (3.7) will be called projective properties. 
4. The projective connection. The equations (3.4) state that the 
quantities 
(4.1) ef eh og oR 
: Jk jk n+1 lk n+1 


Ty 

are the components of a projective invariant, the prajective connection.t 

These quantities also arise by the elimination of y; from equations (3.7). 
By the use of equations (2.2) and (3.5) we find that the law of trans- 

formation of the Z/’s is 


im dat =, 02° 32° 0? x dat 00 dxz* 06 
J 


—_—- = J . : : ; 
* eal » ox) dak dal Oak + Oa) Bak + Oak dal’ 





* H. Weyl, Zur Infinitesimalgeometrie, Gétt. Nachr., 1921, p.99. Cf. also L. P. Eisenhart, 
Spaces with corresponding paths, Proc. Nat. Acad. Sci., vol. 8 (1922), p. 233, and O. Veblen, 
ibid., p. 347. 

¢ T. Y. Thomas, On the projective and equi-projective geometries of paths, Proc. Nat. Acad. 
Sci., vol. 11 (1925), p. 199. 
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nm+1 ° 


The equations (4.2) will reduce to the law of transformation of a tensor if, 
and only if, the equations of transformation satisfy the differential equations 


6= 





(4.3) on § «=—«_—«aog 80 sax 80 
’ Oxi da = =— Aa da* = Oa* Aas 
The integrability conditions 
9* x 0° xt 


Ox) Oar dat ~—S aw Oa Oak 








are reducible to 
i Vee, SE ee 
dm Oak ' da Bak 
These last equations are equivalent to 





0. 


1 
92 Avett 


of which the solution is 
1 


A"? = k+hyat, 
k and h; denoting constants of integration. We therefore have 


i, ce hj aj 


Oxi thi lO tat 





Equations (4.3) are therefore to be replaced by 


(4.4) 0* 7 Ox Ak ext aj 


ex ba® a) Ttaa ~~ ba 1+ aa" ° 





The integrability conditions of (4.4) are identically satisfied. The equations 
therefore possess a unique system of solutions satisfying the initial con- 
ditions z*= c', dzx'/da/ = bj for 21 = 0. But the functions 


Satisfy both the differential equations and the initial conditions. Hence 
we have 
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THEOREM 1. The components of projective connection transform like the 
components of a tensor under the transformations of the projective group 
and under them alone. 

5. Projective parameter. When the substitution 


is made in them, equations (3.1) become 


a? xt mi dxi dak dz (d®t ri az! at) _ 
6.1) (Sr tie ae dt &) (4) dt (Setsaan Yds ds 


If we define a particular parameter p by means of the equation 


r dxi dp 


(5.2) ss "Sas de 





P+ = 0, 


as 


the equations (5.1) of the paths become 


ad? xt i ax! dx 
(5.3) pms o— 


A parameter p satisfying (5.2) is called a projective parameter* for the 
following reason. The equations corresponding to (2.1) for the affine 
connection I’ are 
ri dxi daz* 


-— a 


ae +h 


Inserting in these equations the values of J’ from (3.7) and comparing the 
resulting equations with (3.1) we get 


a*t da dt 
ste ei ae 

If we substitute from (3.6) and (5.4) in (5.2), we find that the original p 
also satisfies the differential equation, 


d®p 2 n dx dp _ 
d@ *n+i i rT 





that is, the equation satisfied by a parameter p is invariant under a 
projective change of affine connection. 





* Cf. T. Y. Thomas, Proc. Nat. Acad. Sci., vol. 11 (1925). p. 200. 
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On the other hand, if we subject the coérdinates to an arbitrary trans- 
formation, we readily see from (3.5) that equation (5.2) is not invariant. 
In order that the form of equations (5.3) be preserved, it is therefore 
necessary that such a transformation of coérdinates be accompanied by a 
transformation of projective parameter, the formula for which we proceed 
to determine. The projective parameter p for a codrdinate system x satis- 
fies the equations 


oo are 
ss ae ne 


7 dz* dp 
i a a” 


dp 
(toe e) + 





0, 


a7 Fh az == (), 


Subtracting these equations from the corresponding form of (5.2), we get 


any _ 2 |= 
altos ($2 ag log Aj = 0, 


dp fe. 
—_—_-——l AA*t ’ 
dp 





whence 


— y Ee eas Pe ates ee r speach “ine ‘ ‘ : 


Site eee 


or 


2 
(5.5) >= A fae dp +B, 


* os : > 
ee EGE POET BL 
SSS Deel asta iaa eee 


where A and B are constants and the integral is evaluated along the path 

in question. The formula (5.5) gives the transformation of projective 

parameter which accompanies a transformation of coérdinates from x to z. 
In a similar fashion, we may write 


pelea se 


2 4 
(5.6) p= Ale wer JTtae ds+B, 


a formula which gives a projective parameter in terms of the parameter s 
associated with an arbitrary affine connection 7. We may render the 
projective parameter definite by assigning A and B the values 1 and 0, 
but defining any solution of (5.2) as a projective parameter is entirely 
satisfactory since equations (5.3) preserve their form under linear transform- 
ation of the parameter. 

6. The projective equivalence theorem. It is now clear that the 
problem of the projective equivalence of two geometries of paths may be 
reduced to a study of the integrability conditions of the equations of 
transformation (4.2) of the projective connection.* For if a space of paths 
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* Cf. T. Y. Thomas, loc. cit. p. 201. 
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given by components of affine connection I in a coérdinate system z is 
in a point-to-point and path-to-path correspondence with a space of paths 
given by I in a codrdinate system 2, the correspondence determines equations 
of transformation a2* = f‘ (x) which transform the differential equations (2.1) 
of the first system of paths into equations of the form 


a? x 4X) daze 
de +! as ds 


which must be satisfied by the second system of paths. Since these equations 
represent the same paths as the corresponding equations in the functions 
it follows by §§ 3 and 4 that the components of projective connection 7 
must be related to the components 7 by (4.2). Conversely if a corres- 
pondence 2‘ = fi(z) exists in which 7 and 7 are related by (4.2) this 
correspondence together with the transformation of parameters (5.5) carries 
the differential equations (5.3) of the first system of paths into the corres- 
ponding differential equations in the Z’s for the second system of paths. 
Hence the question of the path-to-path correspondence of two geometries 
of paths resolves itself into the following: when is it possible to find a 
transformation x’ = f‘(x) of the points x of one manifold into the points x of 
the other which relates the projective connections of the two spaces by 
formulas (4.2)? 
It is convenient to rewrite equations (4.2) in the form 


aut se ieale ; 
(6.1) re = Tj, ut — Mp uj uf + 0; We + Ox 05, 
where 

dat : 
(6.2) aa _— uj, 
and 


2 Sas 
~ oe etl Oa 


If we differentiate equations (6.1) with respect to x’, eliminate the second 
derivatives of the «’s which occur explicitly by means of (6.1), interchange 
k and /, and subtract, we find equations which are equivalent to 


_* P p P 6; _— 
Bins = Bre vd uf uk ut + Fes ~— Oy Wh, — 0; on) 
(6.4) 


— dj (or — Op Thi — 0; a) ’ 
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ami ami ’ 
Bin — 2M 208 ng ng np Mp, 





¢ oat 


Contraction for z and 7 in (6.4) gives 


fa] 6; ~~ —_ 
(6.5) Bgk — Tik— Vg Uk + Oy M+ 0 %., 
where 
1 


I 
re = —— Blu. 
’ n—1~’ 


If 00;/Ax* is eliminated from (6.4) by means of (6.5), there results a system 
of equations equivalent to 


(6.6) Wha up = Whos uf uf uf, 
where 


(6.7) Wye = Bjat bk ra— Oi rjc. 


The invariant W is the projective curvature tensor discovered by Weyl.* 
If we differentiate (6.5) and eliminate in a similar manner, we find 


fae are 
(6.8) Yijk = pqs ub uf Uk— Wi; 
where 





0 rij Or: 
(6.9) rik = Soe pai +e Mj—ry Me. 


The invariant: rjx will be called the projective covariant. 

If we differentiate equations (6.6) and (6.8) successively with respect 
to x, eliminating each time the second derivatives which occur explicitly 
by means of (6.1) and (6.5), we get a set of projective invariants together 
with their laws of transformation. The latter involve only the first deri- 
vatives uj of the old variables with respect to the new and the particular 
combinations of second derivatives denoted by 6;. 

Let us denote the system of equations (6.6) and (6.8) together by F, = 0. 
Also let F; = 0 denote the equations obtained from F, = 0 by differentiating 
once and eliminating explicit second derivatives by means (6.1) and (6.5). 


"e. Weyl, loc. cit., p. 101. For the process of elimination employed above to obtain 
it, cf. J. M. Thomas, Note on the projective geometry of paths, Proc. Nat. Acad. Sci., vol. 11 
(1925), p. 207-209. 
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Let Fs = 0 denote the set of equations obtained similarly from F, = 0, 
and so on. We thus find a sequence of sets of equations* 


(6.10) (A =1,2,--.) 


which may be regarded as equations for the determination of 2*, ui, 0; as 
functions of x. By a general theorem on partial differential equations 
which we shall prove in the next section there now follows: 

THEOREM 2. A necessary and sufficient condition for the prajective equi- 
valence of two affine geometries of paths is the existence of a positive integer N 
such that Fy = 0, Fz, =0, ---, Fv=O are consistent equations for the 
determination of x', uj, 0; as functions of = and that every solution of them 
satisfies F'yi1= 0. 

7. A theorem on partial differential equations. Let us consider 
a set of »-# partial differential equations, 


aZ° 


(7.1) = 


— y8(Z, Zz) = 0. 


The integrability conditions of these differential equations are obtained by 
eliminating the derivatives 0Z°/az' from 


(7.2) oye | Oye ee * Vi, OF AZT 


om 








dx) | aZt dx 0x* 9Z* ax 


by means of (7.1). If these relations are identically satisfied, (7.1) are 
completely integrable.t If not, let the relations obtained be denoted by 
F,(Z, x)= 0. Differentiating these equations and eliminating the deri- 
vatives @Z°/az* by means of (7.1), another set of relations, F,(Z,z) = 0 
is obtained, and by continuing the process an infinite sequence of such sets 
of relations, 

(7.3) F(Z, x) = 0, (4 = 1, 2,---). 


We shall assume that the equations represented by (7.3) impose no 
relation on the variables x, for if such a relation were imposed we could 
reduce the problem to one involving a smaller number of independent 
variables xz. The equations (7.3) therefore impose a number of relations 
on the functions Z, and if they are compatible there must exist certain 


* Greek letters will be used from this point onward for indices whose range of values 
is not 1, 2, +--+, 
+ M. Bouquet, Bull. Sci. math. et astron. (1), vol. 3 (1872), p. 265. 
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functions Z° (x) which satisfy (7.3) so long as the point Z remains in a 
sufficiently restricted n-cell. If we proceed through this sequence of sets 
of equations (7.3) and form from it a set of independent relations by adding 
to our set each new relation encountered which is independent of those 
already found, we must finally reach a system of equations, say 


(7.4) Fy+1 = 0, 


which are identically satisfied by any values of Z which satisfy the in- 
dependent relations obtained from the preceding systems, namely, 


(7.5) F, = 0, F, = 0, wate Fy = 0, 


that is, the system (7.4) contributes no new independent relation to our 
set. Hence if the differential equations (7.1) are to be compatible it is 
necessary that a number WN shall exist such that the functional relations (7.5) 
shall be consistent and that all functions Z(@) satisfying them shall also 
satisfy (7.4). This condition is also sufficient, as we now proceed to show. 

Suppose that M is the number of the independent relations in (7.5) and 
let us denote them by 


(7.6) G,(Z,2) = 0, («= 1,2,--,-M< RB). 


We may further suppose without loss of generality that the Z’s are so 
numbered that the determinant 


dG, 
(7.7) az, + 0, (u,» = 1,2,---, M), 


that is, the first 4 Zs may be regarded as functions of the remaining Z’s 
and the x’s, 
(7.8) _L°=> Z°(ZEH,..., Z¥, x), (o = 1,2,---, M). 


The equations (7.6) imply 


0G, 02°  2aG, 
aZ° azxt dxt 





= 0. 


Also the process of formation of the sequence (7.3) is such that the 
relations 


0G, 
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are all included in the set of relations F, = 0,---, Fy = 0, Fyir = 0 
whenever the relations G, = 0 are included in (7.5). Hence on our 
hypotheses we have 


(7.9) ate (22 | ‘ 
rie 





For an arbitrary but fixed value of 2 this yields a set of VW linear homogeneous 
equations among the quantities 67°/dx‘— w?. In view of the non-vanishing 
of the determinant (7.7), the first MW of these quantities are expressible 
linearly in terms of the remaining ones. Hence if the relations (7.8) are 
substituted in (7.1) all the resulting equations are consequences of the 


differential equations, 


B 
0Z = wp, (8 = M+1,---, R) 


(7.10) ng 


the right hand members of which are the functions of z and Z¥*!,..., Z® 
obtained by substituting (7.8) in the corresponding equations in the set (7.1). 

The integrability conditions of (7.10) are formed by eliminating the first 
derivatives 0Z°/dx* between (7.2), (7.9) and (7.10). But from the method 
of formation of the conditions /, — 0 it is seen that the conditions so 
obtained are satisfied identically because they are certain of the relations 
F, = 0 with (7.8) substituted in them. 

Hence we have the theorem: For the compatibility of the differential 
equations (7.1) it is necessary and sufficient that there exist a number N 
such that the functional relations F,(Z, x) = 0,---, Fu (Z, x) = 0 be com- 
patible for all points x in a given region (n-cell) and that all functions 
Z(x) which satisfy them also satisfy Fnsi(Z,x) = 0. The functions Z 
(unless 1 = #) fal] into two classes, one class including A — M functions 
obtained by solving a completely integrable system of differential equations 
of the type (7.10) and the other class including M functions found by 
substituting the other R—M functions in the solutions of a set of implicit 
functional relations. In case R == M all the Z’s are found by solving 
functional relations. 

To apply this theorem to the proof of Theorem 2 we let Z', Z*,..-, Z® 
denote the »?+2n variables, z*, us and 6; and let (6.2), (6.1) and (6.5) 
be the equations (7.1). Since (6.3) is a consequence of (6.2) and (6.1) 
any solution of (7.1) will determine a transformation of 7 into 7. By 
reference to §6 one sees that F, —0O is the system of equations (6.6) 
and (6.8). Hence the general theorem reduces to Theorem 2. 
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The theorem of the present section may also be applied to the proof 
of the equivalence theorem for quadratic differential forms, for affine path 
geometries, for conformal geometries, and so on.. The method used to 
obtain it resembles that outlined by Wright* to prove an equivalence 
theorem for quadratic forms which is somewhat more general than that 
of Christoffel. 

8, Invariant derivatives. In order to describe the invariants which 
appear in the equations F, = 0 more explicitly we introduce the idea of 
the invariant derivative of an invariant. Such a derivative is the ordinary 
derivative evaluated in an invariant coérdinate system which is determined 
at the point of the manifold under consideration as a simultaneous invariant 
of the codrdinate system to which the manifold is referred and some 
fundamental invariant. 

If the invariant codrdinate system chosen is the system of geodesic 
coérdinates and the above process is applied to a tensor, the invariant 
derivative is the covariant derivative with respect to the affine connection 
which, in this case, is the fundamental invariant. 

We also define the 7-th invariant extension of an invariant as its r-th 
derivative evaluated as above. The invariant derivative is, of course, the 
first invariant extension. 

As different choices of a basic invariant codrdinate system are possible, 
there will be different types of invariant extension. We shall, however, 
designate as affine extension the one obtained by choosing the affine 
normal codrdinate system as the basis for differentiation. Likewise projective 
extension will be defined in terms of projective normal codrdinatest and 
conformal extension in terms of conformal normal codrdinates.t 

With the definitions adopted, the affine extensions of the affine connection 
are the affine normal tensors.§ Of the projective extensions of the projective 
connection, only the first is a tensor, and a similar remark applies to the 
conformal extensions of the conformal connection. 

A projectively invariant codrdinate system y associated with a given 
céordinate system x and a point 2 is defined by 

a = bh +y'—> Udo — 5 Hide y vy, 


* J. E. Wright, Invariants of quadratic differential forms, Cambridge, 1908, pp. 15-18. 

T 0. Veblen and J. M. Thomas, Projective normal codrdinates for the geometry of paths, 
Proc. Nat. Acad. Sci., vol. 11 (1925), pp. 204-207. 

{The definition of such codrdinates is entirely analogous to that of projective normal 
codrdinates. 

§ Cf. 0. Veblen, Normal codrdinates for the geometry of paths, Proc. Nat. Acad. Sci., 
vol. 8 (1922), pp. 192-197. 
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j 1 


and the symbol P denotes the sum of the terms obtained from those 
within the parentheses by cyclic permutation of the subscripts.* If we 
adopt the codrdinate system (8.1) as our basis for invariant differentiation, 
the invariants arising by repeated differentiation of (6.6) and (6.8) in the 
manner described in § 6 are the successive invariant derivatives of Wi and 
ryx- To prove this for a given one of the invariants, we differentiate the 
law of transformation of the invariant immediately preceding it in the 
sequence, then we regard x as the codrdinates y of (8.1) and evaluate at 
the origin where the following conditions obtain 


oat _ si 
dy ata 


2 at P aii 

(8.2) 75g = — Hr Mk = 0, 

Had we applied the projective normal coérdinates as our basis, we should 
have reached the same result. For the conditions (8.2) are also true at the 
origin of the projective normal codrdinates and the invariants differentiated 
have laws of transformation involving no derivatives higher than the second, 
so that in differentiating and evaluating we should not have to go beyend 
third derivatives. Hence the invariant derivatives involved are actually 
the successive projective derivatives. 

9. The two fundamental projective invariants. From the law of 
transformation (6.8) we readily infer 

THEOREM 3. The prajective covariant is a tensor if, and only if, the 
projective curvature tensor vanishes. 

The first invariant arising from the differentiation of (6.6) is the pro- 
jective derivative of Wj and can be formed from its (affine) covariant 
derivative by replacing each I by the corresponding 77. Let us denote it 
by Wyxp, and let us use a similar notation for the formal expression for 
the covariant derivative of Bj and vj with respect to the basis Wx, 


&. g., 


6 = 0, rik = 0. 


0 Vij 


l 1 
Vik = oe U Tix — ria jx. 


From (6.7) we have 
(9.1) Wrap = Bjrtip — Oi rjxip + Ok rjrip- 





* The expressions (8.1) are those obtained by stopping at the terms of the third order 
in the expansions of x in terms of the projective normal codrdinates previously given by 
us in the paper, Projective normal codrdinates for the geometry of paths, Proc. Nat. Acad. 
Sci., vol. 11 (1925), pp. 204-207. 
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The so-called Bianchi identity holds for Bjxjp because this invariant can 
be formed from the covariant derivative of the ordinary curvature tensor 
by replacing each 7’ by the corresponding 77. Hence 


(9.2) Bjurip + Bip + Bipnr = 0. 
Using (9.1), (9.2) and the relations 


Vjkl == VjkiL—VjUk 
we find 


yi i i i i i 
Wryxtip + Wipe + Wipean = 9k rjup + Orr jpn + Sp rjna, 
whence by contraction for 7 and p 


(9.3) Whap = (n—2) rj. 


Equations (9.3) show that for »>2, equations (6.8) and those arising 
from them are not independent of those coming from (6.6) and therefore 
need not be considered in applying the equivalence theorem. If n = 2, 
the projective curvature tensor vanishes so that we need only consider 
the equations arising from (6.8). 

10. Completeness theorems. We call the sets of invariants obtained 
in § 6 complete because an equivalence theorem can be stated in terms 
of them. From the results contained in § 8 and § 9 we can state the 
following theorems. 

THEOREM 4. A complete set of projective invariants for an affine geo- 
metry of paths consists of the projective curvature tensor and the projective 
covariant together with their successive projective derivatives. 

THEOREM 5. <A complete set of projective invariants for an affine geo- 
metry of paths of more than two dimensions consists of the projective curva- 
ture tensor and its successive projective derivatives. 

THEOREM 6. A complete set of projective invariants for an affine geo- 
metry of paths of two dimensions consists of the projective covariant, which 
is in this case a tensor, and its successive projective derivatives. 

11. Projectively flat spaces. By a projectively flat space is meant 
one in which it is possible to choose a preferred codrdinate system in 
terms of which the equations of all the paths are linear. From (5.3) it 
is seen that such preferred codrdinate systems are characterized by the 
identical vanishing of the projective connection. The analytical work done 
in proving Theorem 1 shows that all such codrdinate systems can be 
obtained from any one of them by linear fractional transformations.* 


* Of. H. Weyl, Mathematische Analyse des Raumproblems, Berlin, 1923, p. 73. Although 


Weyl does not employ the projective connection, he proves substantially the statement 
just made above. 
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If x is such a preferred codrdinate system, it is obvious from the way 
in which the invariants Wj. and ri are formed from the projective con- 
nection that they must vanish for the codrdinate system x. Equations (6.6) 
and (6.8) then show that these invariants vanish in all codrdinate systems z. 
Conversely, if Wiz and ryx vanish in a particular codrdinate system z, 
the integrability conditions of the equations obtained by making jj, = 0 
in (6.1) are identically satisfied. Those equations consequently define a 
system x such that 27, = 0. 

We now state in terms of our invariants three theorems due to Weyl.* 

THEOREM 7. A necessary aud sufficient condition for a prajectively flat 
space is the vanishing of the projective curvature tensor and the projective 
covariant. 

If n> 2, we see from (9.3) that the vanishing of Wj implies that of ry. 

THEOREM 8. A necessary and sufficient condition that a space of more 
than two dimensions be projectively flat is the vanishing of the projective 
curvature tensor. 

If n = 2, the projective curvature tensor vanishes identically, equations 
(9.3) are identically satisfied, and ry, is a tensor by theorem 3. 

THEOREM 9. A necessary and sufficient condition that a surface be project- 
iwely flat is the vanishing of the projective covariant. 

12. The significance of the contracted affine connection. The 
projective connection is completely determined by the formulas (4.1) when 
the affine connection is given, but not conversely. The 7's can be determined 
from (4.1) only when the values of I ix have been assigned. We may choose 
arbitrary functions for these » sums, but their law of transformation is 
of course determined by that of the Z’s. It is given by (3.5). 

With each point of the 2 manifold we can associate an ordinary projective 
space and can refer the paths to a system of projective normal codrdinates 
such that the paths through the point are represented in the ordinary 
projective space by the straight lines through the origin. The projective 
normal codrdinates are uniquely determined by the paths and are independent 





* H. Weyl, Zur Infinitesimalgeometrie, Gétt. Nach., 1921, pp. 102-105. His conditions are 
(i) Wi = 0, 


(ii) GF, smn = 0, 
where in general 
I> 


=n 7P 
isn — Tae te +1 Wyn. 


G 
His conditions are, therefore, equivalent to ours though his point of view and analysis 
are different. It is to be noted that the left hand members of (ii) are the components 
of a projective invariant only by virtue of (i) and that their projective character is not 
obvious from their form. 
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of the particular affine connection chosen in representing the paths by 
differential equations. 

A general analytic transformation of the ‘ariables x is represented in 
the projective normal coérdinates y by a linear fractional transformation.* 
If we introduce homogeneous variables by the relations y* = 2z‘/z, the 
transformation of these new coérdinates is linear and homogeneous,t 
w= ve, the coefficients being 


eee ex! ” ie 00 ey - ee 
y= (55), ¥=GS), B=0, B=1. 


The symbol ( ), denotes evaluation at the origin of projective normal 
coérdinates. ; 

If we put (Z%j)o—= —(n-+ 1) vj/u, equations (3.5) become v, = v P v. 
Hence the n+ 1 quantities ve are transformed contragrediently to the z’s. 
The hyperplane ve z2* = 0, therefore, has for its new equation ve z* = 0 
when the 2’s undergo an arbitrary analytic transformation. The assignment 
of values to the contracted I’s, therefore, converts the projective space 
associated with any point into a Euclidean space by singling out one of 
its hyperplanes. 

If we choose the contracted I’’s equal to zero, we get an affine connection 
which is said to be normalized for the given coérdinate system. The corre- 
sponding hyperplane is 2° = 0, that is, the hyperplane at infinity. 

13. A non-affine geometry of paths. From a broad point of view, 
the geometry of paths is the theory of a system of curves having the local 
property that two points are joined by one and only one curve of the 
system.t In general such a system of paths will not have an affine con- 
nection and therefore will not have the sort of a projective theory which 
is described in the pages above. 

The case next in simplicity after the affine case appears to be the system 
of paths which satisfy a set of differential equations of the form 


| Mh dx? dxf dx’ 
pwr ds ds ds 


= 0 








* Cf. O. Veblen and J. M. Thomas, loc. cit., p. 206. 

+ In the formulas of this section, Greek indices are to take the values 0, 1,---, , and 
Roman indices the values 1, 2,---n. 
’ Cf. 0. Veblen, Remarks on the foundations of geometry, Bull. Amer. Math. Soc, vol. 31 
(1925), p. 127. 
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in which the Z’s are functions of z which are symmetric in the indices 
p,q, r and alternating in the indices 7 and ). 

These differential equations are direct generalizations of (3.2) and are 
themselves capable of further generalization of an interesting sort. They 
are invariant under arbitrary analytic transformations of the independent 
variable s and are invariant in form under analytic transformation of the 
dependent variables if the functions Z are transformed according to the 
equations 


(13.2) Weeruiud = We uf ubuZt + bY, (uba ut + udp ud + ue ud), 


8? xi 
Ox ax* ° 


i 
Wing 


The functions jp are unlike the functions Vi, which appear in the 
affine theory in that they are uniquely determined by the paths and 
a specified codrdinate system. In this respect as well as in others they 
generalize the functions which appear in (3.3). 

Let us now define a set of functions by the equations 


Jj —3_ pi 


Ty + Tir . 


The law of transformation for these functions is the same as (4.2). It now 
follows by a short computation that the functions 


Tyqr — x (Sip Wor + Sig Wry + Sier Hp) 


are the components of a tensor. Moreover the vanishing of this tensor is 
a necessary and sufficient condition that the system of paths defined by 
(13.1) have an aftine connection. The theory of these differential equations 
would seem to be a fruitful new field for study. 


PRINCETON UNIVERSITY. 

















ON CLASSES OF IDEALS IN A QUADRATIC FIELD. 


By Howarpv H. MircHe tt. 


1. Introduction. It is the purpose of this paper to give an exposition 
of the determination of the number of classes of ideals in a quadratic 
number field, and of the class to which any particular ideal belongs, by 
methods that follow closely those used by Lagrange and Gauss in the 
case of quadratic forms. The results obtained seem simpler than those 
arrived at by the use of the Minkowski theorems on linear forms, which 
are ordinarily employed for this purpose. The methods used here moreover 
make it possible to bring out clearly the relationship between classes of 
ideals and classes of quadratic forms. The author has tried to present 
the material in such a form as to be intelligible to a reader with only a 
slight acquaintance with the subject. 

It will be convenient, first of all, to recall some well known results 
concerning integers and ideals in a quadratic field. Any integer in the 
quadratic field determined by Vm, where m is a positive or negative 
rational integer without a square factor, can be represented in the form 
a+ywo, where o = Vm if m= 2, 3, mod. 4, o = (1+V m)/2 ifm =1, 
mod. 4, and x, y are rational integers. Conversely, every such number is 
an integer in the field. By the norm of an integer is meant the product 
of the integer and its conjugate, i.e. the norm of z+yo is 2*— my? 
if m= 2, 3, mod. 4, and 2?+ 2y+(1 —m) y*/4 if m= 1, mod. 4. 

An ideal in the field may be defined as a set of integers such that the 
sum of any two integers of the set is in the set and such that the product 
of any integer of the set by any integer in,the field is in the set. It 
may be shown that any ideal in the field may be represented in the form 
clax+(b-+)y], where a,b,c, denote particular rational integers such 
that the norm of b+ @ is divisible by a, and x, y, assume all the rational 
integral values. Conversely, every such set of numbers is an ideal. The 
set of integers obtained by multiplying a particular integer by each of 
the integers of the field forms a particular kind of ideal called a principal ideal. 

A pair of integers €, q in an ideal that have the property that every 
integer in the ideal may be represented in the form §a-+ ay, where z, y 
are rational integers, are said to form a basis of the ideal. Thus, in 
particular, every ideal possesses a basis (called a canonical basis) of the 
form ac, (b-++)c, where the norm of b+ is divisible by a. If &,7 
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form a basis, a neéessary and sufficient condition that §*—= 6&+ yy, 
n* = 8§+ an, where «, 8,7, 90 are rational integers, should also form a 
basis of the ideal is that ad — By = +1. 

If we set 6 = 7/&, it follows that a necessary and sufficient condition 
that 6* should also be the quotient of two basis numbers of the ideal is 
that 6* should be connected with 6 by means of a relation of the type 
6* = (26+ £)/(y6+4), where a, 8, y, 6 are rational integers such that 
ad — By = +1. Associated with each ideal there are therefore an 
infinity of such numbers 6. 

If two ideals are thus associated with the same set of numbers 0, we 
may suppose that their basis numbers [§,, 7], [§2, 472] have been so selected 
that m/S = /§. Hence by multiplying the integers &,2-+my of one 
ideal by &/&, = m/m, the integers of the other ideal are obtained. Con- 
versely, if, by multiplying the integers of an ideal §a-+ yy by a number x 
of the field, the resulting system of numbers are found to be all integers, 
this system is then an ideal with the basis [§x, 7x] and is thus associated 
with the same set of numbers @ as the given ideal. Two ideals that are 
related in this way are said to be equzvalent. 

For example, if we multiply the integers of the ideal [2, 1+WV—5] 
by (1— V —5)/2 we obtain the equivalent ideal [3, 1 —V —5]. 

From the definition of equivalence, it follows that two ideals that are 
equivalent to the same ideal are equivalent to each other. All ideals that 
are equivalent each to each are said to form an 7deal class. In particular, 
all the principal ideals in a field form a class called the principal class. 

Any number 6 = 7/§ that is the quotient of two basis numbers of an 
ideal [§, 7] may be reduced to the form (b-+-cw)/a, where a, b, c, are 
rational integers having no common divisor. Hence by multiplying [§, 4] 
by a/& we obtain the equivalent ideal [a, b-+co]. It follows then that 
a and b must each be divisible by c, whence c= +1, and that the norm 
of b-++cw must be divisible by a. Conversely, any number (b+ )/a, 
such that the norm of b+ is divisible by a, is the quotient of two 
basis numbers of an ideal. 

A slightly different representation of the integers of a field will be 
found more convenient in the discussions that follow. The discriminant 
D of a field defined by V m, is equal to 4m if m = 2, 3, mod. 4, and to 
m, if m= 1, mod 4. Hence any integer in the field having the discriminant 
D may be expressed in the form (x+ y V D)/2, where z is even if D= 8, 12, 
mod. 16, and x, y are either both even or both odd if D = 1, mod. 4. 
Any number that is the quotient of the two basis numbers of an ideal may 
be represented in the form (b+ V D)/2a, where b is even or odd according 
as D is even or odd, and where b®—D is divisible by 4a. 
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2. The imaginary quadratic field. In discussing the separation of 
ideals into classes, we shall distinguish between the cases where the field 
is real or imaginary, and shall consider the latter case first. Since the 
discriminant in this case is negative, we shall find it convenient to 
represent it by — A. 

Those integers in an ideal [§, y] that have the minimum norm all have 
the form 6&+ yy, where y, 6 are rational integers having no common 
divisor. Any such integer may be chosen as one of the two basis numbers 
of the ideal, since the other could then be selected as 8§-+ ay, where 
a, 8 are so chosen that ad—~By — +1. We shall suppose that § has 
the minimum norm. — 

Since the ratio /§ is equal to a number of the form + (b+ V —A)/2a, 
where b® = —A, mod. 4a, we see that the ideal [§, y] is equivalent to 
la, (b+ V—a)/2I, in which a has the minimum norm. An ideal (in an 
imaginary field) that contains no rational integral factor, and that contains 
a rational integer with minimum norm will be referred to as a reduced ideal. 

By a proper modification of the second basis number we may choose 
b in the reduced ideal [a, (b-+ V —A)/2] so that—a<b < a. Since a has 
the minimum norm, }?+ 4 > 4a*, whence a < V 4/3. 

Conversely, ifi—a<b<a,b*+A => 4a*, the ideal is reduced. For the 
norm of any integer ax-+(b+V —A) y/2 will exceed A/3 if |y| >1, 
and hence no irrational integer in the ideal can have a norm less than 
that of (s+ V —A)/2. Hence a has the minimum norm. We have there- 
fore the 

THEOREM. Jn order that an ideal be reduced, it is necessary and sufficient 
that it possess a canonical basis a, (b-+V —A)/2] such that b?+A4 = 0, 
mod. 4a, —a<b<a; b?'+4> 4a’. 

For a given A it is evident that there are only a finite number of pairs 
of integers a, b, satisfying these conditions, and hence only a finite number 
of reduced ideals. Since, as was shown above, every ideal is equivalent 
to at least one reduced ideal, the number of ideal classes is less than or 
equal to the number of reduced ideals. 

In order to determine the number of classes, we must investigate the 
conditions under which two reduced ideals are equivalent. If, by multiplying 
the reduced ideal [a, (b-+- V — A)/2] by an irrational number, another reduced 
ideal is obtained, there must be in the first an irrational integer whose 
norm is equal to the norm of a. Since, as we have seen above, no irrational 
integer in a reduced ideal can have a norm less than that of (b+ V —A)/2, 
it follows that b?-+-4 = 4a*. In this case by multiplying the given reduced 
‘ideal by (bs —V —A)/2 we obtain the equivalent ideal [a, (—b-+ V —a)]/2, 
which is reduced and is distinct from the first except when b = 0, a. 
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If b =a, b?+A=— 4a, the norm of (—b-+V —A)/2, which is then 
in the ideal, is also equal to the norm of a, but in this case 4 = 3, a—1, 
and there is but one reduced ideal. 

We may summarize the results obtained in the 

THEOREM. In an imaginary quadratic field with discriminant — A every 
ideal is equivalent to one and only one of the ideals |a, (b+ V —A)/2] such 
that b*+A is divisible by 4a, and either —a<b<a, b*+A>4a%, or 
0<bsa, +A = 4a’. 

In writing down these representative ideals for a particular A it is 
probably most convenient to assign to b the odd or even values numerically 
less than V 4/3, and then for each value of b to assign to a the integral 
values that are divisors of (b?-++ 4)/4 and such that |b| <a < (b*+A)/4a. 
Finally, any pairs of values for which b = —a or for which b is negative 
and b*?+4A= 4a? are to be excluded. 

Thus, if we indicate the ideal [a, (b-+V—4A)/2] by the symbol (a, B), 
we find that, for 4 = 143, every ideal is equivalent to one and only one 
of the following ten: (1,1) (2,+1) (8,+1) (4,+1) (6,1) (6,+5). 

The most convenient process for finding a reduced ideal equivalent to 
any given ideal is probably as follows. We may first express it in terms 
of a canonical basis, and discard any rational factor, if such be present. 
In this ideal [a, (6+ V —A)/2] we may then by a suitable modification 
of the second basis number choose b so that —a<b < a. 

If then b?+4 > 4a’, the ideal is reduced. On the other hand, if 
b?+A<4a*, say b?+A = 4ac, where c<a, the ideal is equivalent to 


b—V—A | 


3, a, (b+ V —A)/2] = [c, (—b+ V —A)/2], 


which contains a rational integer less than a. If then, by modifying the 
second basis number as described above, we find that c has not the 
minimum norm, we may repeat the process and thus obtain an equivalent 
ideal containing a still smaller rational integer. Since this process cannot 
be continued indefinitely, we must finally obtain a reduced ideal. 

Taking, as before, 4 — 143, and using the symbol ~ to denote equivalence, 
we find, for example, that 


49—V — 143 143 | 
106 


[53, (49+ V —143)/2] ~ 53, (49-++ V —143)/2] 





= (12, (—494+V—143)/2] = [12, (—1+V—148)/2] 


EU 143 


vr (12, (—1+ V —143)/2] = [3, 4+ V—143)/2]. 
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This process is convenient in constructing the abelian group of 
the products of classes. Thus, if, as above, we indicate the ideal 
[a, (b+ V —143)/2] by the symbol (a, b) and set j = (2, 1), we find 
i? = 4, D, ? = (8, —7) ~ (6, —5), i* ~ (3, 1), i ~ (6, 1), i° ~ (3, —1), 
i'~ 6,5), jf'~@—D, P~2,—D, rd, Dd . 

3. Conditions for a single class of ideals in an imaginary field. 
It is of interest to inquire under what conditions there is but one class 
of ideals in an imaginary field. This can be true only when [1, o] is the 
only reduced ideal. If —A = 8, mod. 16, the ideal [2, V —4/2] is reduced 
except for A = 8, and if —A = 12, mod. 16, the ideal [2, (2+ V —4)/2] 
is reduced except for 4 = 4. In each of these two fields there is but 
one class. 

If —A = 1, mod. 4, the attempt to determine the fields where there is 
but one class leads to the consideration of certain sequences of prime 
numbers. Let a represent the smallest prime factor contained in any 
of the numbers (x*?+ A)/4 for any odd integral value of x, so that, if 
A + 3, ax<(4+1)/4. Let b represent the smallest positive value of x 
such that z*?+ A= 0, mod. 4a. Since b)—2a, 2a—b also satisfy this 
congruence, it follows that b< a. 

If a<(4+1)/4, then (b?+ A4)/4 > a®, since otherwise (b*+ A)/4 would 
contain a smaller factor than a. Since b <a, it follows that a < V 4/3, 
b < VA/3. In this case the ideal [a, (b6-+-UV—A)]/2 is reduced, and 
there exists more than one class. 

On the other hand, if a = (A+ 1)/4, the numbers (z*+ A)/4 must be 
prime for all odd values of x such that (2*+ A)/4<(4+ 1)*/16, i. e. for 
|a|<(A4—1)/2. Im this case there is but one class, since, except for 
A= 3, the value of a in a reduced ideal [a, (b+ V — A)/2] cannot be 
as large as (A+ 1)/4. 

We see, therefore, that if there is but one class, then a = (4+ 1)/4, 
and the numbers (z2*+ A)/4 are prime for all odd values of x less than 
(A—1)/2. On the other hand, if these numbers are prime for all odd 
values of « less than V 4/3, then a has the same value, and there is but 
one class. We have therefore the 

THEOREM. A necessary and sufficient condition that there should be but 
one class of ideals in the imaginary quadratic field with discriminant 
—A, where —A = 1, mod. 4, is that the numbers (x*+- A)/4 be prime for 
all odd values of x less than V A/3. If this is the case, they are also prime 
Sor all odd values of x less than (A—1)/2.* 

*A number of writers have called attention to the relationship between these series 


‘ of prime numbers and discriminants for which there is but one class of positive quadratic 
forms. This is essentially the same problem. Cf. § 6. 
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Thus, since the numbers (x*-+ 67)/4 are prime for x = 1, 3, they are 
also prime for all odd values of x less than 33, and there is but one class 
of ideals in the field with discriminant — 67. 

It is easy to show that, when this case occurs, A must itself be prime. 
For, if we set 2 = A, then (x*-+A)/4 = A(4+1)/4, whereas A cannot be 
expressed as a product of primes, none of which is less than (4+ 1)/4. 
There are only seven known values of A of this sort, i.e. A = 3, 7, 11, 
19, 43, 67, 163. While it has been believed for a long time that there 
are no others, it does not seem to have been proved.t 

4, The real quadratic field. We consider now the real quadratic 
field with discriminant D. Any ideal in this field that does not possess a 
rational integral factor may be expressed in terms of a canonical basis 
[a, (b+ V D)/2], where b is even if D = 8,12, mod. 16, and odd if D = 1, 
mod. 4, and where b*— D = 0, mod. 4a. 

We shall define a reduced ideal as one that possesses a canonical basis 
[a, (b+ V D)/2], where b*X—D=0, mod.4a, and 0< V D—b<2a<V D+. 

That there are only a finite number of reduced ideals in a field is 
easily seen. For, from these relations, it follows that ) must be positive 
and less than V D, and, for each such value of b, that a must be a divisor 
of (D —b*)/4 that is included between the limits (V D — b)/2, (V D+5)/2. 

If an ideal be indicated merely by the symbol (a, b), we find, for example, 
that, for D = 124, the reduced ideals are (1,10), (2,10), (3,10), (6,10), 
(3,8), (5,8), (5,2), (6,2). 

We may show that any ideal is equivalent to one or more reduced ideals. 
To do this we first suppose that in the canonical basis [a, (b+ V D)|/2 
of the given ideal (or one equivalent to it obtained by discarding a rational 
integral factor) b is so chosen that O0<V D—b< 2a, If theanV D+b>2a, 
the ideal is reduced. 

On the other hand, if VD+b<2a, it follows from the relation 
b+VD>b—VD>—2a that |D—b*| =|V D—d|-|V D+] < 4a’. 
We have thus the following equivalence 


(a, 6+VD)/a)~¥ Pa, (0-4 VD 2] = lat, (0+ VD), 


where a* is defined by the equation |D—b*?| = 4aa*, and is therefore 
less than a. 

We then express the new ideal in terms of the basis [a*, (0*-+ V D)/2], 
where 6* is determined by the conditions: b)* = —b, mod. 2a*; 





+ There are certainly no others less than 1,500,000. Cf. L. E. Dickson, Bull. Am. Math. 
Soc., vol. 17 (1910—11), p. 534. 
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0<V D+b* <2a*. If then we should find that it is not reduced, i. e. 
if V D+b*<2a*, we may proceed as above to find an equivalent ideal 
containing a smaller rational integer. Since this process cannot be continued 
indefinitely, we must ultimately obtain a reduced ideal equivalent to the 
given ideal. 

To illustrate this process in a particular case, we have, for example, 
in the field in which D = 124, 


(54, —25+V31]~ 2+ V 31 (54, —25+ V31] 


Oo ee Be 
VY 31—3 


= (11, 254+V3i] = (11, 3+-V31]~ —_—[11, 34+. V1] 


= (2, -—-34+V31] = 











[2,5+V ai], 


which is included in the set of reduced ideals for this field given above. 

Certain equivalences exist between the reduced ideals in a given field, 
which we proceed to establish. Starting with any reduced ideal [a, (b+ V D)/2\, 
where 0<V D—b<2a<VD+5b, we now express it in the form 
(a, (—b* +V D)/2], where b* is determined by the conditions, b* +b = 0, 
mod. 2a; 0<—b*+VD<2a. We notice that b*+WUD>2a, since 
V D—b>0, and b* = —b+2ka, where k is a positive integer. Hence, 
if we set (V D—b*)(V D+ b*) = 4aa*, we see that V D+ b* >2a*, 
V D—i* <2a*, The equivalent ideal 


VD Ua, (0 +-VD)/2] = lat, (0 +VD)/2] 





is therefore reduced. 

Following this procedure, we obtain in general a series of reduced 
ideals equivalent to a given one. Since there are only a finite number 
of reduced ideals, we must finally obtain one of them a second time, 
whence the same cycle will be repeated indefinitely. 

We must moreover obtain the reduced ideal we started with. For, if 
not, the ideal that first appeared a second time would be obtained by such 
a step as that described above from two different reduced ideals. But 


this is impossible, for a reduced ideal [a*, (b* + V D)/2] could be obtained 
only from the reduced ideal [a, (b+ V D)/2], where a, b satisfy the conditions, 
(V D—b*)(V D+ b*) = 4aa*; b6+b* = 0, mod. 2a, 

To illustrate this grouping of reduced ideals in cycles, we have, for 
example, 
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,5+V3i] = ft, —5+Va}~Y 45 1,54 vai) 


= [6,5+V3i] = [6,—1 +V3i]~ VF! 6, 14 Var] 


= [5,1+V31]~[3,44+V31)~[2,54+V31]~[3, 5+V31] 
~ [5,44+V31]~[6,14+V31]~[1,5+V 31], ete. 


Since this cycle contains all the reduced ideals in this field, the latter 
therefore contains but one class of ideals.t 

We shall now show that, if two reduced ideals are equivalent, they 
belong to the same cycle. We observe first that the ratios, @ = (b+ V D)/2a, 
6* = (b* +V D)/2a*, of the basis numbers of two “adjacent” reduced 
ideals satisfy the conditions, @>1, 6*>1, 6=k-+1/6*, where k is a 
positive integer. Hence, if we expand 6 in a continued fraction, choosing 
the partial quotients in the usual way, the ratios of the basis numbers of 
the other reduced ideals in the same cycle will appear in it and the 
expansion will be periodic. We shall show that, if two reduced ideals 
are equivalent, the expansions in continued fractions of the ratios of their 
basis numbers contain the same periods of partial quotients. Each of 
these ratios must therefore appear in the expansion of the other, and since 
each ratio corresponds to but one reduced ideal, the two corresponding 
ideals must belong to the same cycle. 

To prove this, we observe that, if two reduced ideals are equivalent, 
the ratios 6, 6*, of their canonical basis numbers must satisfy the conditions 


a9*+ ZB 
yo* +0’ 
a9* + B 
yor+d’ 
(3) ad—By = +1; 


(1) 6= o>1, o*>1; 


(2) 6= —1<0<0, —1<6*<0; 


where 6, 6* denote the conjugates of 6, 6* respectively. i 

We suppose first that none of the four coefficients «, 8, y, dis 0. We 
may suppose @ positive, since, if it were negative, the signs of all four 
coefficients could be changed without affecting the relations (1), (2), (3). 
From (3) we see that the products ad, 8y must have the same sign. Of 





tJ. Sommer gives the number of classes in this field as three (Vorlesungen itiber Zahlen- 
theorie, Leipzig and Berlin 1907, pp. 75-77, 356). The error remains uncorrected in the 
French translation (Introduction & la Théorie des Nombres Algébriques, Paris, 1911). 
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the four combinations of signs that satisfy these conditions (+ -+- ——) 
is impossible in view of (1) and (+ — -+ —) in view of (2). If the signs 
were (++ — —-+-), the inverse of the transformation would have the signs 
(+ +++). Hence without loss of generality we may assume that, if 
none is 0, all four coefficients are positive. 

We see moreover that « >y, for, if a<y, then, by (3), 8< 4, which 
is impossible by (1). Similarly we find that y>0, a>, 8>4. 
If y>1, we expand a@/y in a continued fraction, 


m = (Ko, ks, «++, lens); 


in which the partial quotients kj are all positive, and denote the next to 
the last convergent by £’/d’. We may choose n odd or even at pleasure 
since k,-1 may be replaced by (/n-1—1, 1). We may thus suppose that 





ad’ —yf’ = (—1)" = ad—y, 
whence 

«(8 —6) = 7 (8’—A). 
Since, by (8), @, y can have no common factor, and since d, 0’ are 
each positive and < y, it follows that 0’ = 0d, #’ = £8. Hence, if none 
of the coefficients is 0, and, if y>1, 





a0* + B 
(ko, ky, - ey kn-1, 6*) — yor to = 6. 
If y= 1, then d= 1, 8 = a—1, a >1, and 
aé* +a—1 
(a—1, 1, 6*) = e*+1 => 6. 


The inverse of a transformation with « =-0 has d=0. If d=0, 
« may be taken positive, and, by (1), (2), (3), 8= +1, y=+1. 
Hence 





ag*+1 
(a, 6*) = oot wg 
The cases 8 = 0 or y = 0 are found to be impossible by (1), (2), (3). 
Hence in every case the expansions in continued fractions of 0, 6* have 
the same periods of partial quotients and thus the corresponding ideals 
belong to the same cycle. 
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We have thus proved the 

THEOREM. Every ideal in the real quadratic field with discriminant D 
is equivalent to one or more (reduced) ideals in the set defined by {a, (b+ V D)/2\, 
where 


b? = D, mod. 4a; 0<VD—b<2a<VD+b. 


When these ideals are arranged in cycles as described above, a necessary 
and sufficient condition that any two of them be equivalent is that they 
should belong to the same cycle. 

5. Units in a real quadratic field. The theory as developed above 
enables us in particular to determine whether or not any given ideal is a 
principal ideal, and, if so, to find an integer of the field in terms of 
which it may be expressed. For, by multiplying the given ideal by the 
properly chosen numbers, we may find a reduced ideal equivalent to it. 
If the given ideal is principal, this reduced ideal will belong to the 
cycle containing the unit ideal, and we may obtain the latter by multi- 
plying the reduced ideal we have found by properly chosen numbers. 

Thus, from the two examples given above, we observe that by multi- 
plying the ideal [54, —25+WV 31] by the product 


(ates) (x84. a) 





the reduced ideal [2, 5+-V31] is obtained, and that the product of the 
latter by 





and} ft fs (FS) as) 


2 3 5 6 


is the unit ideal 11, 5+-V31]. Hence by calculating the product of the 
reciprocals of these numbers (preferably in the reverse order) the desired 
integer is obtained. We find that 


(54, —25+V31] = (—139+ 25V31). 


We notice also that by completing a cycle of reduced ideals any reduced 
ideal can be expressed as a number of the field times itself, e. g. 


* 


11,5+V31] = (1520+ 273V 31) [1,5+V31). 


It is obvious that, if we are dealing with the cycle containing the unit 
ideal, such a number must be an integer and its reciprocal must be an 
integer, i. e. it is a unit. While it follows from the theory of factori- 
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zation of ideals that the same is true for any cycle, we may prove it 
independently as follows: 

If the integers of an ideal, az+(b+VD)y/2, are permuted among 
themselves when multiplied by a number (¢-++uV D)/2, where we assume 
t, uw rational, but not necessarily integral, then 


a(ttuVD)/2, (b+VD)(t+uVD)/4 


must form a basis of the same ideal, and hence there must exist four 
rational integers a, 8, y, 6 such that 


a(t+uV D)/?2 = ad+(b4+VD)y/2, 
(4) (b4+VD)(t+uV D)/4 = aB4+(64+VD)e/2, 
ad—fBy = +1. 


By equating rational and irrational parts we obtain from the first two 
equations 
6) a = (t+bu)/2, 8 = (D—b’) u/4a, 


y= au, dé = (t—bu)/2, 
whence by substitution in the third 
(6) ?—Dw? = +4. 


We notice that ¢ = «+0 is an integer, whence Dw’ is an integer. 
Since D cannot contain any squared factor except 4, uw is either an 
integer or an odd integer divided by 2. In the latter case we must have 
D = 8, 12, mod. 16, Du? = 2, 3, mod. 4, and hence ¢ = 2, 3, mod. 4, 
which is impossible. Hence wu is an integer. 

We see also that, if D= 8, 12, mod. 16, then ¢ is even, whereas, if 
D=1, mod. 4, then ¢, u must be both even or both odd. Hence in 
every case (¢-+ ‘uVD)/2 is an integer with norm + 1 and is therefore 
a unit. 

We have thus proved the 

THEOREM. If the integers of an ideal are permuted among themselves 
when multiplied by a number of the field, this number is a unit. 

Conversely, if (¢+-uV D)/2 is a unit, then equations (4)-(6) hold for 
properly chosen values of a, 8, y, 6 and hence also 


b+VD 


ao+s 


" o = yo40” or ae, 


where a= 
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i.e., @ has an automorph of determinant-+1 or — 1 according as the 
norm of the unit is-+1 or —1. 

On the other hand, if @ has an automorph given by (7), then there must 
exist a number of the field (¢+uWVD)/2, where ¢, w are rational, such 
that equations (4) hold, whence by the proof of the preceeding theorem 
this number is a unit. Moreover, if Sis an automorph of 6 of determinant —1, 
and 7’ is any transformation under which @ goes into 6*, then TST is 
an automorph of 6* of determinant —1. We have thus the 

THEOREM. A necessary and sufficient condition that the ratio of two 
basis numbers of an ideal should have an automorph of determinant —1 
is that there should exist a unit of norm —1., 

The products of the numbers obtained in forming a cycle of reduced 
ideals may be expressed in terms of the convergents in the expansion of 
the ratio of the basis numbers of the initial ideal in a continued fraction. 
To show this, we observe first that the number by which the initial ideal 
is multiplied in order to obtain the one adjacent to it may be expressed 
in the form k)— 96, where kp is the first partial quotient in the expansion 
of 0=(b+VD)/2a in a continued fraction and 6 =(b—V D)/2a. 
This multiplier may also be expressed as p,—gq, 9, where p,/q, denotes 
the first convergent. 

We proceed by induction and assume that the product of the first n 
numbers obtajned in forming the cycle is pna—gn®, where pn/qn denotes 
the m th convergent. The next multiplier is kn— On, where k, is the 
(n+ 1) th partial quotient in the expansion of 6, and 9, is the conjugate 
of the ratio of the basis numbers of the m th ideal from the initial one. 
Hence the product of the first m +1 multipliers is (yn—qn0) (kn—On)» By 
use of the relation, 6 = (pn On-+ pn—s)/(qn n+ dn—1), this is readily found 
to reduce to e ve 

Pnkn + pn—1— (Qnkn + Gn—1) 0 = Pnti— n+ 9, 
thus completing the induction. 

In particular, if m is a multiple of the number of ideals in the cycle, 
~n—qn® is a unit. 

We have thus the 

THEOREM. If la, (b+V Dy2] is a reduced ideal in a real quadratic 
Jield with discriminant D, the product of the first n multipliers arising in 
JSorming the cycle to which this ideal belongs may be expressed in the form, 
pn+qn(V D—Db)/2a, where pn/qn is the nth convergent in the expansion 
of (b+ VD)/2a in a continued fraction. If n is a multiple of the 
number of ideals in the cycle, this product is a unit. 

For example, if we expand the ratio of the two basis numbers of the 
reduced ideal [6,5-+-V/31], we obtain 
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5+V31 


54+V8I _ (1, 1, 3,5, 3, 1, 1, 10, 2a), 


6 6 


whence we find ps/qs = 2885/1638, and hence the corresponding unit is 
2885 + 1638 (V 31-5)/6 = 1520+ 273V 31, which agrees with the result 
already arrived at by forming the product of the eight multipliers in the 
ordinary way. 

If e denotes any irrational unit in a real quadratic field, then one of the 
four units, «, —«, —1/é, 1/e is positive and greater than one. We shall now 
show that any unit that is positive and greater than one may be obtained 
as the product of the multipliers arising in forming any given cycle of 
reduced ideals a sufficient number of times, and is therefore a power of 
the unit obtained in forming the cycle once. The latter is called the 
Sundamental unit. 

We suppose that (¢-+uVD)/2 is any positive unit greater than one 
(whence ¢, w are each positive) and that [a, (b-+VD)/2] is any reduced 
ideal. As above, we conclude that there exist four rational integers «, £, 
y, 9 such that equations (4)-(7) are true. 

From (5) we see that a, 8, y are all positive and hence from the last 
of (4) that 6 >0. From the proof in the latter part of § 4 it therefore 
follows that, if @/y be expanded in a continued fraction, 


oe — (ko, In, ery kn—1), 


with positive partial quotients, and n be so chosen that ad — By = (—1)", then 
@ = (ho, In, +++, Kn, 9) 


i. e. «/y is the nth convergent pp/gn in the expansion of 6, where now » is 
a multiple of the:period. Hence, from (5),” 


(tt+uV D)/2 = a+y(VD—Db)/2a = pn—aqnd. 


Since the norm of each of the numbers by which a reduced ideal is 
multiplied in order to obtain the one adjacent to it is negative, the norm 
of this unit is positive or negative according as n is even or odd. 

We have thus proved the 

THEOREM. very unit in a real quadratic field that is positive and 
greater than one is expressible as the product of the numbers by which the 
reduced ideals of a cycle are multiplied in order to obtain those adjacent 
to them, and is a power of the (fundamental) unit obtained in forming 
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this cycle once. The number of ideals in each cycle is even or odd according 
as the norm of the fundamental unit is +1 or —1. 

6. Relations between classes of ideals and classes of quadratic 
forms. We consider here quadratic forms, az*+ bry -+cy*, with rational 
integral coefficients, that have for their discriminant* b*?—4ac = D, 
where D is the discriminant of a quadratic field. We observe that a, b, c 
can have no common factor. For, if they had a common odd factor d, 
then D would be divisible by d*, whereas, if they were each even, then 
D = 0, 4, mod. 16, conditions which are impossible for the discriminant 
of a quadratic field. 

By the principal root of such a form weshall mean the number (—b-+ V D)/2a, 
this being one of the values of the ratio 2/y for which the form vanishes. 
Here V D denotes the positive square root of Dif D is positive, and the 
square root with amplitude 7/2 if D is negative. Conversely, any number 
of the form (—b+VD)/2a, where b?—D is divisible by 4a, is the 
principal root of a unique form with discriminant D. 

Two quadratic forms az*+bry+cy*, a’x’’+b’a'y’+c'y’, are said 
to be equivalent provided there exists a substitution of the type, 
x= aa'+ By’, y=ya'+dy’, where a, 8, y, d are rational integers such 
that ad —fy = 1, that transforms one into the other. The coefficients 
of the second form are therefore 


a’ = ae*+bay+ey*, b' = 2aah+bad+ bby 4+ 2ecyd, 
ce’ = af®?+bdfd+ cd". 


By writing this substitution in the form, z’ = 6x— fy, y’ = —yx+ay, 
we see that the value of x’/y’ that corresponds to 2/y = (—b+ V D)/2a is 


6(—b+VD)—22a 
—r7(—b+ VD)+4+2aa ’ 





and by rationalizing the denominator this is found to reduce to (—b’ + V D)/2a’, 
i. e. the principal root of one form is transformed by the substitution into 
the principal root of the other. Conversely, if two principal roots can be 
transformed one into the other by means of a substitution with determinant 
+1, then the corresponding forms are equivalent. 

If two forms are each equivalent to a third form, they are equivalent 
to each other. All the forms that are equivalent each to each are said 





*This definition of the discriminant of a quadratic form is somewhat different from 
that used by Lagrange and Gauss. It agrees, however, with that employed by some of 
the later writers, e. g. Kronecker and Weber. 
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to form a class of forms. Associated with each class of forms there are 
thus an infinity of numbers @ of the type (—b+V D)/2a, any two of 
which, 6, 9’, are connected by a relaiion of the type, 6’ = (a 6 + A)/(y 6 + 9), 
where «@, 8, y, 6 are rational integers such that ad—Sy =-+1. 

We have seen that associated with each class of ideals there are an 
infinity of numbers @ of the same type, any two of which are connected 
by a relation of the same sort, except that ad—Sy—-+1. A set of 
numbers @ of this latter sort will constitute either one or two sets when 
the determinant of the substitution is restricted to-+1. For, if 6’, 6’ are 
any two numbers connected with 6 by substitutions of determinant —1, say 


6 = («04+ £)(y e+ 9), 0 == (a' 0+ By’ 6 +0), 


where ad— fy = a’ d’— fy’ = —1, we find by eliminating @ from these 
two equations that 6’ is connected with 6’’ by means of a substitution of 
determinant + 1. 

If a set of numbers @ connected by substitutions of determinant + 1 
forms a single set under substitutions of determinant+1, any number 
in the set will have an “automorph” of determinant—1. For, if 
6 = (6+ AV(ye+<d), 6 = («’ @’'+ f(y’ 6 +0’), where ad —fy = —1, 
a’ db’ — Bf’ y'=+1, we find by forming the “product” that 6 is connected 
with itself by a substitution of determinant —1. . 

Conversely, if 6 has an automorph of determinant —1, and if 6’ is 
connected with 6 by a substitution of determinant —1, then 6’ will also 
be connected with @ by a substitution of determinant-+1, and hence a 
set of numbers 6 connected by substitutions of determinant +1 will form 
a single set under substitutions of determinant + 1. 

If D = —A is negative, and hence 6 is imaginary, there can be no 
automorph of determinant—1, since, if @6—(a#@+)(y@+ 9), where 
ad— By =—1, the resulting quadratic equation, y 6°+ (d— «) a— 8 = 0, 
has the positive discriminant («+ 6)*+4. Hence there are two classes 
of forms corresponding to each class of ideals. 

Since 6 and — 6 are obviously equivalent under a substitution of deter- 
minant — 1, they are not equivalent under a substitution of determinant + 1, 
and hence the forms, az*+baey+cy*, —az*+bxry—cy’, of which 
6 = (—b+V —A)/2a,—8 are principle roots, belong to different classes. 
These two classes correspond to the single class of ideals containing 
[a, (—b+ V — 4)/2]. If however we consider only positive forms, i. e. those 
that are positive for real values of x, y, there is then a one to one 
correspondence between classes of forms and classes of ideals. 

We have thus the 
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THEOREM. The number of classes of ideals in an imaginary quadratic 
field with discriminant — A is equal to the number of classes of positive 
quadratic forms, ax*+bxay-+ cy’, with discriminant, b?—4ac = —A. 

Turning our attention now to the case of a real quadratic field, we 
recall that the ratio of the two basis numbers of an idea] has an auto- 
‘morph of determinant —1 if and only if the norm of the fundamental unit 
is —1. We conclude, therefore, that each set of numbers @ that are 
connected by substitutions of determinant +1 forms a single set under 
substitutions of determinant-++1 or divides into two sets according as the 
norm of the fundamental unit is—1 or-+1. In the former case the class 
of ideals containing [a,(b+VD)|/2 corresponds to the single class of 
forms containing az*—bxy-+cy*, where b*—4ac = D; in the latter case 
to the two classes of forms containing az*—bay-+cy®, —a2z*—bary—cy’. 

We have thus the 

THEOREM. The number of classes of ideals in the real quadratic field 
with discriminant D is equal to the number of classes of forms, ax*-+- bay + cy’, 
with discriminant D = b?—4ac, or to one-half of the latter according as 
the norm of the fundamental unit is—1 or+1. 

Lagrange and Gauss considered only quadratic forms in which the 
middle coefficient is even, and defined the discriminant of such a form 
ax*+bay+cy*® as (b/2)?—ac. Hence, if D = 8, 12, mod. 16, the 
discriminant of the forms is, under this definition, one-quarter of the 
discriminant of the corresponding quadratic field. On the other hand, if 
D=1, mod. 4, the form 2a2*+2bay+2cy*, where b*—4ac = D, is, 
in their terminology, “improperly primitive” with discriminant D. The two 
theorems stated above would then read as follows: 

The number of classes of ideals in an imaginary quadratic field with 
discriminant —A is equal to the number of classes of positive quadratic 
forms with discriminant —A/4 if —A = 8, 12, mod. 16, and to the 
number of classes of improperly primitive positive forms with discriminant 
—A if —A = 1, mod. 4, 

The number of classes of ideals in the real quadratic field with discriminant 
D = 8, 12, mod. 16, is equal to the number of classes of quadratic forms 
with discriminant D/4 or to one-half of the latter according as the norm 
of the fundamental unit is —1 or +1; if D = 1, mod. 4, the number 
of ideal classes is equal to the number of classes of improperly primitive 
forms with discriminant D or to one-half of the latter according as the 
norm of the fundamental unit is —1 or +1. 

It might seem at first sight as if a closer relation between classes of ideals 
and classes of forms could be established if a class of forms were defined as 
a set of all forms connected by substitutions with determinant +1. The 
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relation between them in this case, however, turns out to be less simple. 
Any substitution of determinant —1 can be compounded of a properly chosen 
one of determinant +1 and the particular substitution z’ = z, y’ = —y. 
The latter transforms the principal root of any form, az*+bay+cy’, 
into the nonprincipal root of the form, ax’*—bza'y'+cy’*, and these two 
forms may or may not be connected by substitutions of determinant + 1. 

For example, as we have noted above, there are in the field with 
discriminant —143 ten classes of ideals, and hence, under the original 
definition, ten classes of positive forms, ax*+ bzry-+cy’, with discriminant 
b?—4ac = —143. Under the substitution x’ = x, y’ = —y, the two 
classes that contain the forms, 2*—xy+36y', 62°—zxy+6y’, each 
remain invariant, while the other eight are interchanged in pairs, giving 
therefore six classes of positive forms under substitutions of determinant + 1. 

On the other hand, if we retain the original definition of a class of 
forms, but modify somewhat the definiton of a class of ideals, the relation- 
ship between the two kinds of classes may be made still simpler. We 
suppose now that two ideals belong to the same class if and only if the 
integers belonging to one of them can be obtained by multiplying the 
integers belonging to the other by a number of positive norm. 

This modification of the definition does not affect classes in an imaginary 
quadratic field, since there all numbers have a positive norm. It also 
does not affect the classes in a real quadratic field provided there is a 
unit of norm —1, for, if a multiplier with negative norm transforms one 
ideal into another, the product of this multiplier by a unit of norm —1 
would be a number with positive norm having the same property. 

If, however, there is no unit with norm —1l1 in a real quadratic 
field, each class of ideals under the former definition divides into two 
classes under the new definition. For, if two ideals are connected by a 
multiplier with negative norm, they cannot be connected by a multiplier 
with positive norm, since, if so, the ratio of the two multipliers would be 
a multiplier leaving each ideal invariant and hence a unit with norm —1 
(Cf. the first theorem in § 5). Consequently under the new definition the 
number of ideal classes in a real quadratic field is equal to the number 
of corresponding classes of forms whether or not there is a unit with 
norm —l. 

7. Literature. The literature in this field is too extensive to be cited 
here in detail. A reader is advised to consult the Report of the Committee 
on Algebraic Numbers, Bulletin of the National Research Council, vol. 5, 
part 3, Feb., 1923, Washington, D. C. 

An expository paper dealing with different aspects of algebraic numbers 
by L. E. Dickson, Fermat's Last Theorem and the Origin and Nature of 


21 
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Algebraic Numbers, these Annals, vol. 18, 1917-18, pp. 161-187, may be 
read to advantage. 

Texts on algebraic numbers of a fairly elementary character are: 

L. W. Reid, The Elements of the Theory of Algebraic Numbers, 
New York, 1910; 

J. Sommer, Vorlesungen iiber Zahlentheorie, Leipzig and Berlin, 1907; 
Introduction & la Théorie des Nombres Algebriques, Paris, 1911 
(French translation). 

The discussions in this paper have run closely parallel to the cor- 
responding portions of the theory of quadratic forms. Expositions of this 
subject are given by 

Dirichlet-Dedekind, Zahlentheorie, 4th edition, Braunschweig, 1894, 
pp. 128-212; 

G. B. Mathews, Theory of Numbers, Cambridge, 1892, chapters II, IV. 

The literature on quadratic forms is cited by 

L. E. Dickson, History of the Theory of Numbers, Washington, D. C., 
1922, vol. 3, chapters 1-8. 

The corresponding theory of quadratic irrational numbers is treated by 

H. Weber, Algebra, vol. 1, 129-136, 2nd. edition, Braunschweig, 1898, 

and in three recent papers in these Annals by 

A. Arwin, Periodically closed chains of reduced fractions, vol. 24, 
1922-23, pp. 39-68; A contribution to the theory of closed chains, 
vol. 25, 1923-24, pp.91-117; On continued fractions in the theory of 
binary forms, vol. 26, 1924-25, pp. 247-272. These papers deal to 
some extent also with the associated ideals and quadratic forms. 


UNIVERSITY OF PENNSYLVANIA, PHILADELPHIA, Pa. 


























DEVELOPMENTS IN LEGENDRE POLYNOMIALS.* 


By M. H. Srones. 


Expansions in terms of Legendre polynomials have been discussed by 
many authorst; yet, so far as the writer is informed, there exists no 
treatment which can fairly be described as “elementary”. The papers to 
which reference has been made are designed to be more or less exhaustive, 
and, in some instances, are based upon complicated theories. For one 
thoroughly familiar with the type of analysis employed in these researches, 
the problem of representing an “arbitrary” function by a series of Legendre 
polynomials has been fully handled, and, in a certain sense, solved.t For 
those who have not specialised to this extent there is no available material 
on the convergence of Legendre series. Because of the importance of these 
developments in mathematical physics, a discussion of certain interesting 
cases with a minimum of analytical detail seems highly desirable. The 
present paper is intended as a step in this direction. 


I, Definition and properties of the Legendre polynomials. 
The function 


& 
2 


H (a, r) = A—2er+r%)_ 


is analytic in the variable ry throughout the finite r-plane save at the 
points r — e*ttarccs2 the two roots of the equation 1—zr+r* — 0. 
Thus we find§ 


N= 00 
H@,r)= 2 Pa@)", —-1Segt+l, |ri<1 
n=0 
where the coefficient Pn(x) is a polynomial of degree » in x. These 


polynomials are called the Legendre polynomials. In particular, P, = 1, 
P,=z2. If we develop the identity 


(1— err) 2 = («@—r)H 





* Presented to the American Mathematical Society, January 2, 1926. 

+ Hobson, Proc. Lond. Math. Soc. (2), vol. 6 (1908), pp. 349-395; (2), vol. 7 (1909), 
pp. 24-39. Jackson, Trans. Amer. Math. Soc., vol. 13 (1912), pp. 305-318. Burkhardt, 
Miinch. Sitz., 1909, 10. Abh. Haar, Math. Ann., vol. 78 (1917-1918), pp. 121-136. W. H. 
Young, Proc. Lond. Math. Soc. (2), vol. 18 (1920), pp. 141-162. 

t The fullest results are those of Young’s paper. 

§ For this and the succeeding developments of the present paragraph, reference may 
be made to Whittaker and Watson, Modern Analysis, 3d ed., chap. 15. 
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316 M. H. STONE. 


in power series about » = 0 and equate the coefficients of like powers 
of r, we obtain 


(1) (m+ 2) Paroa—(2n+3)ePait(int+)Pr = 0, n= 0,1,2,---. 


From this recurrence formula we can construct all the Legendre polynomials, 
starting with P)(x) and P,(x). In similar fashion the identities 


a ae 0H 
r—, (rH) (1—rz) a? 


ee a 
ae aa al a 


yield 
(2) (n+ 1)Pr Prii—xPn, = 0, 1, 2,+++, 
(3) nP, = xP, —Pr-i, n 1, 2, 3, ++. 


Adding (2) and (3) we find 
(4) (2m + 1) Pr = Pri — Pr, n i. 2, 3, coe, 


If in (2) we replace » by n»—1 and eliminate P,-: between the resulting 
equation and (3), we see that 


dP, 
| n(n t+) Pr =0, 2 = 01,2, +s 


We may likewise, by comparison with the familiar series for H(+ 1, r) 
and H(—1, 7), show that 


(5) Po(+1)= +1, Pa(—1) = (—1)*. 
Finally we deduce from the identity H(—z, r) = H(z, —r) the relation 
(6) Pn(—2x) = (—1)" Pn(z). 


We shall now prove* 
THEOREM I. The Legendre polynomias Pn (x) satisfy the equations 


41 
P, Pa dz = 0, m+n, 


+1 2 


2 
ia Prdz Qn+1 


Sor m,n = 0,1,---. 





* Of. Goursat, Cours d’analyse, 1 éd., vol. 1, § 88. 
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Proof. In the integral [ Pn Pmdx,m +n, we may suppose that » > m. 


The first equation of the theorem can thus be made to depend upon the 
truth of the equalities 
+4 

x* Pydx = 0, k = 0,1, 2,---,n—2,n—1. 
—1 

For n = 1 this set of equations is valid; by induction it can be proved 


for general n. For if 
: et Pysde = 0, k = 0,1, 2,---,n—2, 
we find from (3) and (5) 
n gt Pe dx = ss (a*+1 P,—a* Pas) dx 


~~} —! 


+1 
= (att P,—a* Pyles —(K+1) : x* Prdx 
41 


+k e- P,_ dz, 
—t 


so that 
44 


(n+k+1) zw*Pnodx =0, k=0,1,---,n—1. 
-1 


Thus we see that 
+1 
Pr Pudx = 0, mtn. 


—li 


+1 
To evaluate the integral Cy =| Padz, we write Pn = Anz"+.--., 
—1 


so that 
+1 
Cn = An [ x Pr dz. 
—1 


If we replace n by n—1 in (1), we see that 


(n+ 1) 2"! Pagit nx Pro 
2Qn+1 , 
n An vs ~1 ii n An C-1 
itt ij * AO Zeer 





wf PF, = 





Cn — 
To determine A,/An—1 we write n—1 for nm in (2) and equate the 
coefficients of the highest power of x in the resulting identity: 


nPra = Pnh—x Pr, 
n An = nAng—(n—1) An-1. 





Re ORS PR BRAGS 
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Thus n An/ An—1 = 2n—1; and 
(2n+1)C, => (2n—1) Ch-4 SS eee C = 2, 
2 


te Qn+1° 


When we come to the investigation of expansions in terms of the poly- 
nomials Pn(x) on the interval —1 < x < +1, we shall require certain 
inequalities for these polynomials. In order to establish them, we need 
two preparatory lemmas. 


LemMA I. The coefficients ax in the development 


1 io 3) 
(1—e) ? = 2ue, le|<1, 


satisfy the relations 
0 < Oky1< Oe <+++< mm = 1, 
and 


Ok <= aS 
Bowe ’ 
ae 
where K is independent of k. 
Proof. We observe immediately that 
1 
ae 





=1 = 1 Gl-o 
am = 1, aK = k! dok Q e=o0 
whence 


2k+1 
0< aH = EE te < Oe <2 <a =], 


The second inequality is more difficult to prove. It is well known that 


7/2 
the integral J; =f cos* @d6 is a solution of the difference equation 
0 


+. eS 
oH 8k+2 


identity 
m/2 7/2 n/2 
f cos*+2 9d 06 ={ cos** 6dé@ ~{ sin? 6 cos** @dé@ 
0 0 0 


by an integration by parts: 


Jy, satisfied by a,. We may prove this relation from the 


ew = n—{ sin? 6 cos** 6d 6 


sin @ cos**+1 9 ‘ag. = cos2*+2 6 
0 





= h+| 2k+1 i. 
= i,— Duss 

2k+1’ 
_ 2k+1 I 
+e" 


2k+1— 
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Since a, also satisfies this equation we find 


SS: og Sa 
Ty Be 


We next consider a possible interpretation of the integral 


/2 


i = cos™** 6d 0. 
0 


If we introduce polar coérdinates (7, 4), 5 J, represents the area bounded 


by the curve r = cos*@ and the two radii vectores 6—0, @= —. 


This area is less than that of a properly determined rectangle with sides of 
7 


length 1 and Y;, along the radii @ = 0, 6 = > respectively. We choose 


Y;, as the maximum of y =r sind = cos*é@ sin@ for O< 6 < = To 


determine the magnitude of Y; we locate the value of @ at which the 
maximum occurs as that root of the equation 


d ’ . 
qe "8 sin@ = cos*—'@ (cos*@—k sin®6) = 0 


which is interior to the interval (0, 5). Clearly this value 6, satisfies the 
equation 
1 
tan 6, = —=. 
Vk 
Thus 
: 1 
0< Yu = cos* 6 sin 0 < sin On < tan 0% = Vi: 


We conclude that 
pee 2h . 4Y~% = K 
as we desired to show. 
LemMA II. If a > Oy > ee >ay>0,0 < & < Bere < By, 
L=i 
and if the sums sin = Dy ty i >k, i, k = 0, --+, N, are such that 
{= 


k = 1,2,3,°°° 





l=N 
| Six | <8, then ¢ = =, a, Bim satisfies the inequality 
=0 


| o| +. a Ans. 


at 
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k=3 
Proof. We have on writing 6; = = By ux 
=0 


{= V i= N-1 
o = &%+ =, a; (6;—O%j1) = 2, (a; — a@41) 0;-+ ay On, 
‘= (= 
i= N-1 
lol< a, (@j— 41) | 6;| + ay| ov| < a Max yl %l- 
‘= €=2@, °+-, 


._ Now 


k=i-1 k= 


k= 
6 = D> Bem = D> Be (sin—sinys) + isa = Bo siot 
kK=0 k= 0 3 


(Bx — Br—1) Six, 


b= 
lai\< Py (Bx —Br—1) | six | + Bo | sio| < Bis < Bys, 


In consequence |o| < a Aws, which was to be proved. 

With the aid of these two lemmas we proceed to prove the following 
theorem. 

THEOREM II. The Legendre polynomial Pp(x) is such that 


| Pn(cos6)| <1 
and 
M 


V nsin 6 


where M is a constant independent of n and 4. 


Proof. Since Pn(cos6) is the coefficient of *” in the power series for 
1 


1 
H(cos@, r) = (1—re®) 2? (1—re—®) 2, 


| Py (cos @) | < 


we find, by developing the functions on the right in power series and 
multiplying out, 


n 
Pn (cos 6) Oe On—k e(2k—n) i. 
Thus 


k=n 
| Pn(cos @)| < = On On—k = Py(+1) = +1. 


To prove the second part of the theorem we combine terms in the 
expression for Pn (cos 4), obtaining 
k=m-—1 


Pom (C080) = dm+2 =, Ak d2m—k c0s2(m—k)6, 


k=m 


Pom+1 (cos 6) 2 = Ak da2m+1—k COS(2m—2k+ 1) 6. 
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For the case » = 2m we apply Lemma II, taking 
N=m-—1, a&| =a, B= m1, mw = cos2(m—l)0. 


The sums s, are therefore given by 





l=i l=m—-i l=m-i_- 
reo eos ann sin(2/+-1) é@— sin(2/—1) 6 
se = =, 0082(m ha= > i cos216 = = B oad 


sin (2m — 2i + 1)6—sin(2m— 2k+1)6 
2 sin 6 


so that s = 1/sin@, 0<@<~m. We have Pom (cos0) = am+20. Accord- 
ing to LemmalI the conditions of Lemma II are fulfilled so that we find 





Am+1 
sind ’ 
2 am+1 M 
sin V 2m sin@ 


|e] < a sys = 





| Pom (cos@)| < am+2\|¢) < am+ 


for 0<6<a. Again, for the case n = 2m-+1, we set 


N=m, a =m, Bi = Gomi-i, uw = cos(2m—21+1)6. 
We find 
l=i l= m-i i=m-i_.- — 
sx = 2, cos2m—2+1)0— > eosaitio= > ane ees’ 
__ sin2(m—i-+ 1)@—sin2(m—k)6@ 
ae 2sin@ 








’ 


oh 
sin 6’ 

; Pom+1 (cos 6) = 20, 
Thus by Lemmas I and II 


0<6< 4, 





| Pom+1 (cos 8) | wens 2\ a) — V2m-+1 sino ° 
The inequality 
M 


—=—— 0O<6<n 
Vn sino’ eae 


| Pn (cosé)| < 
is proved for n — 1, 2,---. 


II, Expansions in Legendre polynomials. 


We shall now investigate the possibility of representing an “arbitrary” 
function by the series 
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S (x) © Go Po (x) + & Py (x) + +++ + tn Pu (x) + +++ 


2Qn+1 (** 
oie at _, SOPa(Hat. 
For these coefficients we prove the following uniqueness theorem. 
THEOREM III.* Jf (x) is a function of the form 


9 (x) Vg sane W(x) continuous, —1<a2<+1 
and if 


+1 
f yPrdx = 0, n = 0,1, 2, --- 


then 
g(x) = 0, —i Sass 


+1 


Proof. From the equations f 


y Prdx 0, n == 0, 1, 2, ---, we deduce 


1 


the fact that { gx"dx = 0,n = 0, 1, 2,---; for x” can be represented 


—1 
as a linear combination of the polynomials Py (x), ---, P(x). 


If p(x) + 0 for z = & —1<&<+1, we may assume »(&) > 0 and may 
determine a neighborhood of & throughout which g(z)>m->0. Now 
for —1<2< +1 the polynomial p(x) = Ag — } Ag(x— §)*(x* +1), Ag>0, 
is not negative and has a single maximum at « = & We can choose 
Ag >0 so that there exist in the neighborhood of & two distinct roots of 
the equation p(x) = 1, which we denote by 2,, x,. Thus we have 


0< p(x) <1, —1l<a<a<m<rK<l, 
p(x) =1, Le 
y (x) => m, my LLL, 
W(ia)>—-M, —1<2<+1. 


+1 
For the polynomials p,(~) = p”(x) we ana f gprndx = 0, n=1,2,---. 
—1 


On the other hand 


Ba) f- oat Bat dx 
dz = @go-fAt 
Je rah ye Jo eda Vinw 


{- th ode 
dz =—M Se, 
Le 9Pn OF & a V1i—z 


*Lebesgue, Lecons sur les séries trigonométriques, pp. 37-38. Lerch, Acta Math. 
vol. 27 (1903), pp. 346-347. 
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When we add these three inequalities we find 


+1 1 
i fein _u {#2 
wy Yp~ndx=>m 2 pn dz * Vee 5 
Le 
mf pndx—n M., 


a 


‘Xe +1 
Since { pn dx becomes infinite with n, we ina [ gpndz>0, n= N. 
1 


The contradiction shows that g(x) = 0, —1<2< +1. Consequently 
w(x) is identically zero; and finally 


g(x) = 0, —i1<2¢<+1. 


Concerning the magnitude of the coefficients c, we can obtain certain 
+1 


information in case that the integral J? dz exists in the sense of either 
-1 


Riemann or Lebesgue. 
+1 
THEOREM IV. Jf the integral _ Pde exists, the quantities 


_ int : f- f Pndx 


are such that the infinite series 


4 
d+2 tie b gey t 


converges. 
+1 
Proof. We see that f (f—co Po—---—ey Py)* dx => 0. On expanding 
the integral on the left we find 


+1 
0, 


_Pde—Agryt---+5 wea) 


Lf" nace @ ots at ay ET 


If we allow N to become infinite, the theorem is established. 
It is now possible to prove the first convergence theorem. 
THEOREM V. If f(x) can be written in the form 


fe) = r—-tar(—9t f° ["¢"@ dete 
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+4 
where f (f")? dx exists, then the series 
“< 
2Qn+1 


€o Po (x) + ey Py (av) +-+++ en Pa(a)t+-+:, on = "gee wfPade, 
converges uniformly to f(x), -1 <2 < +1. 
Proof. From formulas o and (5) we see that 
+1 
cn = Sth "fPade =F) SP Padae 


= if J’ (Pnti— Pra)dez. 


With a notation whose meaning is obvious we write this equation as 
































ee Ca—1 ar Cn+1 a é 
Sodus Sere’ 7 
Similarly 
“aes Co—1 Bes Cutt ist 
a ed 2n+3’ cee S . Raia 
Thus 
a Cn+2 (4n+2) cn aes Cn~2 
(2n+5)(2n+3)  (2n+3) (2n+1) @n—1) ' (Qn—1)Qn—3)’ 
nm = 2, 3,--- 
Next, by using the first inequality of Theorem II and the relation 
lab) < 2 ae , we find 
| Cn+2 | (4m + 2) | cn | 
\on Pn (x)! < lool S GaT5)Qn+3) + Qn+3)Qn+1)@n—1) 
4 | Cn—2 
(2n—1) (2n—3) 
< Chia 4 1 + on 
= 2(2n+5) ' 2(2n+5)(2n+3)? | 2(2n+1) 
a (4n-+2)* on 
2(2n-+ 1) (2n+ 3)? (2n—1)? ° 2(2n—3) 
+ : = Tr, n=2,8,---. 





2(2n —3) (2n—1)? 























TheoremIV shows that = T, is convergent. Consequently the series 
=2 
co Po+-+++enPn+:- . converges uniformly to a continuous function /* (2), 
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—1<2<+1. Since it is allowable to multiply the series by P» (x) and 
integrate term by term, we see that 


2n+1 
aan 


In other words, if we set g = . —f*, we have 


+1 
f 9 Prdx=0, 
=] 


From Theorem III it is apparent that 
yg = 0, I? ES, 


ft Pade = Cn. 


This completes the proof. 
THEOREM VI. If f(x) can be written in the form 


fle) = f(—1)+ f- f' (aaa, 


where “f "dx exists, then the series Co Po(x)+-++-+0nPn(x)+-- 


verges to f(a), —1l<a2<-+1, the convergence being uniform on any closed 
interval completely interior to aes +1). 

Proof. As in Theorem IV we have 
a aa 

2n—1 2n+3° 





Cn 


We write x= cosé@ in the second inequality of Theorem IJ. Then we 
obtain the inequalities 


x) | len | Mt M lena | Lena | 
oP Ol S Ving =Vi-e Weae—5 ie VaGe+3) 


" M Che-1 1 
a Vi—-w Coens t 2n(2n— 1) * Test 5 
+ im) 


2n(2n+ 3) 














Consequently the infinite series 
toV1—a2® Py(x) +4,.V1—2* P(x) +---+onV1—z* Pn (a)+--- 


converges uniformly to a continuous function y* (x), —1<2< +1; and 
the infinite series 

















‘ converges to a function f* (x) = 


ee ee Vs Fo a a ES : : 
a AE Gee sc 
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Co Po (x) + & Py (x) +--+ + en Pn (x) 


_y* (x) 
V 1—2z? 
being uniform on any closed interval mise interior to the interval 


(—1, +1). On multiplying the first of these series by a nd 
1— 2" 


—1<x< +1, the convergence 


integrating term by term, as we may, we find 


_ 2n+1 Mae. = fat [" ? 








+1 
On setting » = f—/f* we see a yg Pn dx=0, n=0,1, 2,--- 


—l 
Since Theorem III is applicable, we obtain the desired result 


yg =0, J*.2= f, —is@es +h 


The theorem is established. 

We shall now turn to the expansion of a function which has a finite 
discontinuity at an interior point of the interval (—1,+1). To carry 
through the discussion we need two gen 


LEMMA III. With thenotation Kn (x, t) = Stl ip, (x) Pa(Q)—Pa (x) Po+i(O] 


we have 


(a) + Poa) Po()+ > Pia) PO +-+-+ 


En (2, t) 08 
(b) 1 a dt = 1, 


(c) limn—+co [Ko jdt = 0, —1l<a<b< +1, uniformly 
a 
—1l+e*Srs +1—e, «>0, 
4 . 
(d) f. | Kn (x, t)|\dt < G, independent of a, b, n, and x for 
a 
—l+es2=5+1—e, «>0. 


2n + 1 Ante.) t) 


—f ? 





Pa (x) Pa() = — 


Proof. The identity (a) is due to Christoffol.t To prove it we write 
k—1 for n in (1) and solve for (2k + 1) a P(x) = (k +1) Pri (w)—k Pr-s (a). 
We see that 





+ Christoffel, Journ. fiir Math., vol. 55 (1858), pp. 61-82. 
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k=n 
@-) y BEET Pela) Pel) = 2 P@)P()— + Pole) lf 


p ovind 
+ = Met [Pits (x) Pa()— Pr(x) Perr(O) 


—* Pr @Ps0— Paw PO) = Kala, 0. 


We prove (b) at once by integrating term-wise in (a). To show the truth 
of (c) we use a special case of Theorem IV, namely that in which 
S(z) =1, ax=2<b, and f(x) = 0 elsewhere. We have from Theorem II 
and Theorem III 
[meoat) <4 | Pas (a) | ral ay 
1—2? |V2n+1 V2n+3 
v{ lel + tel) 
V2n+1 V2n+38 








oe +e<rcl—e, 


2 
since —"— and therefore —_% Len | 


2n+1 V2n+1 
establish (d) we write, from Theorem II, 


fl, t)|dt < [i kaeola 


Vn-+1 M +1 dt <@ 
Vn Vi-—2 Ju Vi-#~ ’ 
—1+els254+1—<«. 


approach zero with 2, Lastly, to 





Lemma IV. If:-—1<a<+1, then thé function Op(z,t) defined for 
—l<xr<a,axt<+1 by the equations 
1 


Op(z,t) = paces 9 


sas» ha St< t, k=1, 2,----6, —lsr<a, 


? 
where tt = a, te = +1, &—-—tHi = = satisfies the inequality 


Ps 4 
| a—t 


for w sufficiently large. 


| 
— Ou (z, t) | < 4 
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Proof. By the law of the mean 




















1 1 1 - 
eect eae x— ty ae (2—t’)? (t— t), ¢ on (tk, t). 
Consequently 
1 1 lL i—se _ ee 
Pe apres re y < 4) haaistct, et <xsa—s, 
or 
5 — On (2, 1) <a, —i<pie—s cic ee 





for w sufficiently large. 
We are now in a position to prove Theorem VII. 
THEOREM VII. If f(x) is defined by the equations 


f(z) = 0, —ils2sa, —l<e<+I1, 
fla) = 5, 
f(@@)=1, a<ax< 41, 
then the series 
co Poe) +0 P(a) +--+ em Pala) beer, oy = 2841 Pad 


converges to f(x) everywhere --1 <x < +1, the convergence being uniform 
on any closed interval completely interior to either (—1, a) or (a, +1). 

Proof. We first discuss the convergence of the series on the intervals 
—1+e<¢<a—e, a+e<x<1—e. Having fixed upon the quantity 
¢>0O we determine the constant G of Lemma III (d) and require that, 





for a given positive 0, however small, Gy < % We then determine the 
integer « of Lemma IV so that 

cn —l<2z< a—se, ast<c+i. 
Now we see that | 
Io Py a+. sonet- =|), ise at 











i. | Kae, vals f Dx (x, t) Kn (x, ar 


=- 
< 44+ ee maou 


+a 


y Kn (2, Nat) < <6, n>N, 
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independent of z, —1+e«<x<a—e, by LemmalTiII (c), Next, for x 
on the interval (a+¢«, + 9,4 we write 


ta Pa) ++ +++ en Pal) ={ Kn at = 1 
a 
with the help of Lemma III (b). Thus, by (6), 


Rn Kn (@, t) ) 


— «—t 


1 ‘gt 
co Pala) +--+ ten Palay—1 = fe Ogg — [Ras ay, 
1 «—t vw «a—t 
where xz’ = —2, ¢ = —t, a’ =—a. The reasoning applied above can 
be carried through without difficulty for the integral on the right; we 


see that 
| ¢o Po (x) +-+++ en Pn (x) —1|< 4, n> N', 


independent of z, a+«<2<1—e, Consequently the series converges 
to f(x), —1l<x<a, ax<ax< +1, the convergence being uniform on any 
closed interval completely interior to (—1, a), (a, +1). 

To discuss the convergence at x = —1, a, +1 we write 


i = +f (2n+1)Padz = = {Pra (@)— Puta), oo ae 


by (4). Thus we see that 
1— 1" 
t Po(—1) + +++ + en Pal) = Qe + 2 (DH Pra @—Per@)} 


2g — {Pn (a)— Pn+1(a)} > 0, 


mum k=n 
CoPo(a) +-+++0¢nPn(a) 3 + $ 2, {Px(a) Px—1(a)—Pr+1(a) Px(a)} 


1 Pa(a)Pnis(@) 


2 4 


is = 


Pl) +--tePat) =*5¢4+3 3 a@—Ano) 





=] — {Px (a) + Pnii(a)} > 1, 


by reference to (5) and to Theorem II. This completes the proof. 

Finally, we can discuss any function expressible as a linear combination 
of a finite set of functions of the types described in Theorems V, VI, VII. 
We thus have a fairly comprehensive treatment of series of Legendre 
polynomials for functions of this simple character. 


Cotumsi1a University, New York Ciry. 
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ON CERTAIN TWO-DIMENSIONAL VARIETIES OF ORDER 
St (r—1) IN r-SPACE AND CERTAIN CURVES TRACED 
ON THEM. 


By B. C. Wona. 


1. It is well known that the Jacobian of three quadric surfaces in space 
of three dimensions is a sextic curve whose points can be set in one-to- 
one correspondence with the points of a plane quartic curve. Generalizing 
this proposition, it is not difficult to show that in (r-—1)-space the 
Jacobian of three (r—2)-dimensional quadric varieties is an (r—1)-space 
curve of order r(r—1)/2 whose points can be set in one-to-one corre- 
spondence with the points of a plane r-ic curve. Since this plane curve 
can have at most (r—1)(r—2)/2 double points, the Jacobian curve, being 
of order r(r—1)/2, may be said to be of deficiency (r—1)(r—2)/2 as 
it can be projected by repeated projections on a 3-space in a curve with 
r(r—2) (r?—9)/2 apparent double points, which number is the maximum 
less (r—1) (r—2)/2. 

+ +1) 


2. Since this curve, which we shall denote by J? , is of order 
r(r—1)/2 and is an (r—1)-space curve, i. e., cannot exist in space of 
lower dimensions, it is certainly the intersection of an (r—1)-space with 


1 
a certain two-dimensional variety =? oo of order r(r—1)/2. We shall 
next find a two-dimensional variety such that every (r—1)-space section of 


++ 
itis a F? , proper or improper. 

3. It is convenient for this purpose to employ the involutorial r-ic trans- 
formation in r-space by means of r (r—1)-dimensional quadric varieties. 
To any point there corresponds the point of intersection of its r polar 
(r—1)-spaces with respect to the quadric varieties. The locus of points 


1 
whose images are lines is Ps ateaiee an (yr —2)-dimensional variety of order 


r(r+1)/2, and the locus of these lines is J~4', an (r— 1)-dimensional variety 
of order r*—1. An (r—1)-space S,_, has for its image an (r—1)-dimen- 
sional variety of order r, M;—1, and, in general, an Sj, has for its image an 

n:,Cn gc. — rir—1) (—2)--- >—mt+)) : ; 
M,, where ;“m wn in ea In particular, if 
m = 1, the transform of any curve of order m is a curve of order nr, 


1 
and if m= 1, m= 2, the transform of any plane is an M,? Bets 
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4. Consider he plane o, and let its mange designated be wre The 
plane meets Fgh in r(r+1)/2 points i... and J‘*-! in a curve j*— 
with r(r + 1)/2 r-fold points coincident with 2 coe it also meets the image 
My, of any i: in an r-ic curve 7{ through the points F  ataad But 


1 1 

arr), re : 
S_,meets 2? * in the curve tg re whose points correspond to the 
points of y{ in our transformation. It is to be noted that the order of 
the complete transformation of y{ is r* but this curve is composed of, 


} Sree 1 og 
besides I? ses ws r(r-+1)/2 lines lying on =} ro and not in S,_, as they 


1 
i arr) 
come from the points 7? on 7. 


1 
5. In addition to the r(r-+1)/2 fixed points Pa in the plane o, it 


requires ry more points to define an r-ic curve in this plane, and this is 
exactly the number of points required to determine an S,_,. Hence, corre- 
. 1 
= r(r+t) 


sponding to the «” r-ic curves through the points 7? in 6, are the 
1 1 
co” (r—1)-spaces in 8S, each intersecting =} net - sei 
1 
6. When r points are chosen on the image 2? ~~ el 6, the § . 


1 1 

> ery .. hh . 

they determine meets =? oe in a curve I? = passing through them, 
2 1 


and the corresponding curve 7{ in o, passes through the r corresponding 


1 
points. But if r—1 points are chosen on >? i . then through them 


pass an infinity of (;-—1)-spaces giving rise to a pencil of $7 (r—1)-ic 
curves through the r—1 points, while in o there is a pencil of r-ic 


1 
curves through the points 7? fate and r—1 other points. Of this pencil 


of r-ic curves 3(r—1)* are nodal, giving rise to as many }$r(r—1)-ic 
curves each with an actual node. From this we infer that the class of 
41 


22 is 3(r—1)*, that is, through an (r—2)-space 3(r—1)* (r—1)-spaces 


1 
can pass tangent to =? se We can also say that of a pencil of 


(r—1)-dimensional r-ic varieties 3(r—1)* are tangent to a given plane. 
1 
7. Now suppose r—2 points are chosen on 2? ae a The bundle of 
1 
(r—1)-spaces they determine cut out from =? "” abundle of 4 r(r—1)-ic 
curves through them. Of these there are infinitely many each with an 
29* 
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actual node. In o:, then, there is a corresponding net of r-ic curves 


1 
through the points 7? Seley and r—2 other points. The Jacobian of this 


net is of order 3(r—1) with (r+ 4) (r—1)/2 nodes of which r(r+1)/2 


are coincident with the points i Y leaving r— 2 elsewhere in the plane. 
The curve in S, corresponding to this Jacobian in o2 is of order 


3r(r—1) —2.- ret) or 2r(r—2). Hence we infer that through any 


+r» 


(r—3)-space there are infinitely many tangent (r—1) - spaces to >? 
with the points of contact forming a locus of order 2r(r—2). This curve 
itself may have a number of actual nodes and this number is equal to the 


4, (r—1) 


number of points chosen on =} to determine the (r—3)-space and 


cannot exceed r—2. 


1 
8. Of the oo” r-ic curves through the points j? “ee in o, there are 


many degenerate ones. Consider one such composed of a line x through 
one point P and an (r—1)-ic curve 4 through the remaining 


1 
(r—1) (r+2)/2 points of 7? vias The image of x is an (r—1)—ie curve 
1 
—(r—I) (r—2) 


Ki and that of af? is an 4(r—1)(r—2)-ic curve L? , both 
lying in the same (r—1)-space whose image meets o2 in the degenerate 


1 
so) : 5 
r-ic curve, Kf and L? have in common r—1 points corre- 


sponding to the r—1 points of intersection of x with 2{° in o2 and hence 


1 
the (r—1)-space is tangent r—1 times to =” meeting it in Ki 


1 6—pe-®) z 


; —1) 
and L? composing a degenerate I? cies 


1 
9. The curve 47 going through (r — 1) (r + 2)/2 the points 7? iat 0, 


is a definite curve, for the (r—1) (r+ 2)/2 points are exactly sufficient to 

determine a curve (plane) of order (r—1). But the line x is one of the 

lines of the pencil with center at P. Hence, there is a pencil of (r—1)-spaces 
1 


through an (r—2)-space S,—2 all meeting =3 ee degenerate curves of 


1 1 
| eee = r—1) (r—2) 
the type T? which have for common component the curve L? tRicied 


lying in S;—2 and each of which has for the other component a curve of 
type Ki". Since (r—1) (r+ 2)/2 points can be taken r(r + 1)/2 ways from 
r(r+1)/2 points, giving rise to r(r+1)/2 4(r—1) (r—2)-ic curves 


1 
of the type L? er .. each lying in an (r—2)-space. The remarkable 


fact is that, while in general we expect an (r—2)-space to intersect a 





TWO-DIMENSIONAL VARIETIES. 333 


two-dimensional manifold in only a finite number of points, there are 


r(r+1)/2 (r—2)-spaces each intersecting ies in an infinity of points 
whose locus is a curve of the 4(r—1) (r—2)th degree. Or, in general, an 
(r—2)-space and a line in S, do not meet, but there are r(r+1)/2 
(r—2)-spaces each of which is met by t(r—1) (r+2) of the r(r+1)/2 


: =r r—t) : é arft) . 
lines on 32" : corresponding to the points 7? in Oo. 


1 
10. For r = 3, the 6 curves of the type L? ove are 6 lines and 


the 6 (r—2)-spaces are also 6 lines and these two groups of lines are 
identical. Hence n applying the above formulas to this case special care 
is required, but the configuration of the 27 lines on a cubic surface is 
well known. For r= 4, there are 10 planes intersecting the image >? 
of o, in cubic curves and for r= 5, there are 15 3-spaces meeting the 
image >» of o, in sextic curves, ete. 


1 
11. Any point of 7? "+ determines (r—1)(r+2)/2 lines with the 


1 
remaining (r—1) (r+ 2)/2 points of 7? "+ Bach of these lines trans- 


forms into an (r—1)-ic curve which degenerates into an (r—2)-ic curve 


and a line in an S,1 which is now tangent to 32°” r times. Hence, 
of the pencil of (r—1)-spaces through an (r—2)-space containing a curve 


1 1 
of the type L? atch 4(r— 1) (r +2) are r-uply tangent to =? "er  Since 


there are r(r+1)/2 such pencils of (r—1)-spaces, there are in all 
r (r?—1) (r + 2)/4 (r — 1)-spaces of this character, that is, each intersecting 
1 


—r(r—1) , —¥ (r—1) ° 
=? in a I? composed of a Kj? in an (r—2)-space, an 


1 
3) (r—2) : : ; 
L? meeting K{~* r—2 times and a line meeting K{~* once and 


1 1 
>=(r—1){r—2) ° ° e =r (r—1) 
LD? once. These r points in which the components of TF? 


1 
1.4¢- 
severally meet are the actual nodes of r" ” and are therefore the 


1 
points of contact between the (r—1)-space and =? Si 


12. Now consider another class of degenerate r-ic curves through the 


1 
a <ar@tD , s 
points 7? in o,. Let one of these r-ic curves be composed of a 


1 
. . s=¥t . 
line » through two points P and Q of j? ry? and an (r—1)-ic curve 74 


through the remaining (r?-++-r—4)/2. This degenerate r-ic curve, 77, is 
the intersection of o, with the image M’_, of an 8S, which meets the 
‘ 


1 
. a Aa 
image =? 


of o, in an (r—2)-ic curve Mt~* in an S__, and an 
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r2—8r+4) 2 ‘ s 
having r—1 points in common. The 


1 
. ay (r+l ° 
two points P and Q once chosen from the points je. : , the line pw 


is fixed, but the remaining (r?-+-r—4)/2 points determine a pencil of 
(r—1)-ic curves. Correspondingly, through the (r—2)-space containing 
the transform M7-* of mw pass © (r—1)-spaces each containing an 


1 
ieee in addition to the fixed My-*. One of the (r — 1)-ic curves of 


the pencil in 6, passes through P and another through Q, hence there are 
two (r—1)-spaces of the corresponding pencil of (r—1)-spaces r-uply 


1 
=> 7 (r—l) a a —-(l) 2) ° 
tangent to >? each meeting it in an Mf~?, an N? and a line. 


But this situation we already met with in the preceding paragraph, for 


F 3 (r—1) (r—2) . j r 9 2 (r—1) (r—2) ° 
M?~* and N? are identical with Mj~? and L; respecti-— 


vely. A result of this paragraph is that there are r(r? —1) (r+ 2/8 
(r —2)-spaces each having an (r —2)-ic curve of the type K{~* in common 


1 
}(r?—3r-+-4)-ic curve Ne 


1) 


1 
with 32 corresponding to the r(r?—1)(r+2)/8 lines determined by 


1 
i 3 t@&-D ‘ 
the points 95 in Os. 
1 


13. But there are other r-uply tangent (r—1)-spaces to =? 


: ; 
pencil of (r—1)-ic curves through (r*-+ r—4)/2 points of Se eos in 6 


contains 3(r—2)* nodal members and, since there are r(r?—1)(r + 2)/8 


1 
such pencils of (r—1)-ic curves determined by all the points of 7? yee there 


are in all $r(r?—1) (r+ 2) (r — 2)? nodal (r—1)-ic curves in o,. Each of 


wos 
these nodal (r—1)-ic curves goes into an nw?‘ **® with an actual double 


r°—8r+4) 


r (r—1) 


The 


1 
point. Since Nw‘ already has r—1 points in common with its 


1 
. —#(r—1) 
companion curve M;~*, the degenerate curve I? has ry actual double 


points which are the points of tangency between the S_, in which it 


1 
lies and 3} "?-» ‘The number of such r-uply tangent (r—1)-spaces is 


gr (r?—1) (r+ 2)(r—2)?, and the total number, including those of § 11, 
is — (r?—1)(r + 2) (8r?— 12r + 14)/8. 

14, As has been said, the case r = 3 requires special attention. For 
r = 4, in addition to the 630 quadruply tangent 3-spaces to the image 
32 of o2 given by the formula above, there are 126 others each meeting 3% 
in two twisted cubics having in four points which are the points of contact. 
Each pair of cubics comes from a pair of conics in 02, one through 5 and 
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the other through the other 5 of the 10 points 7j°. For Sathey the formula 


gives all the possible r-uply tangent (r—1)- -spaces to id , for there 


are no further degenerate r-ic curves through the points i ar i 6, 


unless o2 assumes a special position. To verify this statement, suppose a 


component of an r-ic curve through the points je —, is of order ¢ where 


1 , 
1<t<r—1 determined by ¢(t-+3)/2 of the points ata the remaining 


<r+1)—$(t+3) points are too many to define the other component 


which is of order r—t. 


1 
15. We have seen that the variety =; "°™ which is the transform of 


1 
a plane Pig has r(r+1)/2 lines g? hal corresponding to the r(r+1)/2 


_ 2" ‘ett, o,. There are in 8, r(r+-1)/2 (r-—2)-spaces meeting 


x2 arr) in 4 (r—1) (r—2)-ic curves of the type Peis i corresponding 


to the (r—1)-ic curves of the type 4{° each through (r—1)(r—2)/2 of 
1 
the points Pagers in 62; there are also r(r?—1) (r+ 2)/8 other (r —2)-spaces 
1 
meeting =? dnisene: (r—2)-ic curves of the type Mi? corresponding to 
: ret). 
the lines each through -~ points of 7? in o,. 
16. Each of the lines g a meets (r—1) (r+ 2)/2 curves of the type 


a oe each once and as many of the type My~* each once. Each 


— t 1) ”—2) +1) 


1 
D2 meets (r—1)(r+2)/2 of the lines ge each once; 
fod) (r+2)/2 curves of the type M7-* each r—2 times and the remaining 
(r—1) (r +2) (r?-++r—4)/8 each r—3 times; dlso meets all the other curves 
of the group to which it belongs each (r—2) (r—3)/2 times. Each My~* 


1 
meets “" 2 of the lines — each once, 4(r?-+-r—4) curves of the 


aa —1) (r—2) ° “— ° 
group L2 mreach r—3 times and the remaining 2 each r—2 times; 


also sneets (r—2) (r +3) (r?+r—4)/8 other curves of the group to which 
it belongs each once. 

17. For r = 4, the variety 32 has 10 lines, 10 plane cubics and 45 
conics. Each line meets 9 plane cubics and 9 conics all each once; each 
‘plane cubic meets the other 9 plane cubics each once, also meets 9 lines 
each once, 9 conics each twice and the remaining 36 conics each once; 
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and each conic meets 2 lines each once, and 8 plane cubics each once 
and the remaining 2 plane cubics each twice, and also 28 other conics 
each once. 


1 
18. There is on 3? “another curve, which is of high order, worth 
mentioning. It is the transform of the (r?—1)-ic curve 7 (§ 4) in which 
the plane o2 meets ny and its degree is r(r+1) (r—2)/2, for i has 
r(r+1)/2 r-fold points coincident with je oC, 
1 
the lines a 


1 
j2°°*” in o, meets 7 in r(r-+1) (r—2)/2 points besides the r(r-+1)/2 


0 


It meets every one of 


r times. Since any r-ic curve 7{ through the points 


1 
r-fold points, this curve is met by every rrr, proper or improper, in 
r(r-+1) (r—2)/2 points. 

19. Attention is here called to the fact that in § 10 another manner of 
setting up the correspondence between plane r-ic curves and (r—1)-space 
4r(r—1)-ic curves, for in that paragraph we saw that an (r—1)-ic curve 

1 
Ay" in o2 transforms into an }(r—1)(r—2)-ic curve L? eo 
(r—2)-space. If r is substituted for r—1, we have an r-ic curve 4; in o2 


(r—1 


1 
transforming into an 4r(r—1)-ic curve L?" in an (r—1)-space. But 


1 
hae gro). : 
in this correspondence the curve L? is not the intersection of an 


1 
(r—1)-space and a =? es ” although in another correspondence it is, but 


1 1 
that of an (r—1)-space and a 3? segeh Every 2? mr has only 


(r+1) (r+2)/2 curves of order r(r—1)/2 each lying in an (r—1)-space. (§ 15.) 
20. There is another correspondence between plane r-ic curves and 
(r—1)-space 4r(r—1)-ic curves in this connection. Pass an (r+1)-ic 


1 
. ry ¢ . * . 
curve through the points 7? we Me o,. This curve transforms into 


Ls r(r—1) 


r(r+1)/2 lines and a curve of order r(r+1)/2 on 3? . This curve 
lies in S, and not in S,,. But if r is substituted for r-+1, we have the 
desired correspondence; and this correspondence can be easily shown to 
be identical with that mentioned in the opening paragraph. 
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ON CLASS NUMBER RELATIONS 
IMPLIED BY REPRESENTATIONS AS SUMS OF AN ODD 
NUMBER OF SQUARES. 


By E. T. Bett. 


Part I. 


Representations as sums of 5, 7, 9, 11, 13, 15, 17, 19, 21 squares 
involving class numbers. 


1. Except for the classical examples obtained from representations as 
sums of 3 squares, the binary quadratic class number relations implicit in 
the formulas for the number N;(n) of representations of m as a sum ofr 
integer squares with roots = 0, have not been investigated in the case 
of r odd, as may be verified by consulting Dickson’s History of the Theory 
of Numbers, vol. 3, chap. 6. Such relations are of greatest interest, because 
finite in number, when, in addition to the class number functions, are 
involved only functions of the real divisors alone of integers. These exist 
for 3, 5, 7, 9, 11, 13 squares. Although 15 squares have some interesting 
properties in common with the preceding, they furnish no similar class 
number relations, and both series of results cease with the case of 
representations as sums of 15 squares. In this paper we shall give all 
the developments necessary for writing out the complete set of such class 
number relations and will exhibit several. 

In addition to N,(n) above defined we shall need N, (n, s) the number of 
representations of m as a sum of r integer squares precisely s of which 
are odd with roots = 0, and r—s even with roots = 0. Evidently, 
Ny (0, 0) = 1, N,(4n, 0) = N,(4n, 0) = N,(n). 

2. From all the representations enumerated by N,(n, s) select those in 
which the s odd squares occupy the first s places, and let the number of 
such representations be N;(n, s). Then 


N-(n, 8) = cre Ni (n, 8). 


Henceforth the letters n, a denote arbitrary integers > 0. Whenever 
a occurs under the summation sign > without indicated limits, the sum 
is with respect to all a = 1, 2,3, --- that render the arguments of the 
summands > 0. As customary, 0! — 1. 

In the usual notation, G(n) is the whole number of classes, and F(n), 


F,(n) the number of odd, of even classes respectively of binary quadratic 
337 
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forms of determinant—n, with all the conventions usually imposed, as 
in H. J.S.Smith’s Report on the Theory of Numbers, so that 


1 5 
12’ GO) => = E(0), 


where E(n—1) = F(n—1)— F, (n—1), and a class fas to a (a*+ y’) 
counts for 4 in F or F,, and a class equivalent to 2a(2*+zy+y’) 
contributes 4 to F,. For reductions of formulas we have F(4n) = 2 F(n), 


FO) = 0, ¥,0) = — 


F,(8n—5) = = F(@n—5), E@a—5) = = F(8n—5); 


F,(8n—1) = F(8n—1), E(8n—1) = 0; 
F,(4n—3) = 0, E(4n—3) = F(4n—83); 
F, (4n—2) = 0, E(4n—2) = F(4n—2); 
F, (4n) ror G(n), E(4n) = E(n), 


and there are the well known theorems, 
N3(8n—5) = N3(8n—5, 3) = 8F(8n—5); 
N3(4n—3) = Nz (4n—3, 1) = 12 F(4n—3); 
N3(4n—2) = N;3(4n—2, 2) = 12F(4n—2); 
N3(n—1) = 12EH(n—1), 
which will be used immediately. 
From the definitions we see at once that 


Ni (n—1, e) = D Ns (a—1, 8) Nes (n—a, e—0), 
and therefore 


N;(n—1, 0) = r!o! (s—o)! (g—o)! (r—s—e+o)! 


s! oe! (r—e)! (r—s)! 
In this put s = 3, o = 1, 2, 3, and reduce: 
4r(r—1) 9 


> Ns(a—1,0)N,—s(n—a, e—0). 








(1) N-(n—1, e) = y 2 F(4a—3)N-s(n+2—4a, e—1), 








e(r—e) (r—e— 
_ 4r(r—1I (r— ee aS 
(2) N-(n—1, e) = gece ) Fa 2) N,-s(n +1—4a, e—2), 
8r(r—1) (r— : 
(3) N;(n—1, @) = o(@—1) (o— 5 > F8a— —5)N,-3(n+4—8a, e—3); 


and from the obvious identities 
Nr (n—1, r—s) = Woot >N; (a—1)N,-s (n+ 3—4a, r—s), 


N-(n) = > Ns (a—1)N-s(n+1—a), 
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find in a similar way 
(4) N-(n—1, r—8) = 2r(r—1) (2) D E(a—1) Ns (n+ 3—4a, r—8), 
(5) N,(n) = 12 E(n) +12 > E(a—1) Nps (n+ 1—a). 


It is convenient to have separately the reduced forms of (1), (2), (3) 
when in them respectively e@ = 1, 2, 3: 


(1.0) N,(4n—3,1) = ar| F(4n—3) + S F4s—3) Ns (n —a, 


n—1 


(2.0) N,(4n—2,2) = 2r(r—1) F(4n—2)+ 2 F(4s—2) N,-s (n—s) | 
(3.0) 3N,(8n—5,3) = 4r(r—1)(r—2) 
[#ien—s)+ bs F(8s— 5) N,—s (Qn—2s) | 





3N;(8n—1,3) = 4r(r—1)(r—2) > F(8a—5) Ny—s (2n—1—2a). 


3. When r—3 = 2, 4, 6, 8, 10, 12, 14, 16, 18 complete systems of results 
for N,-3(n—1), N,-s (n—1, @) are available in the work of Glaisher*. 
Hence (5) gives N, (n—1) for r = 5, 7, 9, 11, 13, 15, 17, 19, 21. Moreover 
all of the numerical functions occuring in these determinations can be 
rapidly computed by several linear recurrences. This is well known for 
the class numbers; the rest of the recurrences are due for the most part 
to Glaisher. The numerical computation of N, (m—1) for r = 5, 7, ---, 21 
is thus reduced to a practicable form. 

For certain values of @ when r = 5, 7, 9, 11, 13, 15, the formulas (1), 
(2), (3) express N,(n—1, @) in terms of class numbers and functions of 
real divisors alone (finitely) and likewise for (4) with r = 5, 7,9, 11. The 
complete system of such results is obtained in §§ 5—11. This system is 
of particular interést because the like does not exist for any odd number 
squares >15. 

Having found this system we may eliminate from its members in all 
possible independent ways the functions N, to get a complete system of 
class number relations of a new type, whose nature is sufficiently evident 
from the specimens in Part II and the general description in § 12. 

By comparing the values of the N, found in this paper with those given 
for 5, 7, 9, 11, 13 squares on a former occasiont we are enabled in several 
instance to effect a material reduction of the class number relations. 





* Quart. Journ., vol. 38 (1907), pp. 1-63, 178-237, 289-352; hereafter cited as Glaisher. 
+ Amer. Journ., vol. 42 (1920), pp. 168-188; hereafter cited as (A). 
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Since in both the present paper and (A) the enumeration of odd square 
theorems of the type discussed is exhaustive, it follows that we have here 
the sufficient means for writing out all the reduced class number relations 
of this kind. 

In what follows frequent use is made of Glaisher’s work for an even 
number of squares. All of his theorems used are rewritten in (A) in the 
proper notation for our present purpose. To save space we shall use (A) 
directly in writing down results. 

The numbering of the formulas has been devised to obviate the necessity 
of reproducing any of the calculations by which they were obtained. The 
first decimal in the number of a formula indicates which one of the 
fundamental relations (1), (2), (3), (4, (5) has been used in the derivation; 
figures before the decimal give the value of @ used in (1), (2), (3), or of r 
in (4), (5). When several results follow from a given @ or 7, they are 
distinguished by additional digits after the decimal point. In this way 
we can dispense with the writing of all detailed calculations. For example, 
(7.3) comes from (3) by putting @ = 7; (9.41), (9.42) are two theorems which 
follow from (4) by putting r = 9. 

4, From work by Mordell* and Bulyguin (reference later), it follows that 
all finite functions of real divisors occurring in the expressions for Nes (n), 
Nos (n, 0) (s = 1, 2, 3, ---) are polynomials, for appropriate values of 7, in 
one or more of the following four: 

¢(m) = the sum of the rth powers of all the odd divisors of n; 

+ (n) = the like for the even divisors; 

6; (nm) = the sum of the rth powers of all those divisors of n that 
are of the form 4k+1; 

6; (n) = the like for the divisors of the form 4k+ 3. 

Let n = dd = tt be resolutions of mn into pairs of conjugate positive 
integer divisors d,d and t,t, of which ct is always odd. Then, for our 
present purpose, we construct from the four fundamental functions the 
following, which suffice, so far as real divisors are concerned, for represen- 
tations as sums of 2s squares (when the appropriate values of r are assigned): 


b(n) = &(n) +t (n) = Dea’, 

er(n) = &(n)—b (n) = D(—1)1a, 

e+ (nm) = t,(n)—2'-r ty (n) = D (—1)*"* a", 

a(n) = b(n) —2 y(n) = De, 

B(n) = [1+2(—1)")] &(n) +(1—2"**) & (n) = —D (1) a, 
* Quart. Journ., vol. 48 (1920), pp. 93-104. 
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E,(n) = 6/.(n)— 0% (n) = > (—1)*-"2", 
E.(n) = nt [0.,(n)— 0”, (n)] = >(—1)t- f", 
4,(n) = [1+ 2(—1)"] &-(m), 
Hr(n) = 48-(n)—6&,(n), 


in which all of the implied reductions can be easily verified. Of these 
a,(m) is the sum of the rth powers of all those divisors of m whose 
conjugates are odd; &,(m) is the excess of the sum of the rth powers of 
all those divisors of m that are of the form 4k-+-1 over the like sum for 
the divisors of the form 4k+3; &-(m) is the similar function in which 
the rth powers of those divisors of m whose conjugates are of the form 
4k-+-1 are taken positively. The rest may be similarly defined. 

For numerical reductions (used in simplifying results written down later) 
we note that if m is odd and nm = 2°m, then 


o(m) = C-(m), C (2m) = 2° C,(n); 

E(n) = 27° &(m) = (—1)™—Y? 278 &,(m), &-(n) = §,(m); 
a,(2n) = 2" a,(n) = 2°°t) a,(m) = 27°tY C(m); 
By(2n) = (2"+1) &(m) + (2"—2) &(n), B-(m) = 36,(m); 
By(n) = &(n)—oy (nm) +2e,-(n) = er(n) + 2e,(n); 

e'(n) = 2a,(n)—€,(n), @(m) = ¢,(m); 

A, (2n) = 30i(n), a. (m) = —f,(m). 


The functions zy, 2, W, ©, G occurring in § 5 are as defined by Glaisher; 
cf. his index to the paper cited. It may be mentioned in passing that 
the necessary developments for a systematic study of these functions, and 
the entire class to which they belong, by» straightforward, simple and 
elementary methods, without recourse to the modular function theory of 
Klein-Fricke, are given in a little known memoir by the late V. Bulyguin.* 

For zero or negative values of the argument the value of each of the 
numerical functions defined in this section is zero. 

All formulas from now on have been verified numerically, each for at 
least two values of n. 

5. Refer to (A) pp. 175, 176, 178, 180 and Glaisher pp. 210, 292 for 
the even square theorems required in writing down the following from (5): 





* Bull. de l’Acad. impér. des Sci. de St. Petersburg, 1914, pp. 389-404, This work is 
based on the rare book of Nazimoff (in Russian). 
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(5.51) Nz (n) = 12 E(n) +48 > E(a—1)&(n+1—a), 

(7.52) N; (n) = 12 E(n)—96(—1" > (—1)* E(a—1)4, (n +1—a), 
(9.58) Ny (n) = 12E(n) +48 D E(a—1)m: (n+ 1—a), 

(11.54). Nys(n) = 12 B(n)+192(—1)" D (— 1)* E(a—1)es(n + 1—a), 


(13.55) 5Ni3(n) = 60E(n)+48> E(a—1)[168,(n + 1 —a) + & (n +1—a) 
+8 y(n +1—a)], 


(15.56) Njs(n) = 12 E(m)—96(—1)" > (—- 1)* E(a—1) [As (n + 1—a) 
—2 2(n+1—a)], 


(17.57) 61Ny7(n) = 732 E(n)+48 > E(a— 1) [64 %(n+1—a)— &(n +1—a) 
+ 364 Win+1—a)] 


(21.59) 18005 Ng; (n) = 216110 E(n) +48 > E(a—1) [13&(n+1—a) . 
+ 3328 &(n + 1— a) + 97504 ys (n + 1—a) 
—61 200 G(n + 1 —a)— 6120 G(2n + 2—2a)]. 


6. From (A) p.175 and (1)-(4) we get for 5 squares: 


80 > F(4a—3) & (4n+1—4a), 
40 F(4n—2)+ 160 > F(4a—2)&(n—a), 
480 > E(a—1)& (2n+1—2a), 


(2.1) Ns(4n—2) 
(2.2) Ns(4n—2) 
(5.4) Ns(4n—2) 


(3.2) N(4n—1) = 80>’ F(4a—2)&(4n+1—4a), 

(4.3) Ns(4n,4) = 80> F(8a—5)&(4n+5—8a); 

(1.11) Ns(8n—7) = 20F(8n—7)+80> F(4a—3)&(2n—1—a), 
(3.11) N,(8n—5) = 160> F(8a—7)&(4n+1—4a), 

(3.31) Ns(8n—5) = 80F(8n—5)+320> F(8a—5)&(n—a), 


(4.22) Ns(8n—4,4) = 80> F(8a—6)&(4n+1—4a), 
(1.12) Ns(8n—3,1) = 20F(8n—3)+80> F(4a—3)§& (2n—a), 
(5.3)  N;(8n—3,5) = 32> F(8a—5)&(4n+1—4a), 


(3.12) Ns(8n—1) = 160> F(8a—3)&(4n+1—4a), 
(3.22) N;(8n—1) = 320>) F(8a—5)&(2n+1—2a), 
(4.21) Ns(8n,4) = 80> F(8a—2)&(4n+1—4a). 


From identities similar to 





Nz (4n) aes N; (4n, 0) + N; (4n, 4), N; (An, 0) = Nz (n), 
































which give the first of the following, we get from the above in conjunction 


with 


(6) 


(7) 


(8) 


(9) 


1. 
(1.1) 
(5.2) 
(5.3) 
(2.1) 
(2.2) 
(6.3) 
(4.1) 
(4.2) 
(4.3) 


(5.11) N;,(8n—T7, 5) = 1344.> F(8a—3)¢,(2n—1—2a), 
(6.21) N;(8n—6, 6) = 448 > F(8a—2)t,(2n—1—2a), 


(3.11) N;(8n—5) = 560> F(4a—3)¢, (4n—1—2a), 
(3.21) N;(8n—5) = 280> F(4a—2)f,(8n—3—4a), 
(3.31) N;(8n—5) = 280F(8n—5)+6720 > F(8a—5)Ui(n—a), 


(7.41) N;(8n—4, 4) 
(6.12) N,(8n—3,5) = 1344 D F(8a—7)& Qn+1—2a), 
(6.22) N;(8n—2,6) = 448 > F(8a—6)t, (2n+1—2a), 
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(5.51) the additional cases 


N;(4n) = 12E(n) 
+16 > [3 E(a—1)&(n+1—a)+5 F(8a—5) & (4n+5—8a)]; 
N;(8n—4) = 12E(2n—1) 
+16 > [3 E(a—1)& (2n—a) +5 F(8a—6)&(4n+1—4a)], 
N;(8n—3) = 20F(8n—3) 
+16 > [5 F(4a—8)& (2n—a)+2F(8a—5) &(4n+1—4a)], 
Ns (8n) = 12 E(2n) 
+16 > [3 E(a—1) & (2n+1—a)+5 F(8a—2) & (4n+1—4a)]. 
In a similar way the system for seven squares is obtained: 
N,(4n—3,1) = 28F(4n—3)+224(—1)"> (—1)* F(4a—3) A, (n—a), 
N; (4n—38, 5) = 168 > F(4a—2)f, (4n—1—4a), 
N; (4n—3, 5) = 672 > F(8a—5)t,(2n+1—4a), 
N, (4n—2, 2) = 168_> F(4a—3)f,(4n+1—4a), 
N; (4n—2,2) = 84 F(4n—2)+672(—1" > (—1)* F(4a—2)4, (n—a), 
N, (4n—2,6) = 112. > F(8a—5)t, (4n+3—8a), 


N,(4n,4) = 280> F(4a—3)t,(4n+3—4a), 
N; (4n, 4) = 560 > F(4a—2)¢, (2n+1—2a), 
N; (4n, 4) = 560 > F(8a—5)t, (4n+5—8a); ‘ 


6720 > E(2a—2)t, (2n +1—2a), 
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(3.12) N;(8n—1,3) = 560 > F(4a—3)¢,(4n+1—2a), 
(3.22) N;(8n—1, 3) = 280 > F(4a—2)¢, (8n+1—4a), 
(3.32) N;(8n—1, 3) = 2240 > F(8a—5)o, (2n+1—2a), 
(7.8) N;(8n—1,7) = 128 > F(8a—5)¢, (2n+1—2a), 
(7.42) N,(8n,4) = 6720> E(2a—1)t,(2n+i—2a). 
From these, by referring to (A) p. 178 for the “census” of seven squares, 
we can write down several more, e. g., N; (4n—3) is the sum of N; (4n—3, 1), 
N,(4n—3, 5). These formulas, rather more complicated than the preceding, 


may be omitted. 
8. For nine squares, the system is 


(1.1) Nj(4n—3,1) = 36F(4n—3)+144> Fl4a—3)ps(n—a), 
(5.1) No(4n—3,5) = 8064_> F(4a—3)&(n—a), 

(5.2) N,(4n—3, 5) = —504_> F(4a—2)§, (4n—1—4a), 

(5.3) No(4n—4, 5) = 4082 > F(8a—5)#(2n+1—4a), 

(5.21) Ny(4n—2,2) = 144 F(4n—2)+ 576 D F(4a—2) ms (n—a), 


(6.2) Ny(4n—2, 6) = 5376 > F(4a—2)8i(n—a), 

(6.3) N,(4n—2,6) = —672> F(8a—5)&(4n+3—8a), 
(3.1) No(4n—1, 3) = 1344 > F(4a—3)8(2n+1—2a), 
(7.8) Nj(4n—1,7) = 4608 > F(8a—5)%(n +1—2a), 
(4.1) No(4n,4) = —504>) F(4a—3)%,(4n+3—4a), 
(4.2) N)(4n,4) = 2016> F(4a—2)8(Q2n+1—2a); 


(9.3) Np(8n—7,9) = — 64> F(8a—5d)§,(4n—1—4a), 
(9.42) Np(8n—6, 6) = —8064 > E(2a—1)§(4n—1—4a), 
(7.11) Nj(8n—5, 7) = —1152 > F(8a—3)&(4n—1—4a), 
(3.31) Ny(8n—5, 3) = 672 F(8n—5)+ 2688 > F(8a—5) s(2n—2a), 
(9.41) N,(8n—2, 6) = —8064 > E(2a—2)%(4n+3—4a), 
(7.12) Ny(8n—1, 7) = —1152_ > F(8a—7)%& (4n+ 3—4a), 
(3.32) Ny(8n—1,3) = 2688 > F(8a—5)m,(2n+1—2a), 
(8.2) N,(8n,8) = — 288> F(8a—6)%(4n+3—4a). 
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As before several further formulas can be obtained from these. 
9. For eleven squares, 


(1.1) Nyul4n—3,1) = 44 F(4n—3)—704(—1)">)(—1) F(4a—3)e,(n—a), 
(5.1) Ni,(4n—3,5) — 29568 > F(4a—3)as(n —a), 

(2.2) N,,(4n—2, 2) 220 F(4n—2)—3520(—1)"->(—1)*F'(4a—2) ¢s(n—a), 
(6.2) Ny(4n—-2, 6) 29568 >) F(4a—2)a3(n—a), 

(7.3) Ny(4n—1, 7) 42240 > F(8a—5)as(n + 1—2a); 


(9.11) Ny, (8n—7, 9) 56320 > F(8a— 7)as(n—a), 

(10.21) N,,(8n—6, 10) 11264 > F(8a— 6) a3(n—a), 

(3.31) Ny (8n—5, 3) 1320 F(8n—5)+ 147840 > F(8a—5)t3(n—a), 
(3.3) Ny(8n—5,11) = 2048 > F(8a—5)a,(n—a), 

(11.42) Nj, (8 — 4, 8) 506 880 >) E(2a—1)a3(n—a), 

(9.12) Ni (8n—3,9) — 56320 > F(8a—3)a;(n—a), 

(10.22) N,,(8n—2,10) = 11264 > F(8a—2)as(n—a), 

(3.32) N,,(8n—1,3) = 21100 > F(8a—5)t;(2n+1-—2a), 
(11.41) N,, (8%, 8) = 506880 >) E(2a—2)a3(n-+ 1—a). 


10. For thirteen squares there are but two results of the type considered, 


(5.3) 5Nis(8n—7,5) = —41184 > F(8a—5)&, (4n—1—4a), 
(9.3)  Nis(8n—7,9) = —4576 > F(8a— 5), (4n—1—4a). 
11. For fifteen squares, 
(3.3)  Nis(8n—5,3) = 3640 F(8n— 5)+ 29120 > F(8a—5) 4, (2n—2a), 
(7.3)  Nys(8n—5,7) = 18178880 > F(®a— 5)a5(n—a), 
(11.3) Nys(8n--5,11) = 2975520 > F(8a— 5)a5(n— a). 


We note the interesting result, 7.N,,(8%—5, 7) = 33.Nis(8n— 5, 11). 
For 17, 19, --- squares there are no similar theorems. 


Part II, 
Class number relations. 
12. The relations obtainable from the preceding theorems are all of 


the types 
Di K(a) Din—a) = 0, 
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where n is fixed, and the sum referring to 7 continues so long as n— a> 0, 
the aj, ci, being integers, and K a class number function, D a function 
of the real divisors alone of the argument; or a similar sum equated to a 
simple sum of divisor functions whose arguments form an arithmetic pro- 
gression of the second order. 

_ We note first two general relations. From (1), (2), (3), on changing @ 
into e+ 3 and r into r+3, we get, for r= e+ 2, 


(10) (@@+1)(e+2) > F4a—3)N,(n+2—4a, e+2) 
= (e+ 1)(r—e—1) D Faa—2)N-(n+1—4a,0+1) 
= 2(r —e)(r—e—1) > F(8a—5) N-(n+4—8a,@); 


and similarly from (1), (2), (3), (4), 


(11) 3r(r—1)(r—2) > E(a—1) N,(n+2—4a, 1) 
= (r—1) (r—2) >) F(4a—3) N-(n+2—4a, r—1) 
= 6(r—2) > F(4a—2)N,(n+1—4a, r—2) 
= 12 > F(8a—5) N,(n+4—8a, r—3). 


13. Examining the preceding lists we see that frequently the same 
N,(n) or N;(n, s) occurs more than once, or that by suitable choice of n 
this can be brought about. By equating the several expressions for a 
given function we obtain the required class number relations. In certain 
cases a further reduction is possible, whereby the class number sum is 
equal to a sum of divisor functions only. This will be so if the N, function 
whose values are equated is among those given in (A), but not otherwise. 
The appropriate divisor sums for 5, 7, ---, 13 squares are taken without 
further reference directly from (A), where they may easily be located by 
referring to the section which concerns the particular value of r (— number 
of squares) under discussion. Thus, referring to §§ 5, 6 and (A) for the 
values of N; (4n—2) we find on equating them the sixfold class number 


(I) 3 E(4n—2)+12 > Ela—1)&(4n—1—a) 
20 >) F(4a—3)&(4n+1—4a) 
10 F(4n—2)+ 30 > F(4a— 2)&(n— a) 
= 120 >) F(a—1)&) (2n+ 1— 2a) 
= 10 > f,(4n—1—4a'+ 4a) 
10,(2n—1)+ 20 > G (2n—1—2a°). 
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Sums involving & can be reduced by means of &(2n) — &(n), 
§&)(4m—1) = 0. Similarly from sums containing EF may be omitted all 
E(n) where n = 1 mod 8. In the same way from N;(8n—5) we get 
the fivefold relation, 

() 38£(8n—5)+12 > E(a—1)&(8n—4—a) 
= 40 D) F(8a—7%(4n+ 1—4a) 
= 20 F(8n—5)+80 > F(8a—5)&(n—a) 
= 20 D t(4n—3—2a'+ 2a) 
= 56,(8n—5)+10 > 6, (8n—5—4a%). 
From N;(8—1) we find 
(i) 12> F(a—1)&(8n—a) 
= 20 D) F(4a —2)§)(8n+1—4a) 
= 40 >) F(8a—3)&(4n+1—4a) 
80 >) F(8a—5)&(2n + 1—2a) 
= 56 (8n—1)+10 D 6 (8n—1—4a%), 


These are sufficient to show the kind obtainable from 5 squares, The 
few remaining can be written out in the same way. 

14, Of the numerous relations implied by 7 and 9 squares we shall 
write only two, 

From N;(8"—5) we get 


(IV) 12E(8n—5)+96 > (—1) E(a—1)A,(8n—4—a) 
see 560 > F(4a—3)6 (4n—1—2a) 
— 280 >) F(4a—2)b,(8n—3 —4a) 
— 280 F(8n—5)+ 6720 > F(8a—5)ti(n—a) 
= 280 >’ &,(4n—3—2a"+2a) 
= —35& (8n—5)+ 28 (8n —5—4a"); 

and from N,(4n —3, 5), 


(V) 16> F(4a—3)%(n—a) 
—= — > F(4a—2)&,(4n—1—4a) 
= 8D F8a—5)%(2n+1—4a) 
= 8 > as(n—1—a*+a). 
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15. As the complete system implied by 11 squares is shurt we give it 
in full. Referring to §§ 5, 9 and (A) p. 183 we find 


(WD 8 > (—1* Ea—1)e(8n—a) 
= —2640 >’ F(8a—5)t(2n+ 1— 2a) 
= 33 > &(2n+a—a’). 
To find the second line of this we have used N,,(8m—1) = Ni, (8n—1, 3) 


+ Ni(8n—1, 7), and the third line has been reduced by means of 
§,(2n) = &,(n). There is but one further relation from 11 squares, 


(VID 240> E@a—2)a,(16n—8—e) 
= &(8n—1)4+2 > &(32n—4—a"). 


16. From 13 squares there is only the single relation 


(VII) > F(a—5)&(4n—1—4a) = —80 L asin—1— Fa? +a. 


For the reasons stated in (A) § 22 the type of relations which we are 
considering ends here. 





TABLE OF QUADRATIC RESIDUES. 


By A. A. BENNETT. 


The use of the law of quadratic reciprocity renders the determination 
of the quadratic character of a given integer with respect to a given prime 
a simple matter particularly where the prime is not unduly large. Despite 
the simplicity of the procedure the actual computation at best requires time, 
and when the same type of question must be answered repeatedly in con- 
nection with a single problem the use of a table is a convenience not to 
be despised. For questions relating to the distribution of quadratic residues 
and of quadratic nonresidues for a given prime current methods are entirely 
inadequate although the conclusions may be at once obvious in an explicit 
tabie. For such reasons as these I have prepared the following table of 


quadratic characters covering the set of primes less than 331. The entries 
in the table are the values of the exponent z in the relation, (*) == (—1)*, 
where the left hand member is the Legendre symbol. Thus x = 0 if n is 
a quadratic residue with respect to p, and x — 1, if n is a quadratic non- 
residue with respect to p. This notation has the advantage of being capable 
of extension to tables for cubic residues with respect to primes of the form, 
3k-+1, by use of the indices, 0, 1, 2. 
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SOM OCH HOC OC HSCF HOC COC OCC HM HOH HOH HO THO TOTO HOC COR Bt HHO NR tH HOO NH BHR HOR 





SrOSCOCMOF OM OSCOCMF OOF NF OCM HHO NM COON FH HOC OCOCONMOCOFOMOOCOCOCOHMOOCOHMNHOOHOneH 





SOK COM FMF OOCMOMFMOMOSCSCOCOHM OCH HOCH HF NMOOCOCHOOCCCOCONR HO OCHO nH OnFOOCHnF On NAH 





SOM OK FOCOC HOF OCC OCHM OF THOM HOC HF O TOC CM HSH HON FRB OH HOn RR FOOCCOCOHROO 





SHOSCCM OM O FF OFM HOS M HB HOOCOCHM HOC COOH OFM HOODS NOR FH HONROOCHOOCR NN AAA Re 





SM OSC KH FB HOO OCOSCCOCM OM HOF FBO ROMO HOC MMOOCCOCOOCMOOCCOMOR BF OOCOnMnFOOCOrFHOSO 





SOMO FR TFOCOCO FH HOSCOCOC CCC HF OF OOM OCOC KH OCC HOF On HON FF HON FOOCOnONRHOOCH 





SCrFOCC HF FOF FBO OMOOCOMOOC OCC CCC FM Ft Ht HF OCHO THO OC HF Rt HHO TOT OCOFOnRHFOHOHOH 





SOCSC KF OK OCF OCH FBO M OF BBO NFMOOCHMO FB HOCOC HOC st tH FOOT TFOOCOCOCOHHOOCOn RH 





SOM OCC HF HB OOCOSCSCM HH HOSCSCM OCC BOF SH AAA HOMO KPO NRF OONMONFROOCHMONROONRNHOHONS 





CMOS K MOTO COCOC HM HK HOOF FOMO KF OOCOCOCO CCC HOF HO COC NOOB Ont HOCH Onn AAN eH 





SCOFOC HHO OCC OCHO HHO HOC CCC OHO OCR HH HOO HH HO TOHOHOHTMOOCOnHOOCOOCORKHOHeE 





SOCC MOF OCH TOF BHO TOC HF Ft HOC C HOt FF HO KF FOC COC TF HO KR Ft HO HFOCOCOnRHOOCHSO 





SOCSCCOC MF OSCOCHM OF HFOOCOM OCC HH HOC HOF OOC FOR F BROCCO HMO nF On OnNFOCOCKr KHOR RHO 





CM FONMONR BOOK FB HOOCCOCMO FOC OCC OCCH HOM HHO FOC OCN COM A ANH HOMO n RHF HOOOrF 





Sr OOCCM FT HOF FOC OCCOC HF HOCH OB HONOR HB HABBO NMO nF FORO C RM HFOOCCCCOnH HON RFR HOO 





SCrOSCCMF OF OFF O FR HMOCOCHM ODOC HO CCC OCHM HHH HOOF FH HON BF HOONMOOCOHO NON HHO 





SMB On OCR OCC H OFC CCH BHF HHO OC HF HOON Att HFOCOFOHOOCOCOHOCOOCOHOHHSO 





SOSCSCHF OSC C BHO MOF OCC HB HOM FOC FOO F FBO NONnOOCN HHH OnN AHH 





CMH OFCOM FOCOC HF OOCCOCOCO HH HO FO OCC ANA HOR RB HOCH ONOOF 





SOM OCF HOO CHM BA HHO NFO ROD HOF Ons HA HBOOCOCFMFOOoONMSOO 





SCHOO HF HOF OCCOCOF BHO nF tt HOKw FB OOCCOCOHOHMHOOCH 





SCOn OCH OCC C HF Ft HOF O FOS On Ft HOn HONS 





Cr OOCCH OF NANO n HO n BBO RFOOCCCOHTNS 





SCOCOCHFO HOCH HOCH HOT On AH eH 





Orn OCoCooocn Ono KX tH HOOF 





SCOnOnt Ht FOC tnH HOH OSO 





CroOnnt nt HOCHSO 
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LA ROMOSMOSONMMOOM MMM MM OSSONON MOM MOMO O06 On OOONMN NO MO MOO Une 





SOMO MO OMS OOM MOMOOM HOMO SSOMOM MOO HOOMO OHM MNO MMMOOOMO MONS 





SS SOSOSSSOASSOSSHOMSO MMS SSOON ONO MMOONHOSOMO MMO Mo OOO NOS Omen 





SM MO MOS NOSONANOSON OM NNO SON ON H MMM OON OOOO MO moO NNO mu NO Oman 





SATO MNONMOOM MANS SOSON NOON OOO NAH MO NON OOOO OO NNO NM MONNO MN MOOOOS 





LM MO MOO MOSOCOMONOSHN NHN MMOS ONNOO MMM MOMONONOOOMOMHNNONOONOunme 





LS MSOMOSOSOOMAMOMOOON OM MMM Or MOOHOOO SCOT NO ON MONO MN MOONMOMNOS 





LASS MMO MOOMOOMMOMNOM OOO MON OOS ON HON OHHOOO NAMM NOOO NO NNOUe 





LEMS OMOSSOOMMOMSSONOHON NON NOM NHOO HOO OOO OO MNO O MH NOON MOoMeee 





SAMO OONMOMONOONONNNOO NOOO HN NON NH MONOOOm MONO OO NO NO MOSS SOS 





SLOSS MONSON SOSMNS SOM MNOS S OOO NM NHOOO OOO ONO MN MO ONO NOOO oO mounn 





SOMO MMMOOMNONONSOSON NOOO NSO MHOC CONS OOH NAM ONO MOnmOOnNOuNUUeS 





SRMSSSMROMOMMNOOMSOOMMSOSSOHONSON MOM NM MOOMOONOM MMO MNO MOO ENN 





SOS LS SOMO SOMO MMOS HOM OM MMOS NO HOOHOH HT HOMNMNOOMHMONO COON MOOUnE 





Seno LO OO OAMOOSOHOMOMSOHNOHOOOOSO HOH MMON MMOD mMOOCOUNOOn UE 





SO MS MMOOCO MM MOSSOOH OOM HMO NSO HO OOOO AHNOOO NN MH NH NO NMOS OO MNOS NE 





LMS SO MAMONSONSOSO NOON NNN OOOH HMA HOMMOOHH NMOS OOOO NOO MO mMOoNoee 





SOMO SOO AMMO NM MHOMOMOMNSSOSOOMNNOS HON NNONMOONNOOOM MUO NUNS 





SO MOMMOOOMAMMOOSSCOON HM MMS MMOSOOO OO NOOO OMOMOMHNOMOOMNOUSOn 





SM MOSOMMOMONSOMONNOSCON NOS HA MHOM MMO MOON MM MO OOOO MO moe eo eeu 





SL MOO MOOOOMMOOMON SOMO MMONSONOOM OOOH COON MOM MONO OONO OOO OUUOS 





SAMO MOOMOOMH MMOS aH MOM MOOSSOHOO MH MOSOMOOMSO OS OO NM MONO MONO OO Un 





SOS SMOOOO A MOHOMON OM MO MOSS NOOH MOSH NM MONA M MM OOUMMO MOO OU UNO DOE 





POSSSOMOSOMOOMOSSO MO MMS OS SOM HOMO MONO MOON MO MOO NO Ob OO UO nN 





SMO SOM MOMSSOSS ON NNO NN MM OMOH OM MMO OMOOOONNO OOOO NOS MNO MNO ON 








SMMSMOMMOOMNOS COHN ANOS OS Onna On ONO OOS ON OOM ONO MO MOO MO OOO 





SOL OMOOSS MOOMOMOHOOMOOMSS HOS OMOOS MH OMO MNO MS MNO OOO MU NOES 





SMO MOM MOSMAN OCS M NH MOON SSO nM MMOS OOM OOO OM OMNOO MO MO MOOS OS 





SMSO MM MMO SOOO OMOOCH OMA MM MONOn MOON OM OOONOOMS NO MO OOO MOO MUMS 





SO MOOMMOSOOMMMNSSS OOS OM MON HHO moO MOH OO OOON OOOO NO MOO WU OE 





LEM SOOOOMOM AH HM MOOMOOMOMSSOHOSOOH OMNOOO MOM NO MNOOS MO NU NO OU 





SMA SOSOOMONOMOMMOMMMNOM MMOS MOSOOMMOOOCONMOO MOOS ONO NO O MOOS 
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ASSOC OSC OH ROO HH OOOH OOOH HOR OO RRRO NM MOOS OH ON ON ONO HOME 





SSOSCOCO COC CO FB Bt HHH HOO HOM HOOF FO KH FB HON OF HON HB HFOOCCOCOMNORTOCOnAHOCSoO 





BAH OOCC HOM KH HOC OC OCC OCOC HOB THO HOON OB HOOC NB BNO NB HOC OC HF HOOF NOt NAH HOF 





MHOC OCCOC FR Bt BH OR HOF FB HK On BBO OCOC HOF OOK HOw BWONBOCCOCMFONFOCOnmBOonOS - 





MBHOSCMOOCHO MFA HOM OCO KH FOF OOCOCCOCO HH OCC FH OOF Fon FORO FOOoOOConNS 





BMH HOOF OH FTO TRH FF HOC MHOC FOTO NFOCC HOC HO nt Bs FN MOOCOCOCOnMAHOrF 





CSCOCOCOC HOC HOH O KH HT HOH THO THOT OCC KKH KR KK eH OCC KH HOCH On es 





OF FRM HHO O HP HOH OOH HH HOO OOOO OCH OOH OOH HHO RHOOOHHO 





BK HOOF OCOCN HH OK COON OFF Hono MARK OOnoOonMonroooo 





SSS ss HOM FOC OC TOC OCO NM t HB OOCCO MH OOo rCco 





MOR On OOCOCHFHFOOCOCF AH HOFoOOonMAOoOrT 





KF BH OnOOCHO nt Ht HOO nHOK eS 





SAFO OOnrOoOnrooCooSo 





CHO FH Oe SS See 





moOoononoorn 
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SSS MOS SSS AMNOMMOM MM OMNSNOOCOMS HOH OOMO NOOO MNOS ONO OO Nm mune meen 





SAA AM MONON MNS SOMA OOMOOHONONHO MOO HHH mM MOO OOO MM OOO MOO MME NOS 





BALM MOCO MOMMOMNSONOMMSOOCOCOM OOM HM OOOM MONON ONONN NOOO CO OUmOON 





LS MOMSOOSOOMNOOCSOMMAMNSONONOMO MNS ONOOMNOOH OO NOOO OOOO NONSOUnOS 





SLES ROOMS OOMOH OM MHS MM HSOOSOMMOOMOO HW MOOS OMHOMNOS MO Mme NON OO 





RESO SO OMOMMAGCONSOM MOON NOMONSOH NOOO OOOO ONOS ONS MOO NNNOOSOE 





SS AMOS OMOMSOCOHON AMM MN OSOOM NNO On NON ANN MMM ONOONMUMOnmmMOnOoOoue 





ETO SOMOS MO OOM MOO OHI MONO HSSOSSOS OO OM HAN MONO MNO MON mNOOE 





RSLS SO MMOS SOMOMOM MNS SSO SOON ONO OOO MN HNO O ON HOM NO mn NO Neue 





LAM OOMOSSOOMAOMMO MAN NOOO OM NON MON OH MO OM MOOM OO NNO MO mm MON 





SASL MO MO NGOOMONOCOMHOM MONO MNO OOMMOOTNOOHOOO NOOO O MN OO NOUN 





ee OOM ON GOSH MONOM NOW mHOO NM MOMMA MOOOHMMOM MANN OUDS 





OOP OMA AODOM MNOOOHSO SSO HOS NOOCOO MH MH mMOONOmMOONOneNenS 





OI MN OM MONON SOOO OM Mm OHNO OM MONSOO MON mmm MOOOn MNO E 





oO OM MOOQAN NOM HIN OO! Or OH SOI SOnS HNO MOOSCOON mmm NOSOUnSE 





SS SE SOMO NAHM MOOHONOM HN HOM MNO HMM OMOOW HHH MON OOONOOMONOONOON 





SRO SOMO MAMAS MOSM MNS ONONSOOCON On NH mNOMMO Om One Onno Om n NO une nnn 





RS AMOS SOMMMSSONSSOSS COM SON SONS NOON OHM MONO OOOO Om m NOS OUeOn 





SS RO SOSOMSOMAMOSOMOMOM MOON NOM HOM mH HOM MMOMOONMNOOMHNOONO NE 





SOM MOMS SOM MOSONON MON SS OOOO S AMON MM OHO OHM OO ONO MO MONO mNUOe 





Se MOM HMMM MOOS NAM MOM MODOSO MOM M MOMONOSONOMUNNO ONS 





ee IMAM MMM OMG MONON MOMONSOM MOON OSNNOONONOUMONS 





RE IO SOO MO MOM MOM NOM HMM MOM SOSS HH mmo On OO OO MOON NN NO SO OUO EE 





Fe ROH MOMHOHOOO OOM HM OOMUMONS HMO DONONSOOMNDOOUN DIE 











MIMO NM ODNNOMNSOO MOOS HO nNOS Hm MOM NMMMOMMOUNUOE 








SS PP SOO NAMA MO MMOS Orr MOM MOONS SOm MOOS OOS OM MN NANO OU NNO DS 





SMOSSM OOH HH ON OR ROH MOH RE OHOOONOOMO SM OM SSCOCA HOt HN On HR RHR HOMOMm 





SA OM MOON OM MM OOH MM MOSM MM Omm OOM MONA MM MOO ONO ONOSOOUSE 





SEO MOM MMOD N MOMS MOMNOMOOM MH SOOGO MOO nM HOON OO SONNS mo MU MODE 








SF SOOM OMA MAM MOOS SOM ONNO NM HOMO mM OM MOON MMM NOOO MUNN OOn 
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SAH HOH OOH HH HR HOT HF HOOCO THOR TOOTH OOCONMNOCOCHM On HOOCONMNOONn NANO NMoOOoOoOn-: 





SOOT OH OH HH RP HHO HHO NHR HON OOHOOCOM NOR FOOCOMNMOOCOCONM MOCO NMFOoONRNOoSo 





HHOHHOOH BH HOO COT OH RH OCH OH OCC HOH OOM NORA RRA NMOOCOCOCOCOMOORFNONoOoOnN 





CHHOCH OOH HH HOH OF HH OSC OCH RHR HOR BOO OCON OCC HON OOK NR NMOnAMoOOonMooOoo:So 





CH FHF HOH OOH OF HH HHOOCH OHO HHO OCH OOOH NHOOCOCN COON MONON OOK ANA HONMOooOnr 





HOCH THOR FR HT OHOO HH HOC COO FO NR OOH NFA ROC OnMNMOMoOOCOCoOMoOoCoONMNoOOoONnT 





HOHOOCH OH OC COR OR BHO RH HOOCOCHOOCHOOC CNR HOR Rn OMOOCOCOMmMOoOMooONnNOoONoONnoon 





HOCH HOO C OR FH BH HOCH OR HOT RR HO FN OH OOM NN HR HOC OCONR MOON AOC NNO NS 





HHH HOH OOH OCOHOO HHH HOF O TH OOCOCOF NOR RH ONnNMONMOOCOOCOmMONMOoOmMoOoCOoONMooNnSoon 





CHOCO COCOC RH HO CORP HH OHO HHP OHO HHH OCC HH HOO OCOCOCOHO HP ANNA ANON ONNOOnr 





HHOH HF HOOH OR HR OOF HOO TH HOC OCH OR HOOCOTF OOO OCOCHOFP HOON NANO NR NNO NNONN 





HMOSCOCHOOCOCC OF HHO ORTH OOO OCHO OOH OCOCHO NNR HO RR HOOCONR NON NOM NOONs 











CHOCO HOCOC COCR FH HHO BF HHO HHH OTOH OFF OTR ON HOOOCOCOCF HH HON NON SAN ONnRM 





FORHROCOCOOCC OCH OR HOR FH HOO OC HHH HOT OCOH OH FOO N NORM R ROC OCOCOCOMO NON NOoONnN 





FMOHHHOOCO FOOT OO FH HOC OCC OR HHH OH OOF OF NOR NHONMONORrRoOoCoOoOnMoOoOrNoOon 





HOO HF HOOC HOCH OH OCH OC OCHO BPH HHH OC HOR HHO RHO RRR ON ONH COON RA ROMOOOSO 





HHA OR HOH HT HOCH HOO HOH OOH HOR HHH HOHOOC CON OHOOnR BHO OCOHOnR RRO NROOOHS 





HOH HF HOO OCH HH HH ROH OOOOH OH HO HOH HOR FPO RNR HON FHF OOCOC FRA BOON ONS 





COB TOCO HR HO HOODOO HOO COOH OOH OOH HHO OHO HOFF NHOOC HHO NRHA NHON ON ONNONS 





BHHOHOOO CO HOO HHP RH HHO HOOT OR HHO OCH HHO OCR HORN RNR HONOR NAAN OOoO 





DOCH HHO OC CO COTO FOC OCH HHH HOCH HH OOH RF HON RN ONROONMOOCOCNR NON NNHONN 





HOR FH HOR HHH HOR FH HOODOO OCC OH RF HOOC OH OH OHO NRF HROOCOCOOCOOCOHOONHO OMA NHOONS 





MH FOB HOH HO HOHOOCO OH HOH HOC OR HH OC OCHO FH OO tt HORN HOOnRNROOoONMOOONn 





DHOOC HOO HB HHO THHOOC ORF HOC CORON HHH HOH HOT OCR HOCH OHONM ON OCOn AAA RMOOTr 





AOOCROHOO HHO OCF HOFHOOHOOCOCCONR TOO COFCO O NHR ON ON ON NRA NHONRNAMOOCoCOoOoOoON, 





MOO H HHO HHOOC OH THOT HHH HOF TOO TOC HOOCC OH OHO TF OHR OOH OHNO SR RAR HOORMOS 





FOSCCOH OCHO FO FRR OHOCOHOOCOCCOCOCH OH OR FB HOOCOCOCON NR HOOCOCOM NOON NONONs 





COP FH HHO OCHO THOC OCHO HOO HF HHO TF HHO TP THO NF THO Nn HO NON O FR HOR NF AHO Nn SSeS 





CH HOCH O NF FP HHO Nn FR HOC OCOC OR RHO R HOC COCOnMA HOC OnMNMOOoOMOoONMoOOorT 





CHOC FOC OHO HOOF HOH Ont HH RHO TROOCOHMOCOCOCO Fast HOoOORFrS 





FMOH OR HOHTOOC OC HOCH tH tH TFOOCCOCOn Rt HOOnHONrT 





KOM COSC HOCOCHOHR OC HOCH HH HR HOR OCOCONnMSHS 





mOOCOCMOOCOCHOOCHFO FON OnR AA HOOF 





OSmnmoooocooConmnMOoOnoooOrFNoONnoSo 





SHON KF HF OnOnOn A HOF 





COnornooononr 
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LOE TS SS MOM OS OSCR FOF NOCH BH HOF HOH OR HHH HOH HOR HOOT HOH HOOHONMOH 
€6zZ SMSO BOM O MMO NORM ON MOO SOOM HOON OS OH HOOCO OHH HOH HHOHOHOOOHO 
88% RS SOM MOF OFAN ONS SOON HOMO MOO HHOOH HOR HOOOHONH NR HHHOHOO 
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SOO HOCOOSCSCOF OCH HOH HOF OC COCF AA HR HOOK FB HOOCOCHOOnMOANS 





MOCHF OC HOOF NROROCCOM OMB OOCOMORMROCOoOMmMoOOoOrOoOnmMoOoOo:C : 





COCOFt HOC HOH OH HH HT HOO KH HO HO wt HO Ft rt tt tt et et et 





SOCOSCCHFO HF FH OOCCOCHMO RB FH OCC AHO nRBOnMoonr 





Sree OOCCCnt FR FOC nF FOnOorinS 





BH OnTtOnroor 





ooroon-oo 






























































HFOHOH OCC HOR On HHO HHO RTFOCOCOCOCOHFOOCOCOOCO HM HOCH Oo Hon AHS 





“OCHO HOOCH OCC HT HOC CH HHO TON tH HOOF HOF OH OCC Ft HONS eS 





CHF HF HOC HO TF HOT OOC HOt HB HOO MOCO FON NF HO nA AHO nWOOonoONMST 





SCHHOCC OF HF HHO NR KH FBO MOTO OCOC MHOC OCONMO COMO HO nN SK HORNS 





SH HOC OSOOCOOCSCCOCN FB HOF HON FOR NOOCOCOCOCOCOHFOMO MAA MOOCONnSCS 





FORK FOF OOCOCOCO HK On FR HOMO MOROCCO MFOOnANHOOCOOCCOCOnMnNOnNOorF 





MHOC OH HOH OH HOO HHO CO OOCOH OOF HON FAB HONMOOCOCnM On KH HOO 





COM FH HF HOC OCH HOH OF HHO OCOOCOCOF OHO COCONM OF HOR HF OOnROOn OAS 





CH HHO KT HH HOT HOC HOC HOC HOMO NR HF HO NOON AAA HONRNHOre -: - 





HH COC HOR Ft HOt ett HOC OCHM OOK Ft ton OOCOMoOnONnNROOCOoOrRFNS : 





SK FH HOC OCR Ft HH HOC ON F HOO HTH HO RHO nOn Nee 





MMOOnFOCOF FOO COCOM OM ONO On AR OoOnNOooO 





wes OOnt nt HF On HtOOC KF OnrO KH HOT 
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ANHARMONIC GROUPS. 


By A. 8. HarHaway. 


1. By “reciprocals” and “complements” Rx = 1/z, Cx = —1—z 
one generates a group of six elements: 


(x) = (x, RCx, CRa, Rx, Cx, RCRx = CRCz) 


such that the group is repeated by substituting for « any other element 
of the group. Hence: 

Two different groups have no number in common. AN elements of a 
group are real, or all imaginary, and all rational or all irrational, with 
respect to a predetermined rational domain 2. 

By a “square” or a “cube” we shall mean only the square or cube of 
a number of such rational domain. 

When a+b+c = 0, the six ratios between any pair form a group 
“viz.” in the above order, a/b, b/c, c/a, and their reciprocals. 

2. The elements of a real group are the six anharmonic ratios, of a 
four-point range, (ABCD) = AB-CD/AD- BC, etc., in which +1 is harmonic. 
There is an aiternate theory in which -—1 is harmonic, and the negatives 
of elements of a group in one theory is a group in the other. Such 
alternate theory is defined by Rx = 1/x, Cx == 1—=z, so that in general, 
a function Fx in one theory corresponds to —/(—.) in the other. 

3. A major group is one that contains no equal elements. There are 
three and only three minor groups: 

The two rational groups (0), (1), each of three unequal elements (including 
the form RO = o in the first), and the group (w) of the imaginary cube 
roots of 1, which is rational or irrational, as —3 is square or non-square, 
since (2+ 1)? = —-3. Defining « — 2 or 1, as —3 is square or non- 
square ( rational or irrational) the numbef of finite, rational, minor elements 
is 2e+3 (0, —1, 1, —2, —1/2 and sometimes » and w*). These definitions 
of w and ¢ are unaltered in this paper. 

4. The F parameters of a group (x) are the six functions F(z), F(RCz), 
F(CRz), etc., (each argument an element of the group). If two F 
parameters are identical, the six reduce to three; to two, if three are 
identical, and to a single value or invariant of the group if all are identical. 
Obviously, a symmetrical function of the non-identical values of any 
parameter is an mmvariant. We define three parameters: 


Ur =1+2¢4+2°, Ve=a24+2?= Ur—l, Wa = (x—-1) (a+ 2)(22+1), 
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and then identically, Wa? = 4U2°—27V2* (Wa? = Wz. Wz, not 
W (x*), ete.). 
U and V are three-valued, since identical for arguments 2, Cz, viz. 


AERO N IED AFRO ENR NT Yo CEI AES FTES 


Ux, URCx = Uzxfa+1), UCRx = Uz/z'*, 
Va, VRC2 = Valax+1), VCR«e = Va/z', 


~ * 
D aa sert wath ai CRY 2 


and identically, 22+1 — Ux/URCx—U2z/UCRz. 
5. The product of the three U parameters above is an invariant, whose 


reciprocal is 
Ix = V2*/Uzx* = “index” of (x), 


this determines two other invariants, Ja = Ia/I(1) = 27Ia/4 and 
Hae = 2—21Ia = 2(W2?—27 Vx*)/(Wa*+ 27 Vz?) = “harmonic” of (x). 


(a) Even and odd groups. Note that the index and three U 
parameters of a rational group are all squares or all non squares, and 
rational groups will be named “even” when these are squares, “odd’’, when 
non squares. Similarly, a rational group is cubic or non cubic as the 
index and three V parameters are all cubes or all non cubes. Every 
rational group is either even or odd, cubic or noncubic. 

ie 6. A given group corresponds to one and only one index (and similarly 
BE for a J or H invariant), For, Iz =k is an equation of sixth degree for 
the six elements of the group of index k. It has equal roots for the 
minor indices only, JO = 0, J(1) = 4/27, I(w) = ©, (reducing for finite, 
unequal roots to Vz = 0, Wa = 0, Ux = 0). The defined invariants 
are infinite for the group (), and invariant relations do not apply to this group. 

7. Roots and periods. The “roots” of a group (#) are the two 
reciprocal roots of the quadratic, r++r-1= Ha. The cube roots of its 
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roots are the subroots of (x), r? — s, ws, w*s, ete., and the periods of (x) 
are the three periods »“s-+-1/m%s, a = 0,1, 2, the same three for all 
subroots s. 

(a) The roots of a group are rational functions of any element x and a, 
and each subroot s is a rational function of a corresponding element x 
and w, linear as to x and s. 

For solving r+ 7-7! = Ha = 2 (Wa? — 27 Va*)/(Wa*? + 27 Vz") we find 

se [Wa+3(2@+1) Va]? 
Wa? + 27 Va? : 


a rational function of x and w, whence, 


r = (4—o*)/Ua' = (2— w*)*/(x —- ow), 
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Hence, corresponding to x, we have a subroot s = (a—w*/(x—w) a rational 
function of x and » linear in x and s, which gives x =  (s—w)/(s—1). 

Note that this x is the algebraic solution of the sextic In = k by 
s§-+ s*==2—27k. It is easily verified that ws and RCz, w*s and CRz, 
1/s and Cx, etc., correspond by the same linear equation as s and z. 

8. Each period of a group (x) is a rational function of x and conversely 
xz is a rational function of the periods. Hence, a group is rational when 
and only when its periods are all rational. 

For, from corresponding values s = («—w*)/(s—o), ete., we find 
the periods, 


sts! = 2—3/Ux, ws+1/ws = 2—3/URCx, w*s+1/w*s = 2—3/UCRx 


which are rational functions of x. Conversely, from the values of Uz, 
URCx, UCRz, and the identity of §4 (noting that the sum of the periods 
is zero), x = (p,+1)/(p;—2), pi, po, being the first two periods above. 

(a) When » is rational (e = 2), a group (x) is rational when and 
only when its subroots are all rational. 

(b) When is irrational (e = 1), the subroots of a rational major 
group are all irrational. For, if a subroot s be rational, the period 
ws + 1/@s= w (s— s—) — 1/sisirrational (and the group also) except s = + 1. 

Note. The periods of (%) are the roots of the cubic ®—3t — Hz, 


which are therefore all real when and only when x is real. Thus, when (x) 
is real, —2< Hr<2, 0<Ix< = 0<Jr<1. 

9, Resultant groups. A product of the roots of given groups (one 
root ‘from each group) determines the root of a resultant group. 

Since subroots are cube roots of roots, a similar product of subroots 
determines a subroot of a resultant group. We have seen that an 
element x corresponds to a subroot (a— w*)/(a— ), and y to (y-— w*)/(y— w) 
whose product is (¢— *)/(e—w) where ze = (ay—1)(a+y+1). Thus, 
resultant groups are rational when the component groups are rational. 
Since any group may be repeated to make two or muvre components, 
we have: 

(a) A group is rational when its root is an integral power of a root of 
a rational group, or a product of integral powers of roots of rational groups. 

Since the two roots of a group are reciprocal numbers: 

(b) A rational group is the resultant of rational groups, all but one of 
which may be arbitary. For if r be the given root, s, ¢, the roots of the 
arbitrary rational groups, then « = rst is the root of a rational group, 
and r = us~'t is the root of a resultant of the rational groups of 
roots s, t, u. 
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10. Modular groups and exponents. A root of unity determines 
a modular group and the expceaent to which such root pertains is the 
exponent of the group. Only modular groups have exponents, and of minor 
groups, (0), (1) are modular groups (exponents 1, 2) and (w) is not modular. 
We let M denote all modular groups, and Mn, all rational modular groups, 
supposed »-+ 2 in number, so that m is defined as “the number of major 
M-groups in the rational domain 2”. 

(a) A resultant of M groups is an M group, of Mn groups, an Mn. 

11. If given M groups of exponents h, k, be rational, then all M groups 
are rational whose exponents are divisors of the least common multiple of 
h and k. 

In the first place, all groups of exponents h, k, are rational, since their 
roots are integral powers of the roots of the given groups. We can find 
two roots e, o, of exponents h, k such that the exponent of eo is m, the 
least common multiple h and k, whose integral powers therefore determine 
all roots whose exponents are divisors of m, and these determine rational 
groups, since e, o, do so (§ 9a). 

12. The domain Mn consists of those groups, and those only, whose exponents 
are divisors of 2(n-+ 1). 

Let 2m be the least common multiple of all exponents of the Mn groups. 
Thus (§ 11), these exponents consist of all divisors of 2m, and those 
only, or the roots of the groups are the roots of 2?" = 1. The number 
of Mn groups is therefore m-{}1, the number of harmonics r-+7~ of the 
roots of x7” == 1. Since this number is »+2 by hypothesis, therefore 
2m = 2(n+1). 

Incidentally, > totg, = 2n, where gq, is a divisor, greater than 2, of 
2(n-+1). For, totg, is the number of roots of exponent g,, which is twice 
the number of groups of that exponent, exponents 1 and 2 excepted. 

13. Hence the harmonics of the m major groups of M, are the roots 
of Hnz, which is defined by 

(a) An(ry tr) = (7°? —1)/r"(r?—1), a function of n’th degree. 

(b) Hnz = >(—1)8(n—s)! 2*—-*9/s! (n— 28)!, 8 = 0 to n/2 or (n—1)/2. 

For, by (a), Hn+ez = zHmiiz—Hmz, m = 1, 2, ---, 80 that Hyz is 
a symmetric function of n’th degree in the roots of @ =- zt—1, and hence 
of the form >(ArBs)z"(—1)*, where A, B, are undetermined constants of 
the gamma coefficient (Ar Bs) = (Ar+ Bs) T(r+-s)/(r+1)T(s+)). From 
Hiz = 2, Hoz = 2—1, we find A = B= 1, and thence* (6). 

14. It appears that every domain 2 is a domain R(e, n), where ¢ = 2 
or 1 as it does or does not contain », and n is the number of its contained 
major M groups. Since the powers of a primitive root @ of 2°”*) = 1, 

~* Of. Bull. Amer. Math. Soc., vol. 22, pp. 9, 43. 
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are subroots of M, groups, and e+", etc., are binary periods of the 
same, the minimum domain R(e, n) is 2 (1, e) or 2 (1, e+e") as ¢ = 2 
or 1. Also, if o be a root of exponent k prime to 6(m-+-1), 2(1, e, +07, 
2(1, e+e, 6) are respectively domains R(2, n), R(1, n), but 2 (1, @, @), 
Q2(1, e+e, o+o-") are domains R(2, n’), R(1, n’), mn’ +1 = k(n+1). 

(a) The number of major M groups whose harmonics are rational is 3n +2 
Jor the minimum domain R(e, n) (noted above), and is 8n+2+k—1, 
when as above ¢-++o—" or o is adjoined as ¢ = 2 or 1. For, the rational 
binary periods of roots of unity in the minimum domain R(e, n) are those 
of ++) — 1, of which 3n+2 determine major groups, and in the 
R(e, n) domain of adjoined periods or roots of 2* = 1, the added rational 
binary periods are those of x** — 1 which determine major groups (since k 
is odd, +(e+ 7"), rational). 

15. A group transformation Gx is a function that transforms a group into 
a group. Hence it must satisfy certain identities G7'x — T’Gsr, where 
T, T’ are generated by R, C. The identities GRa — RGzx, GCxr = CGz, 
determine a normal group transformation Gz. 

The linear group transformations will be determined simply by the fact 
that minor group must transform into minor group, and are the six ratios 
of x—1, x+2, —2a—1; and since these are numbers whose sum is zero, 
their ratios form a group, i. e. all linear transformations are equivalent as 
to groups, but different as to elements. 

16. The linear group transformation, 


Ke = —(x+2)/(2x+1) 







































is normal (KR = RK, KC = CK), and also KKz = 2, so that we may 
define xz, Kx, as mutually conjugate numbers and (x), (Kx) as mutually 
conjugate groups. The following are conjugate relations: 








UKa = 8Uz/(22-+1)', VKx= —Wal2x+1)', WKa=21Va/(22-+1)*, 
whence 
TKz = Wz'*/27 Ux’ = 4/27—Ixz, JKx=—1—J2xz, HKx = —Hz. 















“The sum of corresponding invariants of conjugate groups is constant.” 
“The sum of corresponding roots of conjugate groups is zero.” 

(a) Groups occur in conjugate pairs, minor to minor, (0) to (1), (w) to 
itself, and hence, major to major; also real to real, rational to rational. 
and modular to modular. 

17. There is one and only one major selfconjugate group, since its 
index is 2/27. Since its root satisfies r?-+-1— 0, it is a modular group 
of exponent 4, and therefore rational or irrational as n+-1 is even or odd. 


24 
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It is readily determined (by Ra — Kx or x = —2+V3) that it is the 
group (—2+V3) = (—2—V3), which is rational or irrational as 3 is 
square or non-square, so that, 

(a) 3 is square or nonsquare as n-+-1 is even or odd. 

(b) Rational conjugate groups are both even or both odd when n+1 is 
even, and one even one odd or both odd, when n+-1 is odd. 

From UK2z = 3U2/(2x+1)*, and 5a, 17a. 

18, Products. We define a “product” group transformation, 


Ga = —2(e¢+2)/(22+1) = «Kz, 


and a group product, (x) (Kz) = (xKz), so that elements of the product 
are products of conjugate elements of the factors. The transformation G 
is normal, (@ commutative with R, C). If the root of (x) is r, the root of 
(x Kz) is r*, so that (2 Kz) is one resultant of (x) with (x) of which the 
other is (0). Since identically, «+ Kx = 2CG@z, the elements of (Gx) are 
the arithmetical means of the conjugate elements of its factors. 

19. A given group (a) resolves in one and only one way into conjugate 
Sactors (x) (Kx) = (a); and such factors are rational when and only when 
(a) is an even group. 

For we must have conjugate numbers, 7Kzx=—a. This is a quadratic 
whose roots are conjugate elements, « = Ca+V Ua, and rational when 
and only when a is rational and Ua is a square, or (a), an even group (5a). 

Such conjugate factors of (a) are its “primary” factors. The primary 
factors of each of these determine four “secondary” factors, etc., so that 
a group (a), has 2* unique Ath order factors. 

20. The product of major conjugate groups is a major group, the major 
self conjugate excepted, whose self product is the minor group (1). 

For, the primary factors of the minor groups are, 


0) =@©@) @)=(@)@), (1) = (—24+V3) (—2—V3). 
We have the product relations 
UGa2 = U2/(2x+ 1), V@Gze = Va Wa/(2x +1), 
WGe = —HzU2*/2r+ 1), 
[Ga = V2? We?/Ux® = 21Ix-ITKx = Ix(4—27Iz), 
JGau = 4Jx(1—Jz), HG@Gzc=H:2*—2. 





From the last identity, we have in terms of the roots, r-+7-! — Hz, 


(a) HG*™: = r"+r-, m = 1, 2, 3, ---. 
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21. If (a) be a group of exponent k, then as k is even or odd, the ex- 
ponent of (a) (Ka) is k/2 or k, and the exponents of the primary factors 
of (a) are both 2k or one k, the other 2k. 

For if r be a root of (a) the root of the product is r*, and of the 
factors, +Vr (20a). 

(a) The domain M contains all products and all factors of its groups, 
the domain Mn, all products of its groups (making the even M, groups) and 
all primary factors of its even groups, but no factors of its odd groups. 

22. Subscripts of modular groups. We define the subscript of a 
group of exponent k as the number 2 (n+ 1)/k. Thus the rational con- 
dition is that the subscript is an integer (§ 12). 

(a) A rational modular group is even or odd as its subscript is even or 
odd. For, it is even or odd as its primary factors are rational or irrational. 
If k be its exponent, the exponent of one primary factor is 2k (21), which 
is rational only when 2 (m+ 1)/2k is an integer, or 2 (m+ 1)/k an even 
integer. 

(b) The exponents of all even Mn groups are the divisors of n+-1 and 
the equation for their harmonics ¢ = r+r is 


Bee = 0 or Ayet+Apize=—0, as k=(n—1)/2 or n/2. 
For, by definition of Hnz (§ 13), we have identically, 


Hye = (r+) — 1)/r* (r? — 1), | Ay 2+ Apare = (#1 —1)/r* (r—1), 


and which function determines the harmonics in question depends upon 
whether »-+1 = 2(k+1) or = 2k+1. 

(c) When n+ 1 is odd, conjugate groups of Mn are one even, one odd. 

Let (a) be a group of Mn and let k be the exponent of (a) (Ka). Since 
this is an even group, its subscript, 2 (n+ 1)/k is even, whence k is odd 
(since n-+ 1 is odd by hypothesis). Therefore by § 21, the exponents of 
(a), (Ka) are one k, one 2k, (one even one odd). 

23. The number of even major groups of Mn is the number of even 
integers in the series 1, 2, 3, ---, n, i. e., (n— 1)/2 or n/2 as n+-1 is even 
or odd. This follows since k (§ 226) is the number of major harmonics 
of the even groups. Also as follows, the even major groups are the products 
of all pairs of major conjugate factors the self conjugate excepted, which 
exists in Mn when n+ 1 is even. (17). 

(a) The major self conjugate group is rational and even or odd as (n+ 1)/2 
is an even or odd integer (since this is its subscript). Also as follows: 
such group being rational, n + 1 is even, and M, consists of a set of (n — 1)/2 
even groups and another of (n-+ 1)/2 odd groups, and the self-conjugate 


24* 
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must be in the set with an odd number of groups since each set will be 
in conjugate pairs (§ 175). 

(b) When n+1 is even, 2, —2+V3, —2—V°3 are square or nonsquare 
as (n+ 1)/2 is even or odd. For these numbers appear to square factors 
in the index and U parameters of the major selfconjugate. 

24, Numbers of rational modular groups. The following table 
of numbers will represent the »-+2 groups in M, so that even numbers 
represent even groups, odd numbers odd groups (§ 23), and vertical 
pairs (of sum +1) represent conjugate groups: 


1 2 3B -s- n/2 or (n+1)/2, 0 
nm m—1 n—2 --- 1+n/2 or (n+1)/2, n+1 


The number of the even group (0) is 0, the numbers of its conjugate (1) 
and of the self conjugate (—2-+V3) when it exists in Mn, are their 
subscripts n+1, (n+1)/2 (22a). We next assign an even number to 
an even group, and to its conjugate, the difference of that number from 
m-+1, until all even numbers are assigned, which exhaust as required 
all numbers and groups when n+1 is odd (§22c), but when »+1 is 
ever only the even numbers and even groups (§ 17), and the odd numbers 
and odd groups are exhausted similarly. Note that when the sum of 
two numbers is n-+1, they are both even or both odd when n+1 is 
even, and one even one odd when n-+1 is odd. 

25. Evennes. The evennes of a rational modular group is the evennes 
of its subscript (an m-even integer being one with 2” as relatively 
prime factor, so that such number is even or odd as m>O or m = 0). 

(a) A group of evenness m and even exponent factors rationally into 2” 
Sactors or order h<m, each of evenness m—h. For, since its exponent k is 
even, the exponents of its two primary factors are 2k, of its four secondary 
factors 4k, of its 2” factors of order h, 2"k (§ 21), and since 2” is 
relatively prime factor of 2(n-+1)/k, 2”-" is relatively prime factor 
of their common subscript 2(n+1)/2”k, (an integral subscript determines 
rational factors). 

26. Cycles. A cycle of order m is a set of m different groups: 


(x) (Ga) --- (@™"a)+ 


where + signifies that the next term is (@"x) = (z). 

It is necessary and sufficient for such cycle that any component group (z) 
is a modular group, of odd exponent k that is a primitive divisor of the 
Sorm 2™ +1 for the given order m. For, (4x) = (x), gives HG"x = Hz, 
i.e., r?"+1 = 1, where r is a root of the group (zx) (§ 20, a). 
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The common exponent k of every group of a cycle will be called the 
exponent of the cycle. The exponent determines the order, say m = ord. k. 
Conversely the solutions of ord. k = 1, 2, 3, 4, are k = (1, 3), 5, (7, 9), 
(15, 17), «+>. 

The number of all cyclic groups of order k is the number of harmonics 
r+ r— of exponent k or (tot. k)/2. Also, the number of all groups whose 
orders are divisors of m is 2”, the degree in Hz of HG™x = Hz. 

27. Multiplication table of rational modular groups, This is a 
table which shows the products of all conjugate pairs, and the order 
of evenness of groups by their numbers, in further extension of § 24. 

A group: pertains to a number of the same evenness, except a cyclic 
group, which possesses the maximum evenness (that of 2(m-+-1)) and corre- 
sponds to a number of the same or higher evenness. 

When n-+1 is odd, we illustrate by »-+1 = 15, the exponents of 
rational cycles are 15, 5, 3, 1, of orders 4, 2, 1, 1 and the table is, 


ee eu i ee BO 0 
14 13 12 11 * 10 9 st 45, 


The highest evenness, possessed only by cyclic groups, is 1, whose numbers 
are even, and their conjugates, odd numbers. Assigning 14 to any group 
of the cycle of fourth order, and | to its conjugate, then 


1x14=2, 2x18=12, 3x12=—4, 4x11=— 14, ete. 


Incidentally, we have g—1 = > tot. g,, where q is an odd integer, and 
gr>1 is any divisor of g. For, each member is the number of major 
groups in the domain M,-1. 

28. When n+ 1 = 2*(2g+1), the divisors of 2g-+1 are the exponents 
of the rational cyclic groups. These and their conjugates are therefore 
the same groups that make the primitive table n+1 = 2g+1, as above, 
but their numbers are 2* times their primitve numbers since evenness has 
been increased by k (21). Of the unassigned number pairs between two 
successive pairs thus assigned by the primitive table, those on the left of 
the conjugate-cyclic group 2*(2s+1) are its rational factors, and the 
middle pair [2*(4s+1) or 2*-1(4s+-3), and its difference from n+ 1] 
have the proper evenness (k—1, § 25a) for its primary factors (assigned in 
any predetermined order). Thence, for an assigned group 2’(2s+1) r<k, 
the middle unassigned pair on its left or right as it is in the upper or 
lower line of the table [2”-1(4s-+1) and its difference from n+ 1] have 
the proper evenness for its primary factors, (r—1), assigned again in any 
predetermined order. 
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For illustration, we give part of the table for n+1 = 60 for 
convenience, marking, the conjugate cyclic group (of evenness 2) with the 
multiplication sign >< on its left, to indicate that the preceding intermediate 
groups are its factors. 

17 18 19x20 21 22 23 24 25 26 27x28 29 30 O 


T 43 42 41 40 39 38 3786’ 35 34 33 32 31 30 < 60. 
















For example, 20 = 1842, 18 = 1743, 42 = 1941, etc. 
29. Domain of a prime modulus p>3. The preceding theory 
applies to this domain by interpreting “equal” as “congruent, mod p”. 
The rational domain consists of the p residues 0, +1, +2, ... +(p—1)/2, 
(and their congruents). It includes the rational domain 2(1) by defining 
the fraction a/b as the solution of the congruence bz = a, mod p, which, 
if a is prime to p, and b is not, becomes the form © of this theory. It 
also includes square and cube roots, etc., as symbolic solutions of x? = a, 
x® = b, etc., which have rational solutions when a, b, are respectively 
“quadratic” and “cubic” residues mod p, which are equivalent, therefore, 
to the preceding terms “square” and “cube”, as applied to this domain. 
Thus, —3 is square or non-square (quadratic or non quadratic residue 
mod p) as @ is rational or irrational, or as « = 2 or 1. Hence, the number 
Phe of rational and finite minor residues is 2¢+3(p>3) and including with 
ie these the 6m major residues, we have p = 6n+2¢+3. 
ie 30. Beginning with a rational group (a), the series of groups (a), 
op (Ga). ..., must finally repeat, since every group is rational, and there 
are only p finite rational elements. Thus, in the domain mod p, every 
rational group, () excepted, is a modular group whose exponent is a divisor 
of 2(n+1). The preceding table for +1 = 15 would apply for 
p = 89 (« = 1) and may be assigned in groups (x) as follows: 






























(2) (27) (23) (7) . () (43), @) . ©) 
(4) (6) (8) (28) * (24) (16) * (12) * (1). 


Similarly for n+1—60, p= 361, «= 2. 

31. There are (mod p) p finite rational harmonics r +1—1 = 0, +1, ete. 
Of these (excluding +2), y—2 are major harmonics; 3n-+2 are binary 
periods of 2°+) = 1, whose roots are therefore rational or irrational 
modp as « = 2 or 1, and by (14a), the remaining, k —1 — p—2—(3n+2) 
= 3n+2e—1 major harmonics, are the major binary periods of 
gén+4e = 1, whose roots are therefore rational or irrational, mod p, as 
¢ = 1 or 2. Hence, whether ¢ = 2 or 1, the roots of z?-! = 1 and 























ANHARMONIC GROUPS. 367 


binary periods of x?+’ = 1 are rational mod p, and roots of the latter irra- 

tional, 7. e., the rational domain, mod p, contains the domain 2 (1, e, «+ 0), 

where @, o, are primitive roots of 2-!=— 1, 2+— 1. (Cf. §§ 8, 14.) 
32. We have the identity, 





(2? —4) Hye. Hyriz = 2?—z, mod p, 2k = p—1, 
for the roots of each member mod p, are 0, +1, +2, ..., +k. 
The analytical identity is in fact, for any odd integer p, 
(p—1—s)! 
(e?@—4) Hxe Hyrz = #—z+p> (—1) or 
Soe eS See 3 


For, the first member, for zg == r+-r— is r?+r-”—(r+r—)? (13a), and 
defining F,(z) = r?+r-?, it will have the same difference equation as 
Hpyz, and only differs from it in the constants A, B, which are A= 1, B= 2. 

33. The integral symmetric functions of the roots of the cubic 
t® = tUx+Vz, are of the form > (Aa BA) Ux* Vx*, 24438 = weight 
== degree = m. For the symmetric s,, A = 2, B = 3, and for the 
homogeneous products 7, A= B= 1. Also the roots of the cubic are 
t=—=2z+1, —z, —1. Hence, 





sm = (a H1)"+ (—ay"(—1)" = mS TAM! oye yee, 


a! B! 
(2a+38 = m) 
(a) 7m = [(@—1) @+1)"? + @+ 2) (—a)™*—@x+1) (—1)™*] Wa 
= > re (a+ 8)! Ux Va, (Qa+38 = m) 


a! B! 
For m= p = 6n+2¢-+ 3, the values of a, 8 satisfying 2«-+38 = p are 
a = 3(n—r)+e, &=2?r+1, r=0,1...,% 


These will be retained as the values of a, 8, with summations r — 0 
to r =m and p is a prime unless otherwise stated. Other degrees 
besides 2a-+-38 = p may be so expressed, as 2a+ 3 (8—1) = p—3, 
2(#a—1)+3(8+1) = p+1, but in the latter case, there is a term out- 
side of S, corresponding to the non negative values « —1,8+ 1 for r = —1. 


84, Let 4 = Sth! 
a!B! 
prime. Then, 





M . This is an integer, since 20 +38 = p=a 
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(a) 8 = («1+ 1)?— 2? —1 = pUx Va A-Ur™™” Va 
= pUx™* Vx DA-la, (Ix = Va'/Ux') 


(b) Va Wa- mp = x(a — 1) 8p — 2 U ala? — x)= Ve We U2 *. SB A,IT x” 


(c) spp = (29 + DPT 4 t+ i = vamisde+ (p 4. Spas cas] 


35. The function of n'th degree, >BA,y" resolves, mod p, into the n 
linear factors y— Ia, corresponding to every major group (x). 

For, the second member of (340), and therefore the third, will be 
divisible by p for every residue x, but for a major residue 7, Ux VaWexe 
is prime to p, and hence >£A,J2" is divisible by p for every major 
residue 2. 

Since 2a+38 = p, DaA,y and > (a+) A-y" have the same 
resolutions mod p. 

(a) Identically, mod p, Hn (2 —27 y) = Hn2-> 8 Ary’, since they have the 
same roots, y== Ia, mod p. (x a major residue.) 

36. The cep of degree n+ 1, 
fy A,y’** — and ms =a A’ y’t!— 16/3 
completely resolve into finite linear factors y—-Ix, mod p, but in the first, 
Ix is a quadratic residue (square) mod p, and in the second, a non 
quadratic residue (non square). Also, y—Ia or (y—Izx)* is ine Sactor, 
as x is minor or major residue. 

The second member of (34c) is 2Ux, mod p, (Ux not = 0, since Ix 
is finite. Also, 28-+1 =— 2(r+1), 2a = —3A, and Uxir-¥2? — 1 
or —1, as Ux is square or nonsquare, mod p, and therefore Jx the same (5a). 
Thus, the functions named are divisible by p for y — Iz, respectively as 
Iz is square or nonsquare, mod. p. Also, a root is repeated when their 
common derivative, >'8A,y” = 0 for the same root, or when x is a major 
residue, and each such root repeated once gives »-+-1 factors of first 
degree, viz. 2-+-2(m—1)/2 and 2(n+1)/2 ifn-+1 be even, and 1+2n/2 
if n4-1 be odd. 

Note that unrepeated major square indices, mod p, are the roots of 
Hy, (2-—27 y) = 0 or Hy (2—27y) + Ay (2—27y) = 0, as k = (n—1)/2 
or = n/2 (225). 

37. To transform these congruences into those whose roots are z—=Jz, 


we substitute y = 42/27. Defining Fz = > ae Bre’+1, where, 


s Me — (r+3) (+5) (+7 
B=1, Bri = Bf(6r), fr= (r+6) +9)" 
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we have F(z) = 0, or F(z) —36 = 0, with roots z = Jzx as (a) is even 
or odd with repeated roots for major groups; and F’z = 0 for roots z = Jz, 
of major groups. In fact, we have A, = (2) B, mod Pp, since 


27 (6r+3—p) (6r+-5—p) (6r+7—p) __27 
4 (6r+6)(6r+9)(G6r+9—B3p) 4 





(a) Ay = l, Ar+i = A, A, f (6 r), 


mod p. 
Note that making the following infinite series 
5-7 | 5-7-11-13 , , 5-7-11-13-17-19 , 
©) I+ 679 + 60-19-15 ° ' 6-9-12-15-18-21° **" 








and selecting any prime p=6n-+2¢-+-3, the corresponding function 
F’z = DAB, is the first n+ 1 terms of this series. 

38. In the preceding notation, we have the following identities to the 
modulus p: 


(a) Fz(Fz—36) 
(b) F*(1—2z) 


362 (z¢—1) (F"z)* (by identical linear factors mod p), 
(—1)"F"z, (JKzx = 1—Jz), 

(c) F(l—z) Fz or = 36—Fz, as n+-1 is even or odd (176, 22c), 
(d) F(4¢—42*) 42(1—z) (F’z)’, [JGa = 4Jx(1—Jz)]. 


39. If x be a major residue mod p, s = (1+ x”)? —ax?—1 is not divisible 
by p? when the discriminant of 0 Ary” is prime to p. For if sp is 
divisible by p* for one value of z, it is so for all congruent values, of 
which one can be found so that 2»; is divisible by p* (34a, b), so that 
D>Ary, >fAry” have a common factor mod p, whence, from 8 = 2r+-1, 
>rAry and >(n—r)A-y” have a common factor mod p, i. e., the 
discriminant of >’A’y” is divisible by p. Similary, sp, is not divisible by 
p® for a major residue x, except such discriminant be divisible by p’*. 

40. Assuming that the above discriminant is prime to p, we have some 
important results. Thus, the sum of the p'th powers of three integers is 
not divisible by p*, except one of the integers or the difference of the cubes 
of two be divisible by p. Also, 2®+ y?+ 2? = 0 is not solvable in integers 
prime to p, for if so, it is known that 2?—2, 3?—3 are divisible by p’, 
and their difference s, for the major residue z = 2, is divisible by p’, 
which is not possible when the given discriminant is prime to p. When 
this discriminant is divisible by p, since the factors of >’A,y” are square — 
factors mod p, there cannot be more than n/2 different linear factors 
mod p, whence 2” + y-+ z? = 0 is in no case solvable in integers prime 
to p when either 2 or 3 is a primitive residue mod p. 

41. The author appears to be in measurable distance of proving that 
the discriminant above is always prime to p, and offers a brief summary of 
leading features so far obtained. 


UN A il 
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42. Take positive integers a, b, pm = am-+-b, and polynomials Px, Qz, 
with integral coefficients. Then beginning with the (constant) polynomials 
Inx = Mox = 1, an infinite series of polynomials Lmx, Mma with 
integral coefficients is determined by the identities, 


(a) (2+ pm+1) Lm4i% = dmP(a + am) Lme2—bmQuMm(x + a) 
— 2 Mnix == Cm P(a + am) Lmx—admQrMy (x + a) (m = 0, 1, 2, +++). 


In fact, from the linear factors of the first members am and bp, also cm 
and dm, are definite relatively prime integers defined by: 


mam = (—1)"™Q(—pmt)Mn(—pm), Bnem = QOMna 


b 
* Om om = (—1)™P(—pi) Lm (—pm+1), Bndm = P(am) Lm0 


where @», Bm, are the positive greatest common divisors of their integral 
second members. 
43. We may write (42a) with Am = am dm— bm cm, 


Am (2 + pm+1) Lm412% + bmx Mnyixe = AmP(x+ am) Limo, 


(@) Cm (% + Pots) Lt e+ Ome Mix = AmQrMm(x+ a), 


whence : 

Lay0 = BmAm __ ym Plar) A, r = 0, 1, 2, +++, m. 
(b) Pm+i Pr+idy 

(1) Mais (—pmis) = 22m — rp 2 Prt) de 





wea Pr+iQr 


In particular define Px, Qz, as quadratics with real negative roots, 
Pa=(etate’)(c+at+a), Qr=(c+A)(c+h’), «’>a>0, B>K'>0, 


so that a, a’, B, B’ are positive integers, or only their symmetrical 
functions are such, as their respective quadratics are reducible or irre- 
ducible. This also holds when defined for a prime modulus p. Further, 
let the inequalities exist, b>«’, (a+ «)>>a,so0 that a>a+a—f>0, and 


(a) B<ata<a+f<2ata<2a+fc... 
soe <mat+B<(m+lata<(m+1ja+ea’< pms. 


The k’ th range of this series is ak+8<a2<a(k+1)+e or x= ak+8-+4, 
where 0<A<a+a—A, We also let 4, w, with integral subscripts denote 
numbers of the same range as 4, exclusive of the end values 0, a+ a—&A, 
except mo = 0, Ammii = a-+a—A8, for every value of m. 
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44, The functions Lmx, Mmzx are of the form 


Lane = Lm WS (atart+Bt Amr), Maa = OY (et+ar—atpm), 
Ln>0, Mm>O. 


For, this is true for m = 1, and assuming that it is true for a given 
number m, it is true for the next number m-+-1, as follows (42a), 


(2 +-pm+1) Lm4it = Gm LDm(a+mat+atea’) My (etar+B+Amrst) 
+ bmMm (—x— #’) Ns" (a+ ar +8+pmyr) 


and for —2Mm4ix, write Cm, dm, for am, bm. 

Note that the other factors of the P, Q, quadratics are included by 
r=m, r = 0, respectively in the first and second terms. Also that 
Gm, Dm; Cm, Gm, are positive by 425 and that all linear factors are positive 
for x = —ak-—-£ or x = —a(k+1)—a, except the & or k+1 of 
them given by r = 0 to k—1 or r = O to k, which are negative, 
except a zero factor in the first term for r k= m, and one in the 
second, for r = k = 0. Thus we have, (—1)* Lmii (—ak—A)>0, 
(—1)** Dnia [—a(k+1)—a]>0, and similarly for M412 (the necessary 
and sufficient conditions for the required forms). 

45. The numbers (mk) = MPmk, /m+1k+1) Am-+ik-+H1> Amk+1 (k = 0 to m), 
are either in ascending or descending order of magnitude, as may be shown 
by substituting the k&’th roots of the functions in 41a, which determines 
the ratios of their differences (taken one from a following one) as always positive. 
The order is ascending for k = 0, k= m, (4mo=0, Ammii=a+a—A), and 
the author is working on the idea that the series, 


Mit, Mai, Mo2°** Mm Mm2*** Mmm: Ann Anun—1 ase hoa Aan An 


is ascending, with a common limit 4 .between 4 and w terms. This implies 
that the series (mk) above is ascending for all values of k, and will be 
established by showing that Am, mx respectively decrease and increase 
when k increases by 1 (k<m). 

46. Without using the above possibility, we can show from the ratio 
of Lmii(—A’) to Lm4i0 that, 


(a) 10’ (aydy/A,) << He (1+8,), 8 = B’ (b—e’)/[a(r+1)+)] [a(r+1)+e'—'] 


and hence the limit of the first member for limit m — © is a finite number 
K>1, where log K<’ (b—e’)/a?+ first g terms of >'s, and where g is 
the smallest number such that the denominator of s, is greater than 2a’. 
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Note that K is an infinite product of factors all greater than 1 which 
must therefore decrease to the limit 1, as m increases. 
47. Let p = an+b = prime number, and > A-y” an integral polynomial 


satisfying A,4; = are : oe0 A,, mod p. All coefficients are prime 


to p, if Ap be so since Px, Qa, are irreducible mod p or resolve into 
integral factors prime to p as, Q(ar) = (ar+A)(ar+ 8’), ete. 

(a) The discriminant of the preceding function is divisible by p only 
when p is a common divisor of @n1, Bn-1. The degree of the polynomial 
whose square is a factor mod p of Do Ary” , equals the number of successive 
pairs ay, By, r = n—1, n—2, ---, each with a common factor p. 

For, the discriminant is the resultant of }'(n —r) Ary", >, A-y’~, which 
may be replaced mod p by > (ar+b)4,-y’, >(ar+ b)Q(ar) Ary'/P(ar). 
The limits for > are nominally r — 0, r = n, with terms = 0 mod p 
for some values of ry. Thus in the latter r = 1, r = n, or substituting r + 1 
for ry and the value of A,;; mod p in terms of A,, the limits become 
yr = 0, r = n—1, and the term r = n is divisible by p. 

Denoting these polynomials by Fn-iy, fn—iy, respectively, we have 
(42a, b, x = ar). 

Pr—-e-1y = On-1 Fn y— brs fn—ny 


ot Ix(ar) Ary” 
> (ar+ b)k+1 Pla rk ’ 








1 
(d) Sna4-ay = ¥ (des fn—ey — Ch—-1 Frey] 


sf Q(ar) Mi (ar +a)Ary” 
= 2 (art Der Paryn4s 





where 
(ar+ bye = (ar+b)(ar+b+a)---(ar+b+ka), 
Plar\eis = Plar) Plar+a) --» Plar+ka). 


These functions have the same common factor, mod p, as for k = 0, and 
if such a factor exists, we have by k = n—1, mod p, In-10 = 0, 
Mn_-1.a = 0, and hence, Ln—-1(—p) = 0, Mn-s1(— p + a) = 0 or by 420 with 
m = n—1, @n1, An-1 have the common factor p. So, by k = n—2, 
a quadratic factor requires an—2 = 0, Bn--2 = 0, mod p, ete. 

48. > A,y" becomes the function of §§ 34, 39, by a = «’ = f’ = 3, a=6, 

= 2e+3, 8 =9—2e, and K (§ 46) is less than V2. Also inequalities 
indicate a value probably less than pms:K* for the greatest common 
divisor of @m, Am, and if this be true, pm4: would be greater than 
one-half such g.c.d. (in the present case an even number for 
m == 1, 2, ---) and could not be a divisor of it whether a prime or 
not since it is odd. 














SOME GENERAL DETERMINANT THEOREMS 
IN TENSOR NOTATION.* 


By Crype M. Cramer. 


In the usual treatment of the theory of determinants certain elementary 
transformations are shown to leave a determinant unchanged. The problem 
of determining whether these include all possible transformations which do 
not affect the value of a determinant will be solved by finding the most 
general transformations which merely multiply a determinant by a constant. 
The restrictions on the transformation for which this constant is unity, will 
be apparent. Incidentally an illuminating proof of the multiplication rule 
is given. 

After proving that all of the fundamental properties of determinants 
follow from the expansions by cofactors, these expansions are used as a 
basis for some further theorems. The particular interest attaching to 
these formulas lies in the fact that they are expressed in the notation of 
tensor analysis. Should one wish to use for example Laplace’s development 
in general tensor analysis, he should find a rule giving the expansion, with 
emphasis laid upon the form that would revive the determinant. The 
vanishing expansions are, it will appear, even more important, and a usable 
set of equations is desirable that will give all expansions. 

It will be shown that a determinant a is but one component of a tensor 
having components of a’s, —a’s and o’s. This gives a clue to the 
importance of the vanishing expansions. 

In the last article an application is made to alternating and to relative 
tensors. : 

Eddingtont has used the symbol ¢,...,, in connection with deter- 
minants, ascribing to it an alternating character to take care of the sign 
of a term. A distinct improvement on this is. the symbol used by 
Murnaghan.{ He shows that 


a°°2% ") ""k 
bd, = OG -:- os, 





* Presented to the American Mathematical Society June 19, 1925. 
+ Mathematical Theory of Relativity, § 48. Eddington’s proof that this is not a tensor 
is not sound, as will appear in § 5 of this paper. 
+t See Murnaghan, Amer. Math. Monthly, vol. 32, p. 233. 
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where the > implies that a sum be formed of all of the products of the 
b,', by. tes, dy that.can be formed by permutation of the r,; --- 7, when 
each product has a + sign prefixed according as the permutation is even 
or odd. It follows immediately that RB is a tensor and that its com- 
ponents are the same in every system because it is expressed as a sum of tensors 
of like character all of which possess the property of having identical com- 
ponents in all systems.* This property is not enjoyed by Eddington’s symbol. 

The explicit representation of a determinant will be taken in the form 
a = by. on. y,1 +++ Qy,n Where the r’s are indices of summation. Any 
rearrangement of the r’s is permissible since they are the umbral indices, 
and any permutation of one pair of indices on an element, a,» with 
another pair merely rearranges the product and changes the sign of d an 
even number of times. This leads to the equation 


(1.1) Sao, «++ des,, (8 +++ 8 not summed). 
If each term in the expanded form of this equation has all pairs of 
indices on an element permuted so that all of the o’s are brought to some 
order, say 7; --- Yn, then all of the permutations will be among the s’s. 
Corresponding changes on ¢ will effect an even number of changes of signs. 
If in addition, the upper and lower indices be interchanged the equation 
may be written 

(1.11) Se Se aoe (r’s not summed). 


Any interchange of the subscripts of d merely changes a sign, or if two 
subscripts are identical causes d to vanish. Hence if a,s are components 
of a tensor we may write the tensor identity 


(1.12) Ar, +++ a a "3 a Gr, 0, eee Ar, 0, * 


An abbreviated form for writing this equation may be illustrated by 
writing (1.12) as 

- ge”) 
(1.1 3) r,) (8n) —— “(Sn) (dr,0,)- 


As in deriving (1.11) from (1.1) we may show that 


(1.14) Ur.) (8) = ae) (ds, 0,) 
and thus that 
(1.15) U(r.) (Sn) = %Us,)(r9)* 


* Compare the proof by Murnaghan, Bull. Amer. Math. Soc., vol. 31, p. 323, where the 
true simplicity is obscured. In fact, this property will obtain if, instead of the + signs n! 
arbitrary scalars are prefixed to the products. More will be said about this elsewhere. 
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The components of this tensor are + a when its sets (rn) and (en) are equal, 
and composed of distinct indices according as these sets can be reduced 
to the same order by an even or odd number of transpositions. The 
components vanish when the sets are unequal or when there are any 
repeated indices. A determinant then from our view point is but a com- 
ponent of this tensor. 

From (1.1) immediately . 


0a 


“eS Fa 8, M9, t, M,s,°** M,s, (s’8 not summed), 
(1.2) de, s, 


8 
= dy}-a 


since by (1.1), a is recovered when ¢, = s,, but when 4,—#%+%, 1, 

and 2 can be interchanged without changing the product of the elements, 

but with a change of the sign of 6 thus permitting all terms to cancel in pairs. 
The quantities a’ are introduced by the equation 


da 
1.3 - a- ats 
(1.3) “98 


and (1.2) may be written 
(1.4) arta” = Ot 


justifying the contravariant notation. The theory to this point is sufficient 
for the solution of linear equations, for by the usual method of multiplying 
the linear set air 2, = ki by a” there is obtained 6; x, = a, = a“ k;. These 
new coefficients can be computed by (1.1) and (1.3). As in the derivation 
of (1.4) from (1.1) the equations 


(1.5) Aya” = Oo 


may be obtained from (1.11). These equations enable us to solve the 
equation x; == a; for the &;’s in the illustration above. 
By multiplying (1.3) by dais, 


ae = a dais. 


By differentiating (1.5) 
(1.6) at da” + a” da, = 0, 
Hence . 
‘da 


(1.7) oe av day = — ay da. 
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Introducing 4 = =, (1.7) gives 


da 
ss U, 
F aj da 
Hence 
0G eee 
ta os 


on 
ar salt adj. 


If it can be shown that. (1.2) incorporates the fundamental properties 
of a determinant a = | ax! it will follow that (1.9) defines a = |a*) and 
that any theorem dealing with a can be interpreted as a theorem of a by 
a mere change of indices. 

2. Analogous to (1.2), 


SS... dare 
(2.1) sa, TF 


may be considered as a set of mn? differential equations with n* independent 
variables ai. By setting 7 = r but suspending the summation convention, 
gy is by Euler’s theorem, homogeneous of degree one in the elements of 
the rth column. By multiplying by a,; a and setting s =r, » is seen to 
be homogeneous in the elements of the rth row. If the summation is not 
suspended, y is seen to be homogeneous of the mth degree in its elements. 
But the homogeneity valid in Euler’s formula is of a more general character 
than that ascribed to determinants. It might, therefore, be supposed that 
these equations would define a function more general than determinants. 
It is the remaining n*—n equations, however, which prevent this possibility. 
Multiplying (2.1) by a*” the equivalent set 


< 


= @- qv 
0 Asj apn 


is found and from this may be obtained the single total equation 


es ee 
(2.2) io, dairy = g- a dai. 


Hence by 1.3 
(2.3) 
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Conversely (2.1) follows from (2.3), so g = A-a is the general solution 
of (2.1) where A is an integration constant. Thus the equation (2.1) 
defines a determinant to within a constant factor. 

3. The n* equations (2.1) are equivalent to the single equation (2.2). 
If (2.2) is transformed by the general transformations 


(3.1) Cuy = Cuy (Air +++ Ann) 


the equation (2.2) becomes 


oP om 2am anti 
ce a* . @ Fn | deus 0. 


The condition that this be the same form as (2.2) is that 


(3.2) atk +. ct 
’ 0 Cap 


These n* equations are equivalent to the one equation 


i 
gtk 


2 Cap Aces = cP A Cag 


for the dc, are arbitrary differentials, This may be written 


(3.21) a*dax = c™ dcp. 
To find a solution of (3.2) assume 
(3.31) Ck >= kis xs, 


the kis being constants and not tensors. Then c* = k*a*; and 
cdc = a*daxs is the set of differential equations obtained by the 
elimination of constants. The sum of the m equations obtained from these 
by setting « = k gives (3.21). 
In a similar manner 

(3.32) Cik = kis Asx 

(3.33) Cik = Kei Ons 

(3.34) Cik = ksi Qex 


are found to satisfy (3.21). Since (3.21) is equivalent to the set of n?® 

equations (3.2) it follows that the general solution contains n* arbitrary 

constants. These equations (3.3) then replace (3.21) as the necessary and 
25 
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sufficient condition that the set of differential equations (2.1) be invariant, 
that is, equivalent to 


Es ene 
(3.4) — d;. 


Since » = c is a solution of (3.4) it is a solution of (2.1). Since c and 


a are both solutions of (2.1) 
(3.5) c= A-a 


where A is a constant by (2. A). 
To determine A set axs == 0% then by (1.1) 


= df (;*) x: ah 1, (sx) not summed - 


and cx = kx» by any of the four equations (3.3). Hence A = k where 
k is the determinant of the kj. 
This gives the multiplication rule which is ordinarily stated, 


| kis axs| = | kis Qo | = | kei + axe| == | her asx| = | kre |-| ay |. 
The equation (3.5) has now become 
(3.51) c= k-a, 


Since this equation is a consequence of the invariancy of (2.1), the 
equations (3.3) and (3.51) are equivalent. 
4. By a repetition of the method by which (1.2) was derived 


OK a 
6 Gar, °*° 6 deny, 





(4.1) Qe, 8, cee Ae, 8, ° = a> ‘.. ial 


which may be written in the abbreviated form, 


aka ad, 


(4.2) (Ge,9,) 7——>+ (a le oh, aes id 
This may be recognized as a Laplacian development, giving net only the 
expansion but the sign of the determinant obtained and all the vanishing 
cases. 

By multiplying by (a***), (4.2) becomes 


aKa 
(a ap,r,) 





ae es bi (qe), 























DETERMINANTS IN TENSOR NOTATION. 


Accordingly 





k+l < 2 ‘ 
(3 mei aps) a- Gere) (a u@+) . (ahi%), 


And since ‘ 


r1),(8) __ af) aim) afr), (8) 
HU de ie) = OO dat Samy fat 


aktla i: Stee Kee. eee 
(8da,r,)(8ap,4,) Kl! (Odajm,) (Oap,n,) ml 








(4.3) 


Or instead, if both members had been multiplied by (ag,,,) 


(a tt == RE . Ae, Od 
Ay) (a de, r,) (a a3, s,) k! (a Ge, m,) (m, (y,)" 





(4.4) 


5. Let &,) be an alternating covariant tensor of rank n. 
Then 


u @n 
Oy €(60) = iy (en) Sesh 


When this equation is substituted in the transformation equation 


, 0 Xe, 
€(8,.) = a) ( Ox, ), 


sos fil (on) | 9 %e, 
£(s,) per nl £0) [283 re] Le : 


When (0n) = (sn) in the quantity within the brackets, this quantity is by 
(1.1) equal to J the Jacobian. As the (e,) take all permutations in the 
summation an even number of changes of sign occur because of the 
alternating character of both tensors, so 


(5.2) 





(5.3) &(s,.) = J. &(8,) 


This equation demonstrates that the alternating property is preserved in 
the new system. From these equations we see that 


0 Xo, 
(5.4) &s,)0 => § (Gn) ice, 

In the right member of (5.4) there is a sum of products with signs 
attached by the tensor while on the lefi these signs have been “absorbed”’ 
in the J. 
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The argument is reversible and leads to the observation that the “Re- 
lative Tensor” of Veblen and Thomas* is expressible as a tensor. The 
relative tensor of weight one has the following transformation equation: 









0 ap Oxy, OX, xg, 


1 








(5.5) 7 .. . = 7: Tt; 












x Ot, O02, 02% Day 


The alternating suffixes (s,) may be annexed to the component on the 
left of this equation if they are annexed to each component in the sum 
on the right, thus 





U 
Da) = IT Gg oe Sie "Set 
“Ge(Sn) Pn) Day 0%q, Om, Om,” 


for they have the effect of merely multiplying the equation by 1, —1 
or 0. As in (5.4) this may be written as 





0x 0 ax Oty Ox Ox 
ol Pm es @,"°" Om Gn ; P, a Pm Hees. Br 
(5.6) T "Gr (Sn) a a a sa} OX,  Oaq. Om, 0Xq, : 
By a mere repetition of this process the method for writing a relative 
tensor of weight k (k an integer) will be apparent. The ordinary formulas 
for differentiation will now apply. 
The tensor a,)/s,) defined in equation (1.13) illustrates this idea. It is 


alternating in the suffixes (7,) and (s,) so the tensor transformation equation 


(a)(%) = = Fen) (Fn (5 ze) ( — ) 


may be written as ajr,ys,) = J* a,)(s,) 








*Trans. Amer. Math. Soc., vol. 26, 375. 

















SOME CONDITIONS UNDER WHICH A CONTINUUM 
IS A CONTINUOUS CURVE.* 


By Harry Merrit Genman.t 


Altho there are a number of definitions of a continuous curve,t it is at 
times difficult to apply any one of them to a given point set. In certain 
problems that we have been considering, a continuum J/ has been obtained 
as the sum of a collection of continuous curves, and the problem arises of 
finding the conditions under which M is a continuous curve. The following 
two theorems are a contribution to the solution of this problem. 

THEOREM 1. A bounded continuum M is a continuous curve, if it can 
be expressed as the sum of a collection (C) of continuous curves, such that: 
(1) at most a finite number are of diameter greater than any given positive 
number, and (2) if (D) is any infinite collection of the elements of (C), 
then some element of (C) has points in common with infinitely many of the 
elements of (D). 

Proof. By the theorem of R. L. Moore and R. L. Wilder,§ if M is not a 
continuous curve, there exist two concentric circles, K, and Ks, and a 
countable infinity of subcontinua of M: M, M,, Me, Ms, ---, such that: 
(1) each of these continua contains at least one point on K, and at 
least one point on Ky, and is a subset of the point set H, which is composed 
of K, and Kz and all points of the plane between them, (2) no two of these 
continua have points in common, and each (save possibly M) is a maximal 
connected subset of the points common to M and H, (3) the set M is the 
sequential limiting set of the sequence of sets: M,, Mz, Ms, ---, and (4) 
there exists a connected subset of M which contains M,+M,+M,+--., 
but which contains no point of the maximal connected subset containing 
of the points common to M and H. 

Let Ks be a circle concentric with K, and K;, whose radius is half the 
sum of the radii of K, and Ky. Let P,, Ps, Ps, --- be a sequence of points 
on Ks, such that P; is in M;. If any continuous curve J of (C) contained 





* Presented to the American Mathematical Society, February 27, 1926. 

+ National Research Fellow in Mathematics. 

¢ For these definitions, see: R. L. Moore, Report on continuous curves from the viewpoint 
of analysis situs, Bull. Amer. Math. Soc., vol. 29 (1923), pp. 289-302. We shall refer to 
this paper hereafter as “Report”. 

§ Report, p. 296, and R. L. Wilder, Concerning continuous curves, Fundamenta Mathe- 
maticae, vol. 7 (1925), p. 371. 
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an infinite number of points of the sequence P,, P:, P;, ---, it would 
also contain a point of M on the circle K;, and would have in common 
with M and with an infinite number of the continua M,, My, My, ---, a 
continuum of diameter at least equal to r, the difference in the radii 
of K, and K, (or K,). In that case, J would fail to be connected im 
kleinen at. some points which it has in common with M/, which is of course 
impossible. Therefore any element of (C) can contain at most a finite 
number of points of P,, Ps, Ps, ---. 

Since by hypothesis only a finite number of elements of (C) are of 
diameter greater than r, only a finite number of them can contain more 
than one point of P,, Ps, Ps, ---, and by the preceding paragraph, each 
of these contains only a finite number of these points. We can therefore 
select an infinite collection (D) of the elements of (C), such that each 
one contains one and only one point of P,, Ps, Ps, ---, and is of diameter 
less than 1/2. 

By hypothesis, the collection (C) contains an element J’ which has points 
in common with infinitely many of the elements of (D). By the method 
by which (D) was selected, J’ has a continuum of diameter greater than 
r/2 in common with infinitely many of the sets M,, Mz, Ms, ---, and has 
therefore a continuum of diameter at least r/2 in common with M. In 
this case, J’ fails to be connected im kleinen at some points which it has 
in common with M, and is therefore not a continuous curve, which is 
contrary to hypothesis. The continuum M is therefore a continuous curve. 

THEOREM 2. very subcontinuum of a bounded continuum M is a 
continuous curve, if M can be expressed as the sum of a collection (C) of 
continuous curves, such that: (1) at most a finite number are of diameter 
greater than any given positive number; (2) if (D) is any infinite collection 
of the elements of (C), then some element of (C) has points in common with 
infinitely many of the elements of (D); (3) every subcontinuum of each 
element of (C) is also a continuous curve; (4) the collection (C) contains a 
subset (F), such that the point set G consisting of all points lying in elements 
of (F'), can be expressed as the sum of a finite number of arcs,+ and contains 
all points common to two elements of (C). 

Proof. If some subcontinuum of M&M is not a continuous curve, then if 
we add to it the set G, the maximal connected subset of the sum that 
contains the given subcontinuum of M will not be a continuous curve.t We 
shall call this set M*. The state of affairs described in the proof of 
Theorem 1 exists in M*. If the limiting set M contains a point P which 





t Including also a point as a special type of “arc” with its end points identical. 
{ H. M. Gehman, Concerning the subsets of a plane continuous curve. Annals Math., 
vol. 27 (1925), p. 30, Corollary to Theorem 1. 

















CONTINUOUS CURVES. 383 


is not a point of the closed set G, a circle K can be constructed with 
center at P such that no point of G is contained or enclosed by K. 
If M is a subset of G, a point Pof M can be found which is not a limit 
point of G—M, and a circle K can be constructed with center at P such 
that no point of G—WM is contained or enclosed by K. 

In either case, there exists within the circle K a new pair of circles K, 
and K,, and a new sequence of subcontinua of M*: N, N,, Ny, Ns, ---; 
having the properties described in the Moore-Wilder Theorem. The set 
N is a subset of Mand may therefore contain points of G, but each of the 
other continua N; is a subset of M—G. Therefore, by (4), each continuum 

4; can be expressed as the sum of a collection of mutually exclusive 
closed sets, namely the point sets which the various elements of (C) have 
in common with N;. If there is more than one of these closed sets, there 
are an uncountable infinity of them.t In this latter case, since there are 
only. a finite number of elements of (C) which have points in common 
with one of the continua N; and with either N or the exterior of K, there 
is therefore an uncountably infinite collection (D) of elements of (C) which 
have no points in common with G, and for which no element of (C) having 
the property described in (2) exists, which is contrary to hypothesis. 

Each of the continua N; is therefore contained in one and only one of 
the elements of (C). Since there are an infinite number of the continua 
Ni, each of diameter at least equal to r (the difference in radii of K, and 
Ky), and since there are only a finite number of elements of (C) of diameter 
equal to or greater than r, it follows that an element J of (C) must contain 
an infinite number of continua of the sequence: N,, Nz, N3, ---. This set 
J then contains a subcontinuum which is not a continuous curve,} which 
is contrary to hypothesis. Therefore every subcontinuum of M is a con- 
tinuous curve. 

We shall give examples to show that the conclusions of these two 
theorems do not necessarily follow in case the collection (C) fails to 
satisfy any numbered part of the hypothesis. 

Example 1. Let M be the sum of the countable collection (C) composed 
of C, = the straight-line interval from (0,0) to (1,0); C, = the interval 
from (0,0) to (0,1); C, = the interval from (1/n, 0) to (1/n, 1), for n = 38, 
4, 5, ---, and let (F) be C,. This collection satisfies all the hypotheses 
of Theorems 1 and 2, except (1), and in each case the conclusion is false, 
as M itself is not a continuous curve. 

Example 2. The set M of Example 1 can also be expressed as the sum 
of the uncountable collection (C) of elements, each of which is a single 





+ W. Sierpitiski, Un théoréme sur les continus, Téhoku Math. Journ., vol. 13 (1918), p. 300. 
tH. M. Gehman, loc. cit., p. 39, Theorem 5. 
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point of M. Let (F) be the point (0,0). This collection satisfies all the 
hypotheses of Theorems 1 and 2, except (2), and again the conclusion is false. 

Example 3. Let M be the sum of the two continuous curves, C, and C;, 
where (C, is the interval from (0, 1/2) to (1, 1/2), and Cy consists of the 
intervals from (0, 0) to (1, 0), from (0, 1/2”) to (1, 1/2”), for n = 2, 3, 
4,---, and from (k/2”, 0) to (k/2", 1/2"), form = 1, 2, 3, --- and k=—1, 
3, 5, +--+, 2°—1. Let (F) be C,. This collection satisfies all the hypo- 
theses of Theorem 2, except (3), since the continuum consisting of the 
intervals in C, of lines with slope equal to zero, and the interval from 
(1/2, 0) to (1/2, 1/2), is not a continuous curve, and hence the conclusion 
is false. 

Example 4. The set M of Example 3 can also be expressed as the sum 
of the countably infinite collection (C), where C, consists of the intervals 
of lines in M with slope equal to infinity, and the interval from (0, 0) 
to (1,0); C, is the interval from (0, 1/2) to (1, 1/2); C, is the interval 
from (0, 1/4) to (1/2, 1/4); C, is the interval from (1/2, 1/4) to (1, 1/4); 
Cs is the interval from (0, 1/8) to (1/4, 1/8); etc. Since G is a closed set 
containing all points common to two elements of (C), and since every 
point of M on the z-axis is a limit point of such points, it follows that 
G must contain the interval from (0, 0) to (1, 0), and therefore all of C,. 


But in that case, G cannot be expressed as the sum of a finite number of 
arcs. Therefore this collection satisfies all the hypotheses of Theorem 2, 
except (4), and yet the conclusion is false, as was pointed out under 
Example 3. 


UnIversity or TEXAS. 


































SUCCESSIVE DERIVATIVES 
OF A FUNCTION OF SEVERAL FUNCTIONS.* 


By L. 8S. Depericx. 


1. Introduction. If « = f(¢) and 9 (xz) = g[f()] = Fé, Bruno’s 
Formulat enables one to write down the various terms of the mth deri- 
vative of F(t) in terms of the derivatives of » (x) and f(¢) without finding 
the derivatives of F'(#) of lower orders. Certain cases of a generalization 
of this to a function of several functions have been treated by E. G. Gallop.t 
A general formula in terms of total differentials has been given by Leo 
Kénigsberger.§ The present paper derives a general formula explicitly 
in terms of the derivatives, and develops certain algebraic properties of 
this formula. These have some interest in themselves, and also have 
applications which are important in the stady of the higher singularities 
of transformations of two or more variables. The method of obtaining 
the general formula is similar to that given by Franz Meyer|| for proving 
Bruno’s Formula and attributed by him to R. Dedekind. His requirement, 
however, that the functions be analytic is not made here. 

2. The general formula. If we apply the multinomial theorem to 
expand a power of the form (dq 27+ ag41 72t!+ ---+a,2")™ we may write 
the total coefficient of x” in the expansion as 


(1) ps ve 


where the summation includes every possible product for which i and j are 
integers satisfying the conditions g<i<n, 7 >0, >j =m, and Dij =r. 
The case where every 7 = 0, and hence m = r = 0, is apparently trivial, 
but actually useful. It is convenient to have a fixed method of expanding 
a sum of this kind. One such method is to arrange the factors in the 
numerator of each term according to descending values of i, i,;>%,>---, 
and to arrange the terms according to descending values first of 7, then 





* Presented to the American Mathematical Society, Dec. 29, 1925. 
t Francesco Fad de Bruno, Annales de Tortolini (1855) and Théorie des Formes Binaires, 
p. 304. 
; Trans. Cambr. Phil. Soc., vol. 17, p. 231. 
§ Math. Ann., vol. 27, p. 473. 
|| Ibid., vol. 36, p. 464. 
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in succession of j:, z2, je, ---» Thus for g = 2, n =7, m= 4, r= 14, 
we should have as the expansion of (1), 12a; a3 a3 + 12a, a, a2 + 12a. a2 az 
+ 6a? a3 + 24d dy ds Ag + 4c5 a3 + 40% a, + 6a? az. 

By applying this formula to combinations of Taylor’s expansions in finite 
form, we can obtain the derivative of the mth order of a function of 
several functions. The discussion will be carried out for a function of two 
functions. The procedure will not be quite the simplest possible for this 
case, being chosen so as to extend without change to a function of three 
or more functions. 

THEOREM 1. If the function o(x, y) has all partial derivatives of order 
n or lower continuous at and near (xo, Yo), and x and y are functions of 
t having the values x, and yo respectively when t= t, and having their 
derivatives of order n continuous at and near this point; if also we denote 
by F(t) the function ¢ (x, y) when regarded as a function of t, and use 
the notation 


































gmtm w dix diy 
Ian = mye! NO Ge A aes 
then a 
f ! TI Bi 
¢ n) a 2! @m,m' |] 0% Bi 






where the arguments on the right side are x, yo, and to, the products have 
in general several factors of each of the types indicated, and the summation 
is to extend to all possible terms with indices integers satisfying the conditions, 






m, m' > 0, 1<m+m' <n, 1sisn, 1<7#<n, j,7 =9, 


(3) , : an ne 
Lji=m, Dj =m, Dit+D?ij == 


To prove this, let h = t—t, k—=ax—2%, and ki = y—y. Then by 
Taylor’s theorem we may write 
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- EAR ee 
it k= De, DAS, 











i=1 i! =1 i! 







where the arguments of all derivatives of order less than m are ¢ and 
those of the derivatives of order n are &+ 06h, where 0<6<1. Also 








mm’ 
mk ky 


m! m'! 








Ay = 9(a,y)—9 (ao, yo) = > 
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where the summation extends to all values of m and m’ which are zero 
or positive integers such that 1 < m+ m’ < n, and where the partial 




















SUCCESSIVE DERIVATIVES. 387 


derivatives of order less than mn have the arguments (2, yo), while those 
of order n have the arguments (7+ 6,k, yo+6,k,;) where 0<6,<1. 

If in Ag we substitute the previous expansions for k and k, we get 
an expansion of Ag of the form 


(4) Ag = ah+ayh?+---+ dnah™™+ ag (A) h" 


with coefficients a,, a:,--- involving the derivatives of » with respect to 
x and y, and of the latter with respect to ¢. It is easy to see that the 
coefficients a,, ---, @m—1 are constants, whereas a» is a function of h as 
indicated. If we denote by A(r, m) the coefficient of h” in the expansion 
of k™, we have from (1) that 


A(r,m) = D> tls 


where i<i<n, 7>0, Dj =m, Dij — 7, with a similar expression 
for B(r’,m’) the coefficient of hk” in the expansion of Kk”. Now the 
coefficient of A” in the expansion of Ag is clearly 





Gm,m A(lr,m) B(r’, m’) 
m= 2 m! m'! 


where r+?’ = n, and this may now be written 
By Pm, m’ [le Bi 
m= 2a EY 


with the conditions, 1 << m+m' <n, Dj =m, Dj’ = m, and 
Dij+Ddi7 =n. 
On the other hand, since ¢ (x, y) = F(é) we may write 





Ay = AF = hF'(b)+5: FP") +--- 
6) Sie 
+= Po (ty + 6,1), 0<O<1. 


The two expansions (4) and (5) for Ag both hold through some interval 
for h including h 0. If we equate them, we know that the coefficients 
of h” on the two sides remain finite as h approaches zero. This is sufficient 
to enable us to equate the corresponding constant coefficients on the two 
sides. If we subtract the terms thus shown equal and divide by h”, we 
see that the coefficients of h” on the two sides are equal for all values 
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of h in the interval except zero, and hence by their continuity also when 
h=0. Setting F™(t) = n! a,(0) completes the proof. 

3. Algebraic property. If we regard #™ expressed in the form 
(2) as a polynomial in the ordinary derivatives a; and 4; of order higher 
than the first, we should speak of the terms involving only the first order 
ordinary derivatives as the “constant term”, and the factors of any term 
other than the ordinary derivatives of order above the first, as the “coefficient” 
of that term. In this sense we have the theorem that the total “coefficient” 
of any term in F™ is the product of a numerical factor and the partial 
derivative of some order of the “constant term’ in some derivative of F 
of lower order than n. (A more explicit statement of the theorem follows 
the proof.) 

Let the degrees of the specified term in the e@’s and 4’s, excluding «, 
and £, be respectively o and o’, and the respective weights + and 7’. 
Then we shall have from (3) m— 6 = Dij—t and m’—o = 7’) —7. 
From these m+ m’ == n—(r++t’—o—o’). If we call this number 7’ 
and the required coefficient C,, (0,7, 0’, c’), we may write 
n! Fa SR 


2 


Tay CDT Ae onal lo 


where Sj = 6, Dij=t, D7 = 0, dij’ = 7, andm+m =n’. But 
the sum here indicated is obviously the partial derivative of 





Ch (a, t, o, v) = 





> Pm, m’ ay” By 


m!m'! 





of order o and o’ with respect to a, and A, respectively; and this, except 
for the factor n’! is the constant term in F™?, Hence we have 





ae goto 
MITT 1GDI@) dak abe 





Cn (0, 0, 0, 0), 


Ch (a, tT, 0, t’) — 


and we may now state explicitly 

THEOREM 2. The total coefficient in F™ of a product of the ordinary 
derivatives of order above the first of degrees « and & and weights t and 
t’ in the «’s and fs respectively, is a numerical factor multiplied by the 
partial derivative of order o with respect to a, and o’ with respect to B, of 
the terms in F™ containing only first order ordinary derivatives, where 
n' = n—(t+r'—o—@’). 

It may be noted that the value of n’ as well as the number of times 
the “constant term” of F™ is to be differentiated with respect to each 
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argument, is determined by the degrees and weights in the @’s as a whole 
- and the 4’s as a whole. The numerical factor, on the other hand, is not 
thus determined, but depends on the orders and powers of the individual @’s 
and 4’s. Thus the “constant term” in F’” is 9,,a?+ 39,, a? 8,+ 39,, «, 8; 
+ Go, 88. Its second partial derivative with respect to «, is 6 30 @,+ 692: A. 
Therefore the coefficient of a,a, in F'Y" is this expression multiplied by 
7!/(3!4!12!) or 105 (%s0¢: + %2:4;), whereas the coefficient of «? which 
has the same degree and weight, has the numerical factor 7!/{(3!)*2!] 
which makes the coefficient 70 (gs. a, -+ 2; 4,). The values of o and r 
in this illustration are, however, the smallest for which the distinction 
occurs. 

THEOREM 3. The total coefficient in F™ of a product of ordinary 
derivatives all of order greater than r, the product being of degrees « and o' 
and weights t and v’ in the «’s and £’s respectively, is a numerical factor 
multiplied by the partial derivative of order o with respect to a, and & 
with respect to By of the terms in F™ containing no ordinary derivatives 
of order greater than r, where n’ = n—t—t +ro+re, 

This theorem reduces to Theorem 2 when r = 1. The proof is from 
this by induction. Let Dn (o,1, 0,1’) be the total coefficient referred to 
in the theorem where the derivatives are of order greater than rv, and 
let Cn (a, 1, o, t’) be the coefficient of a similar product including derivatives 
of order greater than r—1. Also let [](¢,7, 0,7’) denote the product 
[Is!y71@)@’ where Dj=o, Di =o, Dij=r, Di =7; and 
let Cn = Cn(0, 0, 0,0), Dn = Dn(O, 0, 0, 0), and 


gato 


eRe HET Cre4 rb+e. 
a, r 


H, (a, b, c) moe 


Then if we assume that 
n! [(r—1)!]°+* 
p! Il, tT, J, t’) 


where p = n—t—t'+(r—1) (e+), our assumption is verified when 
r = 2 by reference to the preceding theorem. 
Now we can readily see that 





(6) Cn (6, t, 0’, v’) sr. H,—1 (¢, o, n—t—v) 


Dn (a, t,o, ‘) = oy net k, t-+rk, &+ Kk, e’+rk) ak Be 


where k& and k’ take on such values as the exponents of a, and 4, have 
in Dn(o,t,0’,c’). It should be understood that Dn (oe, t, o, r’) denotes the 
coefficient of a particular product, which may not be completely determined 
by the arguments, and that the other functions of these arguments, 
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particularly [] (¢,7, 0, ¢’) are suitably restricted to agree with this 
(Compare the remark following Theorem 2). 
From the assumption and the definitions we may now write 


Dn (a, t, J, t’) 
a ni [or —i)ote tet! 4 (o+k, +k, n—t—e —rk—rk) a 
a Pa p'! I] (o+-k, t+rk, o +k’, t+rk) r Br 
n! [(r—1)!]" HAy-1 (o+k, +k, n—t—v¢—rk—rk) k gk 
I] (9,7, 0, v’) k’ p! kl ki’! pete hy Pr 








where p’ = n—t—r'+(r—1) (0+ 0 )—k—F. 
Similarly 
des an Hy (, 0, n’—rl—rl) al Bt 
of (n’—I—T et 





and from this, 
goto , H,—-1 (1, l’, n’—ril—r?) —e ,I'—0' 
psa cliuiioizad —P ! Sidi 
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Now if we let n’ = n—rt—r+ro+rd, 1=o+k, = ¢+K, we 
have n'—1—I' = p’ and 


gotto 
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nl (rete hie 
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Since this may be obtained from (6) by replacing C by D and r—1 by r, 
the induction is completed and the theorem thereby established. . 

This theorem, as well as Theorems 1 and 2 may be extended without 
change in statement or proof to a function of any number of functions. 

4, Case where one function equals its argument. The principal 
application of the preceding material to higher singularities of trans- 
formations of two variables occurs when x—2% = t—f, or without any 
essential loss of generality when « = ¢. This gives a, = 1, a = 0 
if 7>1. Formula (2) then becomes 
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wherel Spin, loicnOcjom<cp, Dj=m. Lij=n—p+m. 
From these conditions it follows that m= 0 only if p = n. If at (xo, y) 
the partial derivatives of y of order less than » all vanish, this gives 









(7) Fo — > v! Pv—m,m Bi 


a, (v—m)! m! 







a polynomial in 4, of degree not greater than » containing no higher 
ordinary derivative. It is essentially the same polynomial as d” y(z, y), 


merely being the non-homogeneous polynomial in wv corresponding to the 


homogeneous -polynomial in dx and dy which is the differential. 

The vanishing of the partial derivatives of g of order less than » also 
puts restrictions on the degree and weight of the products of the higher 
derivatives A,, A3,--- actually appearing in F’+”, F”+*, ete. This may 
be expressed as follows. 

THEOREM 4. Jf in Theorem 1, a, = 1, and a; = 0 when i>1, and 
if all the partial derivatives of » of order less than v are zero, but not all 
those of order v, then F contains no ordinary derivatives above the first 
order. Moreover, if « and t denote the degree and weight of any product 
of ordinary derivatives above the first order occurring in F™ where n>v, 
then 6 < n—yv, and t < 6+n—v < 2(n—-»). 

To prove this we may apply the conditions of this theorem to Theorem 2 
and get n—t+o>yv. We have also r>2e since A, is the lowest order 
derivative in the product. The required inequalities follow immediately 
from these. 

If » has the meaning of this theorent and we denote by C, the aggre- 
gate of terms in F™ containing no ordinary derivatives above the first 
order, and by CY the partial derivative of C, with respect to A,, of 
order i, then Theorems 2 and 3 enable us to write 
















Fo 





= C,, 


Foet» = a 9 1 Cy Bs + Cras, 




















pots — erie ry Ci Bs + eroert 1) Bat oe Chas bet Cr+a, 


and so on. 
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If any value of 8, for which (7) vanishes is a simple root of that poly- 
nomial, then for this value of 8,, /’*” is a linear function of 4,, of which 
we know by Theorem 2 that the coefficient of 4, is not zero. If, however, 
4, is a multiple root of (7), F’+» is for this value a mere constant inde- 
pendent of £,. This constant may be zero. To determine the degree and 
character of the lowest derivative of F’ which does not vanish identically in 
8, --+ for a value of £, for which F vanishes, we may state the following 

THEOREM 5. Jf in Theorem 1 we make the following hypotheses: 

a) a, = 1, a = O when i>1; 

b) Cy is to denote the aggregate of terms in F™ containing no ordinary 
derivative above the first order, and C® the partial derivative of Cy of 
order i with respect to B,; 

c) all the partial derivatives of y of order less than v are zero at (xo, Yo), 
but not all those of order v; 

d) for a particular value of &, CY? = 0 when 0 <isj<a; 

e) for this value of B, C¥>) = 0 when i<d—e, but CR,» + 0; 
then F® = Foto =... = FY) — 0, and F* is a polynomial of 
degree @ in By, and does not involve Bs or any higher ordinary derivative. 

To prove this consider first the “constant terms” in F™,..-, F’+4—», 
namely C,, ---, Cv+s-1. These are all found to be zero by setting i = j in d). 
Next consider any product of higher derivatives of degree o and weight t, 
when n<v+A, By Theorem 2 the coefficient of this product is C_,, 
multiplied by a numerical factor. Comparing this with d) we have o = 7 — 2, 
n—t+o = v-+i, whence 2o—¢c = yv—n-+y). But since the lowest 
order 8 is fg we have tr > 20, Hencen >v-+ J. On the assumption 
n<yv-+dA, then, we have 7< 4, and therefore d) implies that the coefficient 
of the product in question is zero provided j—i is not negative. This 
condition is obviously fulfilled. The apparent requirement that 7 be not 
negative need not be made, as C, = 0 identically in 4, in that case and 
hence also its derivatives of all orders vanish. We have then the first 
part of the theorem, that F™ = 0 if n<v+d, 

If in the preceding we replace n<v+A by n = v+Awe gety <4. 
For the cases where j7<A the coefficients are zero as before. This leaves 
only 7 = 4 to consider. For this case 4—i = o, v+i = n—rtr+o, 
Adding these ton — v+A, we get + = 20, which shows that there are 
no terms with 8; or higher derivatives. If o>, we have 4—i>g@ or 
i<A—go. This by e) makes the coefficient of the term zero. If, however, 
o = oe, then « = 4—e and the coefficient does not vanish. This com- 
pletes the proof that F(”+4) is a polynomial in f, of degree o. 

This theorem can also be stated in a simpler but less accurate and 
less complete form as follows: 
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If at (a, yo) d” y(a, y) is the lowest order differential of g which does 


not vanish identically and if 4, = ov is a root of this of order 4 and a 


root of d’+1 » of order 4—1, of d”’+*@ of order 4—2, and so on, then 
for this value of £,, F(’+4) will be the lowest derivative of F which does 
not vanish identically in f,---; and if the order of multiplicity of 4, as 
a root of any of these differentials is less than that indicated, the index 
of the first non-vanishing derivative of F' is correspondingly reduced. 

We have seen here that if a certain value of 8, causes F'™ to vanish, 
then the lowest derivative of F' which for this value of 4, does not vanish 
identically in 4, and the higher f’s, involves f, and not A; or any higher £. 
This may vanish for certain particular values of 4,. The following theorems 
show that in this case the lowest derivative of F' which for these values 
of 4, and 4, does not vanish identically in A,..., actually involves A, 
and not 4, or any higher 4, and similarly for succeeding cases. 

THEOREM 6. If &; actually appears in F™ when certain particular 
values are assigned to B,, ---, Bis, then for these same values Ai. appears 
in FY», 

To prove this assume that 4; appears in some product of 4’s in F™ 
with the exponent 7 and let o and + be the degree and weight of this 
product respectively, when A, is excluded. Then its coefficient in 8, by 


Theorem 2 is Cf 46 multiplied by a numerical factor. If now we replace 


Ai by Ai B+ we can see that o is unchanged but that ¢ is diminished 
by one. If, however, we are considering the coefficient of this new 
product as it appears in F“, where nm is also diminished by one we 
see that C“’., is unchanged. Hence this product in F— has a coefficient 
which differs only by a numerical factor from that of the product con- 
taining Ai in F™, and consequently will be different from zero if that 
coefficient is; 

THEOREM 7. If the successive derivatives of F are formed, and in each 
those values of 8,, By +--+ substituted which make all the previous derivatives 
zero, then the f’s will appear in these derivatives of F one at a time and 
in regular order without omissions. 

This follows immediately from Theorem 6. 

THEOREM 8. In Theorem 5 4 can not exceed »v. 

In condition d) of that theorem if we set i= 0, we have CY’ = 0 for 
all values of 7 less than 4. But we know from (7) that C, is of degree 
not greater than » and hence oy + 0 for some value of j not greater 
than »v. Therefore 4 < ». 

5. Enumeration of cases. If 4, is a root of order 4 of F™, then 
we learn from the preceding theorems that the first non-vanishing derivative 
26 
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of F for this value of 4, may be any of following: if 4>1, F’*» equal 
to a constant; if 4>2, F+» linear in 4,, or a constant; if 4>3, Ft» 
quadratic or lower in 4; and so on up to F’+4-) of degree 4—2 or 
lower in 4. Finally if all these vanish, F’+” will be actually of degree 4 
in 4,. It is a little remarkable that the degree of the first non-vanishing 
derivative may be equal to 4 or less than 4—1, but not equal to 4—1. 

If £8, has a value which is a simple root of Ft), we can infer from 
Theorem 3 that F*+*+» is a linear function of A. If, however, Ay is a 
double root of F°+”, F°++) js merely a constant, possibly zero. In this 
latter case, F’+4+*) ig quadratic in fy. If Ay is a root of F”’* of higher 
order, the various possibilities for the character of the first non-vanishing 
derivative of F' as a function of 4; are precisely similar to the preceding 
case for £, We can infer also from Theorem 3 that for the similar 
special values of 3, 4, ---, the behavior of the successive derivatives is 
exactly similar. 

The results just enumerated are the ones having particular application 
to singularities of transformations. 
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PLANE CUBIC CURVES 
IN THE GALOIS FIELDS OF ORDER 2". 


By Atan D. CAMPBELL. 


We define a plane cubic curve in a Galois Field of order 2” as the locus 
of all points whose codrdinates (x, y, z) satisfy an equation of the form: 


K (a, y, z) = az®+ by®+ cz*+ daty+ exy*®+ fate+ gre" 


1 

w) +hyz+jye*+kxeyz = 0 

whose coefficients and variables represent numbers in this field, which we 
shall denote by GF[2"). We note that in GF[2"] we have 


(ax+ By+yz2)? = a2? + py? +7*2*, 


also every number is a perfect square and has just one square root.* If 
k = 0 in (1), it is easy to prove that every cubic projectively equivalent 
to (1) will lack the term in zyz. 

In this paper we first develop some general theory concerning the first 
polars of points with respect to (1), and concerning nodes, cusps, and 
points of inflection on (1),t and then we derive typical cubics of the 
different classes of projectively equivalent plane cubic curves in GF[2"). 
There are some arbitrary coefficients that appear in the equations of some 
of the typical cubics, but we have no data as to the equivalence of these 
cubics for the different values of these coefficients, 

For use in this discussion we note that the general conic in GF{[2"): 


(2) ax*+ by? +ce*+fye+gerthry = 9 


has the discriminant:{ 


(3) A = af?+bg?+ch?+fgh. 





*See Dickson, “Linear Groups”, pp. 13, 36, 44, 47. 
Tt We define nodes, cusps, and points of inflection as in Hilton, “Plane Algebraic 
Curves”, p. 23. 
t We note that, if we send (2) into an equivalent conic (2’) with discriminant 4’ by 
a transformation with determinant D, we have 4' = D’A, 
395 26* 
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We note also the following classes of conics in G F[2"]* 
(4) Class 1 of nondegenerate conics, 2*-+2y = 0. 
(5) Class 2 of real line pairs, xy = 0. 
(6) Class 3 of conjugate imaginary line pairs, 2*+y*+exry = 0, 
where « +0 makes the equation: 


(7) vtert+1=—0 
irreduciblet in GF[2")$. 


(8) Class 4 of double lines, x? = 0. 


Proceeding as in Hilton loc. cit. pp. 89, 90 we find that the first 
polar (polar conic) of a point P (X, Y, Z) with respect to (1) is: 


(9) w2(aX+dVY¥4+/fZ)+yeX+ bY +hZ)4+29X4+j¥+cZ) 
+khXyz+kYzx+kZxry = 0, 


with discriminant: 
(10) A=HK(X, Y, Z). 


Therefore the polar conic of P(X, Y, Z) is degenerate, first if P lies on 
the cubic, second if k = 0 and P is any point in the plane. In the latter 
_ ease alone is (9) double line.§ 

It is easy to prove that from any point P (not an inflection, node, or 
cusp) on (1) there are two tangents to the cubic|! if +0, and one tangent 
if k = 0; and that these tangents are the polar conic of P-( If P is 
an inflection the polar conic consists of the tangent at P and the tangent 
from P. If P is a node the polar conic is the pair of tangents at P. 
If P is a cusp (this can happen only when k = 0) the polar conic is the 
tangent at P. Also if P is not on (1) the polar conic cuts (1) in the 
points of contact of tangents to (1) from P. 





* Dickson, loc. cit. p. 197. 
T It follows immediately from the discussion given by L. E. Dickson, Linear Groups, 
p. 199, that (7) is irreducible if and only if 1/a? is a solution of 


8+d7?404+...+0%" = 1, 


+ Dickson. loc. cit. p. 11. 

§ We note that the tangent at a point (X, Y, Z) is gotten by interchanging in (9) 
x and X, y and Y, z and Z, respectively. 

|| Not counting the tangent at P. 

q] Polar conic of course with respect to (1). 
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If the cubic (1) has a node or cusp P’(x'y’z’), then the polar conic (9) 
of every point (X, Y, Z) passes through P’. This gives the equations of 
condition for the existence of P’ on (1): 


(11) aax’?+ ey +92" + ky'e’ =0, dzx’+ by’ +j2"+ka'e’ = 0, 
fa +hy’+c2*+ka'y = 0. 


If k = 0, (11) gives the simpler condition: 


a, eg 
(12) d,b,j| = 0. 


Sf, h, ¢ 


We shall test each typical cubic separately for the existence on it of 
real inflections. We do this indirectly by searching for tangents at in- 
flections, i.e., by finding for what values of its coefficients the general 
equation of a straight line, when solved simultaneously with this typical 
cubic, gives us an equation that is a perfect cube in 2 and y, or x and z, 
or y and z. 

We wish to point out here another fact (for use in a later paper on 
nets of conics) that if (1) is considered as the possible discriminant (equated 
to zero) of the general conic of a net of conics, then, if k — 0, there is 
such a corresponding net of conics if and only if (1) has a cusp (in which 
case the net has a double line corresponding to this cusp),* but if k +0 
there are always such corresponding nets of conics.t 

We shall now derive normal forms for the plane cubic curves in G F[2"}. 
First we suppose k = 0 in (1) and the cubic is nondegenerate. Suppose 
the cubic has a cusp P, which we take as the point (0, 1,0). For2—0 
we take a line PR, where # is a point on the cubic. For y= 0 we take 
the tangent RS to (1) at R; where S is on (1). For z= 0 we take PS. 
So 2 = 0 [when solved simultaneously with (1)] gives ye? —0; y=0 
gives z?z = 0; z = 0 gives z?y = 0; and the cubic (1) has then no terms 
in 2°, y’, 2, xy’, x2’, y°z, xyz. For the tangent at P we take the line 


*Such a net is 
a(ai)+y(bait+jutY enn +2,%)+2[(h+Ve)G+em+x,m] = 0. 


We first get a—=d= f=g=—k=0 in (1). 
+ Such a net is 


af ati tea +ga%+ karea)+ Ase 4 bai + jait+na)+e( Let + halter + oim)=0. 
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x= 42, and we get in (1) 7 =d+0, f+0.* We then get (after an 
obvious transformation): ' 
Class 1 of cubics with cusps, with typical cubic: 


(13) xy + 272+ ye? = 0. 


We note that (1, 0, 0) is an inflection on (13) with tangent y =z; also 
every tangent to the cubic passes through this inflection except the tangent 
at the cusp. We now test (13) for other inflections. Solving x = ay+ bz 
simultaneously with (13), we get: 


ay? + a®y2z+ (B+ 1)y2+heA = 0. 


The value a = 0 gives b = 1, which leads to the tangent at the cusp. 
So we must have a+0 and 


. 2 
ae a=e=l, ds b? = a’, b?+- 1 = 9, 


which are impossible. Hence (13) has only one inflection just as in the 
ordinary real geometry. 

We now suppose k = 0 in (1), and that the cubic is nondegenerate 
and real, but has no cusp and no real inflection. For x —0O we take 
the tangent PR at a point P, where R is on (1); for y =O we take the 
tangent RS at R, where S is on (1); for z=0O we take the line PS, 
which we first assume cuts the cubic again at a point 7, which we take 
as the point (1, 1, 0). Then we easily obtain: 

Set 2, with a first typical cubic: 


(14) a*y + xy*+ a*z-+ ay2z* = 0, (a + 0). 


Condition (12) shows that (14) has no cusp. If we solve z = ax-+ by 
simultaneously with (14) we get: 


&+ack+aci+a® = 0, 


which must be irreducible in the GF[2"| if (14) is to have no real 
inflections. 

Suppose now that in the above discussion the line PS is tangent to 
the cubic at S; then in (1) we have a=b=c=d=—=g=h=k=0O, 
efj + 0. 


*This is the only derivation of a typical cubic that we shall give in detail. 
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We easily reduce (1) to a second typical cubic for Set 2: 
(14’) axy*?+a?z2+yz2* = 0, 


where e@ is 1 or a non-cube.* Condition (12) shows that (14’) has no 
cusp. If we solve x=ay-+ bz simultaneously with (14’) we get: 


a®+ a%a*+ a? == 0, 


which must be irreducible in the GF[2"] if (14’) is to have no real 
inflections. We know nothing concerning the equivalence or nonequivalence 
of (14) and (14’). 

Next we suppose k = 0 in (1), and that the cubic has no cusp, but 
just one real inflection P. For « = 0 we take the tangent RS at a 
point R(+P), where S lies on the tangent PS at the inflection P. The 
line PR is then the polar conic of S with respect to (1); so we have a 
third tangent to (1) from S, namely S7' with point of contact at 7’ (on PR). 
If we take S7 for y = O and SP for y = z we get: 


(15) Set 3 a2+aeytaey+ree*+y2* = 0, 


where «+0. The condition (12) shows that (15) has no cusp. If we 
solve x = ay+bz simultaneously with (15), we have: 


fPt+ti(ate')c'+aP+abtact+i1 = 0, 


which must be irreducible in the GF [2”] if (15) is to have no other real 
inflection. 

We suppose k = 0 in (1), and that the cubic has no cusp but has at 
least two real inflections P and R. For x = 0 we take the tangent 
PS at P, for y = 0 the tangent “RS at R, for z = 0 the line PR 
(which cuts the cubic in a third point 7). We take 7 as (1, 1, 0) and 
then y = z is the tangent to (1) at 7, because PRT is the polar conic 
of S. We easily obtain: 


(16) Set 4 az®+a%y+c2y? = 0, 


where « — 1 or @ is a definite non-cube in the GF[2”"]. The condition 
(12) shows that (16) has no cusp. The point (1, 1, 0) is a third inflection. 
We note that the real inflections of (16) lie by threes on straight lines 





*If and only if 2° = 3k+ 1, does G F'[2"] contain non-cubes. 
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just as in the real domain. If we solve 2 = ay-+bz simultaneously 
with (16), we have: 


ac+1 = 0, ata = ca. 


If a = 1, we have six more real inflections on (16) in GF[2"), n>1. 
Otherwise we have only the above three real inflections. 

We shall now study the nondegenerate imaginary cubic curves (1) that 
have k = 0. We must have abc+0, so we supposea=—1. Ife = d? 
or g = /*, our next argument is superfluous. If g + /*, we put: 


d’+e 
I*+9 


peas Rael ae 
c=, yY¥~==Y,t = 


y' +2, 


and the new d’ and e’ are such that e’ = d’”. We now put: 
a= 2'+d'y, y= y;, 7 ee 
and we get (1) with a = 1, b = 0 (a non-cube), d=e—k=0, c+0. 
We put 
a=at+feé, y= y+, e= 2’, 
and get (1) witha = 1,8= 4, #0, d=e=f=h=k=0O. 


If gf +0, we pute = Vgz', y = Pljy’, 2 = 2’, and we easily get: 
Set 5, with a first typical cubic: 


(17) v+ay>+ £22+2r2?+y2? = 0, 


«a8+0, @ a non-cube. If every line x = wy cuts (19) in imaginary 
points, then surely this cubic is imaginary. Solving simultaneously we get: 


y® (wu? + @)+ (wt l)y2*+ be = 0, 


which can be put in the form 
(18) ax®+a2+1= 0 


with a = A*(u*+«)/(w+1)*. This equation is irreducible if the resultant 
of (18) and 


(19) gt '+1=0 


is not 0; the vanishing of this resultant leads to an equation in » which 
must be irreducible if (17) is imaginary. 








CUBIC CURVES IN GF[2"). 401 
Similarly if g = 0, 7 +0, we get another typical cubic for Set 5: 
(17’) a+ ay*+ Bee+ ye" = 0, 
where « and 8 are not cubes. The same discussion* as for (17) applies 
here if we take a = f* (u*+ a), 
If g = 7 = O in the preceding discussion, we easily get: 
(20) Set 6 zv+ay'+ 2° = 0, 


where @ and 8 are not cubes. Proceeding as before, we get the equation 


yt +4 =o; 


wi+a 


B 


must be a non-cube for every value of mw. If were a 


n tte 


perfect cube, it could be put in the form: 
8 
wos = w+w*+w+1. 


If we put w = 1/2, then x = 2 + 8/(u* ++) and we get (18) with 

a = (u®+ a?+ £*)/(8u*+ @8) and the discussion given for (17) is applicable. 
We study next the nondegenerate cubics with k +0. First, we suppose 

the cubic (1) has a crunode P and no real inflections. We take (0, 0, 1) 

as P, also x = 0 and y = 0 as the two tangents to (1) at P. We put: 

sod, y=, 8 =f2+= vty? 
and we easily get: 
(21) Set 7 axt+y*'+z2yz = 0, (a + 0). 


Here a@ must be a non-cube as otherwise z = @**x+a'*y is the 
tangent at a real inflection; hencet 2” — 3k+1. 

We consider the case where k + 0, (1) has a crunode P and just one 
real inflection R. We take P as (0, 0, 1), PR as x = 0, the tangent 
to (1) at R as z =O, the two tangents at P as x= y and y=0. We 
easily get: 

(22) Class 8 v+yzt+arye = 0. 





* We know nothing concerning the equivalence or nonequivalence of (17) and (17’). 
+ We note that in GF[2"], »>1 every number that is a cube has three real cube 
roots, so in these fields if a is a cube then (21) has three real inflections. 
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Solving (22) simultaneously with z = ax+by we get c?+c+1 = 0, 
which is irreducible only in G F'[2]. 

If (1) has a crunode P and at least two real inflections R and S, we 
take as x = 0 the line PR, as y = O the line PS, as 2 = O the line 
RST, where JT is on the cubic. The tangent at R we take as x —z, 
the tangent at S we take as y=z. This gives us finally: 


(23) Class 9 Sytayt+atetyet+aoye = 0. 


Note that the tangents at the crunode are given by 2?+y?+2y = 0; 
so this class exists only in GF[2"],n>1. There is one more inflection, 
the point (1, 1, 0), with tangent «+y+z= 0. The three inflections 
are collinear. 

We consider next the cubic (1) with acnode P and no real inflections. 
We take P as (0, 0, 1); for x = 0 we take any line PR, where R is on 
the cubic; for z= 0 we take the tangent RS at R, where S is on the 
cubic; and take PS as y=0. We easily get: 


(24) Set 10 eytaztayzt+tayz = 0, 


where a + 0, and 2*+ay*’+zy = 0 gives the two tangents at P and 
so must be irreducible [compare equation (7)]. Solving (24) simultaneously 
with z= ax+by, we get c’+ac*+a* = 0, which must be irreducible 
in the GF([2"] if (24) is to have no real inflections. 

We suppose now that the cubic (1) has an acnode P and just one real 
inflection R. We take P as (0,0,1), PR as x= 0, the line y—0O in 
such a way that the tangents at P are given by x2*+ay’+2y = 0 
(a given irreducible quadratic equation). For z = 0 we take the tangent 
at the inflection R. Then we easily get: 


(25) Set 11 e+a%z+ayzt+aryz = 0, 


a + 0. If we solve (25) simultaneously with z = ax+by we get 
a®c?-+ac+a-+1 = 0, which must be irreducible, since (25) is to have 
just one real inflection. This set does not exist in GF'[2]. 

We consider the cubic (1) when it has an acnode P and at least two 
real inflections R, S. In the argument that gave us the cubic (23) we 
used merely the fact that P was a node (not distinguishing between 
crunode and acnode). So we have in G F'[2] alone: 

Class 12, with typical cubic (23). 

We study next the cubics with k + 0 and with no nodes. We suppose 
first that (1) has no real inflections. We now prove that on every such 
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cubic there exist points with polar conics that are real line pairs. We 
show this by taking a tangent RS at a point R (where S is on the cubic); 
then since there is at least one real tangent SR to the cubic from 8, 
the polar conic of S is a real line pair SR, SP (where P lies on the 
cubic). We take as S the point (0, 0, 1), as x = 0 the line SR, as y = 0 
the line SP, as 2 = 0 the line PRT (where T is on the cubic), as 
(1,1, 0) the point 7, as x+y-+z = O the tangent at 7. We easily get: 


(25) Set 13 eytaeyteare+fyet+tzyz = 0, 































where af + 0, and @ + @ since otherwise (1, 1, 0) is an inflection. The 
test (11) for nodes gives us equations in 2’, y’, z’ that are incompatible, 
so (26) has no node. We now solve (26) simultaneously with z = ay-+ bz 


and get: 
a®c? + (a> + Bat+ at) c+ a®c' + (a+ a”) c° 
+a%ct+ ac+ (a*+ a) c?+act+a+~s =0, 






which must be irreducible in G F'[2”] since (26) is to have no real inflections. 

We suppose now that the cubic (1) has no node and has just one real 
inflection P. We take (0,1, 0) as P, x = 0 as the tangent PR from P 
(where R is the point of contact). First we suppose R has a real line 
pair as its polar conic with respect to (1). For y= 0 we take a tangent 
RS from R (where S is on the cubic), for z = 0 we take the line PST 
(where 7' is on the cubic), for 7 the point (1, 1, 0), for the tangent at P 
the line 2 = z. We easily get: 


(27) Set 14 eyt+ery?t+aere*+y%z+ayze = 0, 






«+0. We note that z = y is the tangent at (1, 1, 0). The test (11) 
shows that (27) has no nodes. We solve (27) simultaneously with 
z = ax-+ by and we get: 


f+o++ctat = 0, 






which must be irreducible since (27) is to have just the one real inflection. 

Now we suppose the point R mentioned above has a conjugate imaginary 
line pair for its polar conic. We take y = 0 through R in such a way 
that this line pair is z?+ay’+zy = 0 (a given irreducible quadratic 
equation). We take, as before, x = 0 as the line PR, and also z = 0 
as the tangent at the inflection P. We easily get: 


(28) Set 15 Ba® + 272+ 222+ ay?z+ xyz = 0, 


<3 
e% 
2 
: 
j 

‘+ 
£ 

¢ 
a 
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«8+0. The test (11) shows that (28) has no node. We solve (28) 
simultaneously with y = az-+ bz, and get: 


afct+fri+a=—0, aa®+at+1+fc = 0, 


and the quartic in ¢ or the quadratic in a must be irreducible since (28) 
is to have no more real inflections. 

Next we suppose the cubic (1) has no node, but has at least two real 
inflections P, R. For « =0 we take the tangent at P, for y = 0 we take 
the tangent at R. For z = 0 we take the line PRS (where S is on the 
cubic.). For S we take (1, 1, 0). For the tangent at (1, 1, 0) we take 
the line x+y+z=0. We easily get: 


(29) Set 16 az®+a%ytary*trye = 0, 


«+0. We note that (1, 1, 0) is a third inflection. So the real inflections 
of (29) lie by threes on straight lines. Note also that y = x is tangent 
to the cubic. The test (11) shows that (29) has no node. We solve (29) 
simultaneously with « = ay-+ bz and get: 


eft it+ct+t1=—0 @ta=eact, b=at+ac’, 


to determine any other inflections than the three above mentioned. In 
order that (29) shall have no more real inflections, the above cubic in c 
or quadratic in @ must be irreducible. We note in passing that, as is 
readily shown, every cubic in GF{[2”] has 0, 1, 3, 7, or 9 real inflections 
on it, and these lie by threes on straight lines. Also, if the cubic has 
seven real inflections, they form the vertices of a complete quadrangle 
and its diagonal triangle. 

Let us now study the cubics (1) with k+0 that are imaginary and 
nondegenerate. If we transform (1) by means of: 


T:a=a+bytqe, yoautdey tee, 2= a t+dsy+es2, 
where 
1, b,, Cy 
1, be, Ce + 0, 
1, bs, | 


then take a’e’ = d’” (where a’, e’, d’ are coefficients in this new cubic), 
we have: 
(at+b+e+--» +x 


[abi + bb + cbs + dbi + eb: +03 + 95 + hs + js + k (dibs + bibs + bods)] 
= FAV + CRP RECUR +GbI+N +S E+ (bs ++). 
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If we determine bs by b, b, + b, bs + b3bs = 0, the above equation takes 
a form like };/b; = a/8, which surely has a real solution in }, and bs; 
so we can always get a’e’ = d'*. We divide the cubic by a’ and proceed 
as we did in deriving the cubic (19) and we get (1) with a1, b= 4d 
(a non-cube), &+0, d=e=—=f=h=0. Also, as with (19), our 
imaginary non-degenerate cubics with k +0 occur only if 2" = 3k+1. 
We have as before the three cases gj + 0, g = 0 and j + 0*, g=j = 0. 
So we easily get: 

Set 17, with a first typical cubic: 


(30) e+ay®+ f2+jre+ye*+2y2 = 0, 


«a +cube, «8+0. If we solve x = wz simultaneously with (30), the dis- 
ae Spe ith ox a Ate) 
cussion given for the cubic (17) is applicable with a = a@ (+p) ; 


From (18) we then get equations in w that must have no common solution. 
If y = 0, then # must be a non-cube. 
Also we get a second typical cubic for Set 17: 


(30’) ®+ay>+ fe*+xryz2 = 0, 


«+cube, &+cube. Here the same discussion is applicable if we set 


g = SO 


covalent of (30) and (30’), 

We shall not give the derivation of the typical cubics of the classes 
of degenerate cubics but we shall merely list them in the table that we 
now append. We shall list merely typical cubics, omitting all descriptions 
and almost all the conditions on their coefficients since all this is in the 
body of the text. 


We know nothing concerning the equivalence or non- 


Class 1, a? y+a2%z+ yz’ == @, 
Set 2, #¥y+ay*?+a°%2+ ayz* = 0, 

also axy*®+2°z+ y2* = 0, 
Set 3, a2?+a*ytay't+are*+ ye? ax: @, 
Set 4 az*+a2*%y+-2y? = 0, 


Set 5, 2 +ay®+ 422+ 222+ y2* 0, only in G F[2”], 2"—=3k +1, 
also 2° + ay*®+ £2°+ ye* 0, only in G F'[2"),2"=3k-+1. 
Set 6, 2'+ay*+ 2 = 0, onlyin G F[2"),2"—3k+1. 


| 





*The case g + 0 and j = 0 is reducible to this case. 


bape oe 


i en cl ee a eee ce = 
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Set 7, 
Class 8, 
Class 9, 
Set 10, 
Set 11, 
Class 12, 
Set 13, 
Set 14, 
Set 15, 
Set 16, 
Set 17, 
also 
Class 18, 
Class 19, 
Class 20, 
Class 21, 
Class 22, 
Class 23, 
Class 24, 
Class 25, 
Class 26, 
Class 27, 


Class 28, 
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ax +y>+ xyz 

v+y*e+nryz 
eytaocytaeret+ye+azyz 
eytaeztay*z+arye 
e+a%z+ay*z+ryz 
eytaey+erety*z+ryz 
vtytaoytaxe+ Bye t+ayz 
eytey*+erettyz+aryz 
Bei +a2e+are+ay*z2+ry2 
ag2+taoaty+aey?+rye 

w+ ay®+ B2o+-yx2*+y2?+ xyz 
a+ ay®+ Be*+ xyz 

x(a*+ yz) 

x(x? + y*? + a@z*+ yz) 

y (x* + yz) 

xyz 

e(x*+ay?+ xy) 

xy (x+y) 

x(z*+ ay*+ xy) 
a*y 


oo 


a+ ay? 


axt+ayt+y' 


= 0, onlyinG F[2"),2%—3k-+ 1. 

= 0,onlyinG F[2). 

= 0,onlyinG F[2"),n>1. 

= 0, 

= 0,onlyinG F[2"],n>1. 

= 0,onlyinG F[2). 

= 0. 

= 0. 

= 0. 

= 0. 

= 0,onlyin G F[2”),2"==3k+1. 
0, only in G F'[2"), 2" =3k +1. 
0. 
0, for « see (7). 
0. 

= 0. 


= 0, for «see (7). 


0. 
0, for @ see (7). 
0. 
0. 


= 0, a + cube; only in GF'[2"), 


2" = 3k+1. 


= 0, for asee(18). 








ON CERTAIN DETERMINANT RELATIONS. 
By W. H. Merzxer. 





1. In 1888 Muir gave* the expansion of a determinant of order five, thus 





























6s © ee ae ls ip Op Me & | + Gy dy a as 






by by bs by bs + Dy bs by bs 1+ by dy by dg 
Cr Ca Cu Gy Cs |—!|+ Cr Ce % Gl + i+ t G % &% 
d, dz dy & ds + dy ds dy ds - Gd a ds 
Q & & %&% & | . . lees a | 









































a Ag & Ms * GQ GU Ag | © GQ Ay Ay & 
b, be by bs - Bb de dg dg + Db bp bs by 

—|+ G G@ %& @| +]: G& G & &|—|\- G& & & &|=O0 
dd, & ds - d, dy ds ds + d dy dy ay 
ages aap pe? er ae ee a 


and showed that instead of the zeros in the first columns we might put 
A, B, C, D, and instead of the zeros in the last rows we might put 
a, B,y,9; a,x, y,2; 8,2, p,93 7, Y, Pp, Ww; 9,2,q, w, respectively and the 
relation is not thereby altered. In the Historyt he showed that this was 
equivalent to combining the frame lines one after another of a Pfaffian 
of order six with an array of four rows and six columns. 
To see what this theorem really is it is better to state it as follows: 
If we take with the array 
Am GW % %& 
Bh be by & Db, 
CQ CG & % & 
Dh tak & 


the rows, one after another, of the ‘zero-axial symmetric determinant 























O & C@ @ & & 
¢- Oa BP y 8 
ea @« 9 2 9-2 
eg £8 x 0 p q 
iF 2 oF 32 
e O60 «¢ gq w 0 





* On Vanishing Aggregates of Determinants; Thomas Muir, Proc. Roy. Soc. of Edinb., 
vol. 15, pp. 96-105. 


+ Vol. IV, pp. 37-38. 
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and strike out the column containing the zero, then the sum of the resulting 
determinants with signs alternately positive and negative is zero. 
It will now appear that it is but another statement of Kronecker’s 
theorem* of 1882. Using the double suffix notation and expressing Kronecker’s 
1234 5 


theorem in the umbral form > 6789101> 0 we see that it involves 


but six (the last) columns of the determinant | a,9,,0| and that the six 
determinants involved are just those obtained by taking with the array 
consisting of the last six columns of the first four rows of | a0,10/, the 
rows, one after another, of the minor m = | dss dee 77 dss M99 G10,10!, Which 
is required to be symmetric, and deleting the column containing the principal 
diagonal element of m. 

2. The query naturally arises as to what further generalization may be 
made by expanding the original determinant, not in terms of the elements 
of one row and their complementaries, but in terms of the minors formed 
from k rows and their complementaries and then seeing what new elements 
may be inserted in place of the zeros without altering the relation. 

Thus for a determinant of order five expanded in terms of minors of 
order two and their complementaries of order three we have 


ai ade: ° ° a ° aig 
21 do . ° aa A238 


| ane 
| 55! = 


ai °* ° As, = a5 dss s Ass 
a4. * ° G44 45 ° dag 45 


a1 ° ‘ 54 55 as 55 

















* Kronecker, “Die Subdeterminanten symmetrischer Systeme”, Berliner Berichte, 1882, 
pp. 821-824. 








The problem now is to fill the places occupied by the zeros in the foregoing 
ten determinants with new numbers so as to leave the relation still true. 


If we write 


|ds5| = 





agi 
a4 
a1 


ai 
a1 
oe 
r4 
aw 


a2 
A22 


a2 
A22 
% 
x5 


XL 


P, 
Q» 


P, 
Q: 


ass 


53 


Ps 
Qs 
ass 


53 


asa 


a4 


54 


P, 
Qe 
as4 
44 
54 


Ps 
Qs 


as5 


55 


Ps 
Qs 


35 


a55 


Py 


Qs 


as5 


455 














agi 
a41 
a51 


age 
42 


ap2 


P, 
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a3 


ag 


As3 


53 


P, 
Qs 
as4 
44 


54 


Pe 
Qs 
as4 
44 


54 


Ps 
Qs 


as5 


55 
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Ps Pr Po Po Pro a5 
Qs a2 Qio Qs Qo Qi a4 Ae 
aso Ty Ag G31 sz ss M1 Le 
M42 2% Aaa Qa G42 Gag LM 2 
a2 2% ps M51 2 ass 1 2X2 














we may show that this is still a true relation by showing that the total 
coefficient of each of the introduced numbers is zero. The total coefficient 
of x, is readily seen to be 


Ps Ps Pe Ps Ps Po as 
Qs Qs Qs Qs Qs 


a25 
33 — G43 0 
0 


+ 
43 — A538 


Ps Ps Pr 
Qs Qs Qto 


dgi-—G41 Ase—-Q42 g4— 44 
41-451 42-52 44 Apa 


a 














and the coefficient of des in this is 


Ps Ps Pe Py Py Ps Ps Ps Pro P, Py Pro 
Gy Gs | — | @ as | + | @ Gy a |—| a Gy as|], 
B, Bs By B, Bs By B, Bs By B, Bz Bs 
where 
@, = Agi U1, Fo = Age—Ay2, Os = Asg-—A43, 8% = Aga Ana; 


A, = 41 — A515 Bs = As — Ase, Ay = fl4g— 53, By = Ogg—Aps. 


This coefficient of ag, is the sum of the results of combining with the 


array 
&, &@y By &% 


B, Bs Bs Bs 


the rows one after another of the zero-axial symmetric determinant 


0 P;, 
P, O 

Ps Ps 
Po Ps 
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and striking out the columns containing the zeros, and is an example of 
Kronecker’s theorem referred to in § 1 aud is zero. Similarly for the 
coefficient of a,,, and therefore the total coefficient of 2, is zero. The 
same process would prove that the coefficient of any x is zero. 

The total coefficient of P, is 











Mz, M2 Q. Qs Qs, Ms GQ Q Az, Aes Q Qe 

Te Fe Aga Aig ty Ty Gg, As5 < Ye ty Age Ags 
L4 rs My, Aas 13 X5 Aye = Ls x Ase = gs 
XY Xs As, 55 v3 rs G54 55 3 a4 As, Ass 











which is readily seen to be zero, and similarly for any other P. What 
is true of the coefficients of the P’s is also true of the coefficients of 
the Q’s. It follows therefore that the relation (1) is not altered by writing 
it in the form (2) where we have introduced 5+ 210 = 25 new numbers. 

3. The manner in which the new numbers have been introduced is perhaps 
best exhibited in diagrammatic form. 

Using | dnn|m—woxk to denote the expansion as in (1) of the determinant 
of the mth order in terms of minors of order k and their complementaries 
of order »—k, the number of terms in | dss |5x2 would be (5). = 10, and 
if we use 45123 to denote 


Mi, Gs Py, Ps Ps 
Gor doe G Q Qs 


ay es Ags As, Ass 
w% Xs Gig Aga M45 








w% Xs As2 As, O55 


where the italics give the subscripts of the z’s and the Roman give the 
subscripts of the P’s and Q’s. The the ten determinants on the right of 
(2) will be.expressed in the following diagram 





_ 
Nowoet veo wan o & 


_ 
-Oo WwW hf OC Pm Ww 





ie 
oOnmr-N OH SOY Te 





aocrwWNre = NW & 
coecene- NWWNeE 
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In the case of |agelsxs, |celax2, and |a77|,xs the right hand sides are 
given in diagrams (1), (2), (3) of plate II 








15 20 21 
1419 1 
13 18 2 
12 17 3 
11 16 4 
10 19 
9 18 
17 
16 
11 
12 
13 
14 
15 
16 
14 
13 
12 
11 
21 
22 
23 
24 
25 
26 


CV ON OC rR WONeF ee NWA 








_ 








— 
—_ ae 
nN te 


—_ 
—_— 
"NWA GON OwOocrwvwenD Of & DS 


8 
7 
6 
5 
4 
3 
2 
1 
1 
13 2 
3 
4 
5 
6 
7 
8 
9 
10 


SOMDNMRTRONDH HM NDWEAUARNDESS 
“NWARUMABRAR wD 
SHIBAR ODES 
SSSNSRESEE 
RESl-nwaae 


8 




















Plate II. 


4, The law of formation of these is perhaps apparent but the following 
observations for the general case may be made as a guide. 

1) The number of determinants represented in the diagram is (n),. 

2) The number of distinct z’s introduced is (n),—-1. 

3) The number of distinct P’s introduced is (”)n—x-1 = (m)e41. 

4) The total number of new numbers introduced is (n),-1+k(n)x4s. 
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5) The number of times 2; occurs is ae = (n —k+1) 
6) The number of times P; occurs is (n — k) (mr = k+1. 
(m)n—K—1 


7) The z’s involved in the total coefficient of any P form by themselves 
a zero-axial symmetric determinant. Thus in |a7z\4x3 the total coefficient 
of P35 involves 








i M-- Me ® 
% &@ Om 
Xy 0 , a 
O- mm &  & 
and the coefficient of P, involves 

M5 X20 Lay 0 
Lin Mp O Hei 
Xs O Mg 2 
0 Ms We My 








Similarly for the coefficients of the other P's. 

8) In the case of | dnn|n—mxx, using d’s to represent the suffices of the z’s, 
the x’s involved in the total coefficent of P, are those (using subscripts 
only) of the determinant 














dy = dig - dy O 
dx dae --+ O da, k-+1 
| 0 dk+1,2 Ak+1,k+1 
where d,s = dx}2~s,n+2-r, 
din = (n—1)e—-1 + (mn —2)g-2 --» +(m—A)e-n, (hk = 1, 2,---h), 
al ee ee le Jg = 1, 2,---kl 
dgh = din (n k+g9 2)g—25 \gth <k+1 f? 


0 when g+h = k+2. 


9) Similarly the P’s involved in the total coefficient of any x form by 


themselves a similar determinant. 
involves the P’s of the determinant 


Thus the coefficient of 2x9 in |a77\4xs 





s ig Page hs 
wag ek a Sp eagil y 


De aoe Bie SoS Ae 


acetate oe ye ma meta 


es 
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0 
P, 
Ps 
Ps 
P, 
10) In the case of |dnn|~m-mxk, using c’s to represent the suffices of 


the P’s, the P’s involved in the total coefficient of x, are those (using 
subscripts only) of the determinant 








0 C12 C18 C1, %—Kk-+1 
0 C23 . C2, -k+1 








Cn—k+1,1 Cn—-k+1,2 Cn—k+1,8 


Crs Csr 
Crr = Css = 0, 
Ch = (n—2)n—4e—a + (N—3)n—n—-a + ++» +(2—A)n—K-ayr, 
(h = 2,3,---,n—k-+1), 
Cgoh = Co—1,h (n —9)n—k—g (q == 2,3,---, k). 


Similarly for the coefficient of any z. 
5. The determinants involving 2 in |az77z\4xg are 


Po Pso Psp Pos 415 die a7 Pro = Pag 
Q2o Qso Qs ss As6 Qis Qee 
Rizo Rese Rss O35 Ase Rig Rag 

G2 Gg Ue Ly Xe 4, Age 

A52 aH LX M51 52 

62 Hy Lg der %§e 

Ae yy Xs Gi Ne 


Pr, ie Pro Aye 
4 A26 Age 
Rise 
i 
As2 Y 
a 


Ne a 























(3) 


ti Pro 
M1 Qo : 
a3, Ryo 
+/% Ms 
Hy Ass 
XZ As 
4% Ns 





Pr 
Qie 
Rie 
G43 
A538 
M63 
us 
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Px 


Qi 
Ris 


M44 


Pro 
Qzo 
Rro 
G45 
A55 
M65 
Ns 


The total coefficient of 2, in (3) may be written 














Poo Peo Pst Pos is Gaz Pig Pag 
Qo Qso Qss Qss 26 Me7 Qi Qo 
Reo Rso Rese Rss Gs 7 Pe Rig Rey 
ay as as a, O 0 ay as 
AB Bs Bs m& 0 O By Bs 
"1 V2 Vs % «#2«#O 0 “1 V2 
Pig Poe Pss Poa Me Gz Pio Pras 
Qis Qee Qss Qse Gee Oar Qio Qee 
(4) + Rig Ree Rss Rse Ase 47 oe Ryo Ree 
a OG &%& @ O 0 a a 
A; Bs A, Bs 0 0 B, Bs 
S Boe ee nm Ys 
Piro Pie Pio Poo Ge 7 
Qio Qise Qo Geo Gee Aer 
4 Rio Ris Rip Reo M6 47 
as as Ol, as 0 
Bb B&B & & OO OD 
ft ihn Ve ee V8 
where 
a; = Aau— asi, Bi = Ai— Ae, Yi = AWi—Ai, 
Azg M27 


In (4) the coefficient of 











7 





Kronecker’s theorem applied to the array 


RELATIONS. 


17 
Ae7 
37 
M7 
7 


7 





M7 


Pr 
Qss 
Rss 
as 
Bs 
V3 


Prag 
Qeo 
Fisg 
bad | 
Ay 
Vs 


(i = 1, 2, 3, 4, 5). 


Ps 
Qss 
Riss 
as 
Bs 
Vs 


Po 
Qso 
Reso 
as 
Bs 
1s 


is readily seen to be an example of 
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GQ, Ay Og My, As 
B, Bs Bs By Bs 
41 Y¥2 Ys Ys Ys 


Po Pso Pse Ps 0 

Pio Poo Pss O Pos 
Pig Poe O Pas Poy 
Pro 0 Pre Peg Po 
0 Pro Pre Pr» Pro 


and the determinant 








aa: | 
and Ae 7 


Similarly for the coefficients of | tie Maz . It follows therefore 


Ase 37 ze M27 
that the total coefficient of x, is zero and what is true of x, is true of any z. 
The total coefficient of P, in | azz \4xs is seen to be 


Aes Ae Qei Qes Qa, Ges Aer Qi Qie Qs 
sg gg =P, Rog M1 Mag Riz 
Ma M5 M45 Ate Ho 9 
M4 As6 “iy 
%5 Ms 66 
G5 Ne 


Age 
Ase 
19 47 Q47 
L9 As7 M57 
X19 67 M67 
X19 Q77 7 














This is obviously independent of the Q’s and R’s. The coefficient of 
| 55 es Gz7| in (5) is an example of Kronecker’s theorem applied to the 


array 
G11 Ne As Ua 


; a, Age Aeg Ass 
and the determinant 


X10 04 
0 

Mpg O 
Ce Te 3 








and is therefore zero. 
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The same is true of the coefficient of each of the other determinants 
formed from the array 
Mig Maz 
As6 
Age 67 
ae Uz 


and therefore the coefficient of P, is zero. What is true of the coefficient 
of P, is true for any other P and what is true of the P’s is also true 
of the Q’s and R’s. 

6. The general theorem, the proof of which would proceed on precisely 
the same lines, is that, if we expand the determinant | dn» \(n—1xx as in (1) 
and then fill the vacant places by new numbers according to the plan 
indicated by the diagrams in the plates and the observations 1)-10) of 
§ 4, the relation remains true. 

7. Expanding |a,| we have 


U1 M3 Au 
asi Aeg Azs 
M31 Ass =A 
Qi 








Ae . a4 4 dz, Ase 
M31 Gs: ° As4 Mg, Ase 











Qyy Oye * O44 Ag, Mage 





ce of the zeros we may insert as follows and still have a true relation. 


Ay Qi 8&8 u 8 hse 7 q 

a1 x deg Az4 4 a3, & Ae3 ag 
a31 y Age As4 Mi Y G33 «As 
ay, @ < Aae 41 G43 Aas 








t u@q 
21 fe, Ase 
+ - 


as y O34 M3, Ase 
O41 44 4, ge 














That (7) is true as being an example of Kronecker’s theorem may be 
seen on taking the sum of the determinants resulting from taking with 
the array 





x 


y 
Zz 
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Ae1 
M31 
Ag 


Age 
Ase 


M42 


Aas 
Ass 
43 


Ae4 
As4 
As 


the rows, one after another, of the determinant 





0 


Ae 
As 
a4 


1 


0 
8 
t 
u 


Ae 
8 
0 


p 
q 


As 
t 


P 
0 


, 


N4 
u 
q 
r 
0 





and striking out the column containing the zero in each case. 
Again, expanding |a,,| in terms of the elements of the first column and 
their complementaries and filling in similarly as in (7) we get 
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right hand sides of (7) and (8) we get 
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a relation between eight determinants of order four containing 34 letters, 
which should be compared with Muir’s similar relation* (vii) containing 
31 letters. | 

If in (9) a’, y’, 2’, = 8; t, u, and 1, m, n = a, y, 2 respectively then 
the first determinant on the left cancels with the first on the right and 


we have 
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a relation involving six determinants and 27 letters which should be com- 
pared with that obtained from equating the two Kronecker relations 


[1234 
5678 


1234 
5678 


which involves six determinants and 28 letters. 


If in (9) we put 2’, x’, 2’ = a, y, z and 1, m, n = 
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s, t, w respectively 
and make | dg: dss a4,| symmetric then the first term on the left cancels 
with the first term on the right and we have 
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a4 


Ho 


which is a relation involving 6 determinants and 24 letters. 





23 
33 


y 


ans | 
x 
y 
e | 





* Muir: Cayley’s Linear Relation between Minors of a Special Three-Row Array, Mess. 


Math., new ser., No. 482, June 1911. 
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In general if we expand the determinant | a,,| in terms of minors of 
order k formed from the first k rows and their complementaries, filling in 
the zero places as in § 4 and then expand in terms of minors of order 
k formed from the first k columns and their complementaries, filling in as 
before with different letters, we may equate these two expansions and 
have a relation between 2(), determinants. If we introduce the same 
letters in the first term of the second expansion as were introduced in 
the first term of the first expansion except that they be placed in the 
conjugate positions, then these two will cancel provided | a, --- axx| and 
| dk+1, k+1 *** Qnn| are both symmetric and we have a relation between 
2(n)—2 determinants. 


New York State CoL_LeEGE ror TEACHERS. 
March 10th, 1926. 












ON THE DECOMPOSITION OF TENSORS. 


By J. W. ALEXANDER. 






Let Aj,i,...,, be a covariant tensor in n- “agen. Then, the number of 


linearly independent contravariant tensors X*'*:""“** satisfying the equations 














(1) Ag... t , x’ “Y == @ 


1 ¢“¢+1"° 






is independent of the codrdinate system in terms of which the components 
of the tensor A; i,...4, are expressed; hence, the number of linearly in- 
dependent equations in the system (1) is an invariant 612...¢ of the tensor 
Aj,i,...i,. Other invariants Q,c,...c, similar to @12...¢ are obtainable by 
calculating the ranks of systems of equations similar to (1) but such that 
the subscripts of Aj ;,...,, that are paired with superscripts of X**:"'* are 
the ones occuring in the «@,-th, a,-th,---, a -th positions respectively. 
There are also invariants obtainable by calculating the ranks of composite 
systems formed by combining two or more groups of equations similar to (1). 
To interpret the invariant @12...,, let 


(2) >: aie (@ = 1, 2, elt ), 















be a complete set of linearly independent solutions of the equations (1), 
and let 


(3) | ere (8 = 1, 2,-++,¥), 


be a complete set of linearly independent solutions of the equations 








(4) ; By 6... a aan 2 0, (@ = 1, 2, ‘ee #*). 













Then the system (1) evidently admits the same solutions X°**""** as the 
system 


(5) : Boa. -e, XO% = 0, (8 = 1,2,---,»). 





It therefore follows that the coefficients As,...5 t,4,---t, Of (1) are linearly 


expressible in the coefficients B s,s,---s, Of (4); or, in other words, that the 
tensor Ag... , May be expressed in the form 


asinentionseisien annie 2s 5 - 





"Se to4i"' 


(6) As 
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where Cg,+,,,...t, (@=1,2,-+-,»), are » tensors of order p—g. Con- 
versely, if the tensor Aj, i,...i, 18 expressible in the form (6), every solution 
of (5) is a solution of (1); therefore, the invariant o12.... cannot exceed ». 
To summarize: 

If the invariant @...q of a tensor Aj,i,...i, 1s equal to v, the tensor is 
expressible in the form (6), where B runs from 1 tov. Moreover, the tensor 
cannot be expressed in a form similar to (6) with 8 taking on less than 
v values. 

As a corollary to this, we have the following factorization theorem: 

A necessary and sufficient condition that a tensor Aj i,...,, have a factor 
Bs,s,...s, such that 

As 


Steg asset, = Bs,...8, Cet 
is that its invariant @12...q¢ be equal to unity. 

Among the invariants expressing the ranks of composite sets of equations 
similar to (1) the invariant @ equal to the number of linearly independent 
equations in the system 

Agi,...i, xX® = 0 
Ay s...4, X*? = 0 
(7) 1,8 ty 


Aj,i,-+- x3 0 


is of especial significance. Let 
(8) ze, («@ = e+1, o+2,-- 


be a complete set of linearly independent solutions of (7) and let 

(9) Bs, (8 = 1,2,. 

be a complete set of linearly independent solutions of 

(9.1) BL,Xx2=0, (@ = e+1, o4+2,---,n). 
Then, the set of solutions (8) of (9.1) is also a complete set of solutions of 
(10) | BX =0, (8 = 1,2,---,@). 


Let us adjoin to the contravariant vectors (9) an additional set of n—e 
vectors Bs, 48> e, in such a manner that the enlarged set 


(11) Bi, (8,3 = 1,2,---, m), 
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is linearly independent. We may then choose as the solutions (8) of (9.1) 
and (10) the »—e covariant vectors X% defined by the conditions 


(12) BEX: — a, (a>; B= 1, 2,---, n), 


where 05 is the Kronecker delta which has the value 0 or 1 according 
as @ is different from or equal to £. 

Now, if (11) is any set of m linearly independent covariant vectors, 
a covariant tensor A; i,...,, may always be expressed as a form 


(18) Ape.it, = Ogay--e, Bi By --> Bi, (as, ig = 1,2,--+, m), 


in the vectors (11) with scalar coefficients. Let us compound both sides 
of this expression with the vector x" determined by (12). We find 


0 = Og.,---2, (Bi! Xe) Be «+ Bi 
os " (a>). 
= @, tg" “tty Bi, tee Bi’. 


In other words, in the right hand member of (13) the variable a, need 
only be summed from 1 to ge. A similar argument shows that the other 
variables a; need only be summed from 1 to @. Hence, we have the 
theorem: 

If o is the number of linearly independent equations (7), the tensor 
Aj,i,...1, may be expressed as a form 


(14) Ai, i,-+-4, = Dg cey: ety i Bi; = “g (as Poe 1, 2, ie @), 


in @ vectors Bi with scalar coefficients. Moreover, it cannot be expressed 
as a similar form in less than @ vectors. 

The proof of the last statement ih the theorem follows at once from 
the fact that every solution X°* of 


BS x’ =0 


is a solution of (7), as we see at once by compounding (14) with x". 


Hence, if there were less than ¢ vectors Bj in the form (14) the rank 
of (7) would be less than e, since the system (7) would admit of more 
than n—e independent solutions. 

Similar theorems may be proved about contravariant and mixed tensors. 


Princeton, N. J. 








FLOW IN A MOBIUS STRIP. 


By BERNARD Oscoop Koopman. 


Let a rectangle of length a and breadth b be cut from a piece of tin 
foil, and let the opposite sides, of length b, be joined, so as to form a 
Mobius strip. Suppose that two or more wires connected to a galvanic 
cell are placed in contact with the foil; it is our problem to study the 
nature of the steady flow of electricity which takes place in the strip. 

The foil in the neighborhood of any interior point of the strip may be 
bent into a plane neighborhood without stretching or tearing. Such a 
deformation will not alter the nature of the flow, which depends only on 
the internal metric of the surface. Hence the potential will go into a 
harmonic function in the plane neighborhood. The situation is, then, quite 
similar to that in the familiar problems in the theory of the potential, 
the only difference lying in the peculiar nature of the manifold from the 
point of view of analysis situs. 

We shall begin by setting the points of the strip into a one to one 
correspondence with the points of the rectangle in the xy-plane which 
has for corners the points (0,0), (a,0), (a,b), (0,0). Let the Mébius strip 
be cut by a line of length b so that it may be developed into a plane 
rectangle, and let the result be placed upon the rectangle of the xy- plane, 
thus yielding the desired correspondence. We must exclude one line, 
say x = 0, from the rectangle. Suppose for simplicity that the strip has 
been dissected by a line not passing through any electrical contact. 

The potential in the Mébius strip goes over by the above transformation 
into a function u(z,y) having the following properties: 

(1) w(a,y) is single-valued* and harmonic in the rectangle and upon its 
boundary, except at the points of electrical contact, where it has logarithmic 
or polar singularities of know position, intensity, and moment. 


(2) i = 0 for y = O and for y = b, (the edges being lines of flow). 


ie + gilli ioa e9) x ule, t 





These properties determine the function u(x, y) except for an additive 
constant. For if wu’ (x,y) were a second function having the same properties, 
the difference ¢ (x,y) = wu’ (x,y)—u(az,y) would be harmonic throughout 
the rectangle (having only removable singularities at the points of elec- 





*For, with the set of electrical contacts we are assuming, the line integral of the 
E. M. F. about a general closed curve must be zero. 
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trical contact), and would satisfy the boundary conditions (2) and (3). 
Consider Green’s Theorem for a plane region S with the boundary C: 


aU 0V,dU av a?V , ?V oV 
z J eset ay) wtf f U (Gat oye leray ay O55” 


where the functions U, V are single-valued and have continuous second 
partial derivatives on S and C. If we set U = V = € we get, since € 


is harmonic, 
at\* , /at\* ac 
J See) + (38) Jae ay = fran 


We wish to show that the integrand on the left vanishes identically. For 
this is sufficient, as in the classical cases, to take as the curve C the 
boundary of the rectangle: the line integral around it is found to reduce 
to zero. Since the integrand on the right is continuous and never negative, 
it must vanish identically. Hence ¢ = wu’ —u is a constant, as we wished 
to show. 

It remains, then, to exhibit a function u(z,y) which has the properties 
(1), (2), (3). We may arrive at such a function through the following 
physical picture: Let a sheet of tin foil be spread over the entire xy - plane, 
and let infinitely many electrical contacts be made with it, so that the 
singularities are as follows: 

1. In the rectangle (0,0), (a, 0), (a, b), (0, b), the singularities correspond 
to the original electrical contacts in the Mdébius strip, let us say at 
the points 

(ax, Yk), k = 1, 2,---, m 


O0<a<a, Ofsxw <b 


2. In the rectangle (a,0), (2a,0), (2a,b), (a,b), the singularities are 
obtained by turning the preceding rectangle together with its singularities 
upside down, and then bringing it into coincidence with the present 
rectangle. The transformation is 


pipet a<2< 2a, 
ysb. 


lA Il 


y~ by 0 


3. In the rectangle (0,0), (2a,b), (2a, 2b), (0,26), the singularities are 
obtained by reflecting those in the lower rectangle in the line y = |, 
according to the method of images. The transformation is 


ae 0< 2’ < 2a, 


y’ = 2b-—y b< y'’< 2b. 


lA 
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4, Theremaining singularities are obtainedby translating the rectangle (0,0), 
(2a,0), (2a, 2b), (0,26), with its singularities, by multiples of 2a to the 
right and left, and of 2b up and down, our rectangle thus playing the 
role of the fundamental parallelogram of an elliptic function: 


eines teint at 
y = yt+2bn, n =0,+1, + 2,---, 


It is evident from physics and from considerations of symmetry that a 
flow takes place in the xy-plane in the above circumstances, which, in 
the rectangle (0,0), (a,0), (a,b), (0,0), is identical with that which takes 
place in the Mobius strip. For the potentials in the two cases each have 
the properties (1), (2), (3), and hence can differ at most by a constant. 
The analytic representation of the potential, as well as the proof that 
A < c it has the properties 


> 


Ee rapiigettee eae (1), (2), (3), is a 


‘Rare problem which is 


¢ solved in the clas- 

pte, sical theory.* 
pani In order to illu- 
B > + .__p strate the nature of 
i me the phenomenon, we 
Fig.1. Mébius strip. Join AB with DC. have drawn the lines 
pani + __¢ of flow schematically 
| ina simple case: the 
positive and negative 
poles are in the limit- 
ing position, so that 
+ we have a doublet 
b 1 <—Ip of vertical axis. The 
method of drawing 
follows the solution 
we have just given: we introduce singularities in the neighboring rectangles, 
and make use of them. The drawing is supposed to be cut out and joined 
so as to form a Mobius strip. For purposes of comparison, we have 

made the corresponding drawing for the cylindrical strip. 

*If v(x, y) is the conjugate of u(a,y), the derivative of the analytic function u+iv 
with respect to x«+iy will be seen to be an elliptic function of periods 2a and 2bi. 
Thus the analytic solution of our problem is furnished by the Elliptic Theory. Use is 


made of the fact that the total inflow of electricity into the rectangle is zero, and of the 
invariance of the singularities under the transformations of nos. 2, 3, 4 above. 



































> — 
Fig. 2. Cylinder. Join AB with CD. 
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A CLASS OF RECIPROCAL FUNCTIONS.* 


By Ernar HItxe. 


Part 1. Introduction. 
1. The present paper is concerned with the functional equation 


(F) 9(¢) = = [ems au, 


and especially with some aspects of the relationship between this equation 
and the theory of Hermitian series. 

The equation is a special case of one which plays a fundamental role 
in the theory of the linear flow of heat and in mathematical statistics. 
It is well known that the Hermitian polynomials are closely connected with 
the equation of heat conduction and they have been much utilized in the 
problem of representing statistical frequency functions. 

2. The equation (F) and the related equation in which the lower limit of 
integration is 0 instead of —o, are closely connected with the theory 
of Fourier’s integral and the reciprocal functions introduced by Cauchy. 
Solutions of (F) can be readily obtained in view of this relationship. Thus, 
if (F) possesses a solution f(u) which is of bounded variation on every 
finite interval and such that the integral in (F) is absolutely convergent 
when a<ax<b (e=—-2x+iy), then 


P) FY u+0)+/u—0] = — im feet gy ) de 
is W>+o0 Jc—iw 
where a<c<bt 
An obvious generalization of (F) consists in replacing the kernel 
exp [— (e—1)*] by a more general function of (e —) or of |z—u|. Equations 
of this type have been considered by Runget and by Crijns.t Runge’ s 
solution would in the special case of (F) reduce to 





* Presented to the Aseerioan Mathematical Society, September 11, 1925, and (Part 6), 
February 27, 1926. 

7+ See H. Hamburger: Uber eine Riemannsche Formel aus der Theorie der Dirichletschen 
Reihen, Math. Zeitschrift 6, (1920), 1-10. Also E. Stridsberg: Nagra aritmetiska under- 
sékningar rérande fakulteter och vissa allminnare koefficientsviter, Not 3, Arkiv fér Mat., 
Astr. och Fysik, 15, 22, (1921), 1-126 especially 82-84. 

tC. Runge: Uber eine besondere Art von integralgleichungen, Math. Annalen, 75 (1914), 
130-132. Runge assumes the given function as well as the kernel to be identically zero 
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ah oo n 
(F.) fw ~V2 ew Zien 2? H,(u), 
if 


g(V2u) ~ e“ Sem Hy (u). 


This solution is valid at least if the series in (F;,) is absolutely convergent 
but its range of validity is much more general. Crijns attacked these 
equations with the aid of Fourier’s integral. In our special case his 
solution would reduce to 


Fy) few) = 2 [roe [pine atas. 


A direct attack on (F) along totally different lines has been given by 
Eddington* who found the following formal solution 


(F,) J(u) = exp ime aa] y (w). 


Eddington is not concerned with questions of convergence. It can be 
shown, however, that the series does converge for all values of w (even 
complex) and represents an entire function in uw of genus two at most, 
provided (xu) is itself an entire function such that | p(w) |< Ae®“" where 
A and«B are positive constants and B< 1. If (wu) does not satisfy these 
conditions, the series in (F,) is usually divergent.t 

If the series in (F,) is divergent, it may still be summable to a solution 
of (F). This question has been investigated by C. W. Oseen.t The problem 


2 
is of interest in physics as series of the form exp ee y (x) appear 


when we try to solve the equation of heat conduction by power series in ¢. 





for large values of-|«| in order to avoid convergence questions. L. Crijns: Zwei Integral- 
gleichungen, Nieuw Archief etc., (2) 13 (1921), 292-294. Crijns’ reasoning is largely formal. 
Sufficient conditions for the validity of (F;) as well as a generalization of the formula can 
-be obtained with the aid of the method given by T. Carleman on pp. 158-165 of his 
memoir: Sur les équations intégrales singulitres & noyau, réel et symétrique, Uppsala 
Universitets Arsskrift 1923. The pages quoted deal with integral equations of the second 
kind where the kernel is of the form h,(|\~—y|)+/.(a@+y), the base interval being 
(— ~, + 00), 

*On a formula for correcting statistics for the effect of a known probable error of 
observation, Monthly Notices R. Astr. Soc., 73 (1914), 359-360. 

+ A striking example of this possibility is furnished by taking » (z) = exp (-z’). 

{Sur une application des méthodes sommatoires de MM. Borel et Mittag-Leffler, Arkiv 
for Mat. etc., 12, (16), (1917), 1-13. 
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3. It would be interesting to investigate the range of validity of these 
solutions in more detail, a problem which, however, is outside of the scope 
of the present paper. Our main concern is not to prove the existence of 
a solution of (F) under very general assumptions on (2), but rather to 
study the properties of y(z) when /(u) is given and to show how /(u) can 
be expressed in terms of the corresponding ¢(z). 

In this study the Hermitian polynomials come in at almost every step 
jn view of the following formal relations of reciprocity: 








+00 4 : oo 
(R,) tf ew | Say Halu) |@u = DY aez, 
Va J-~ |/n=0 n=0 
+00 1 
(Re) w= J. cut San Giy|dy = San Hai. 
1 | n=0 n=0 
Hence we have formally 
(F's) Siw) ~ 2 On H,(u), if (2) =z an(2 2)", 
(Fs) 9) = San2ey, it Sw ~ Santa, 


It is possible to impose such conditions on g(z) and /(w) respectively 
that these relations have a meaning. Our investigation will be largely 
centered around these formulas of reciprocity, the sense of which we pro- 
pose to clarify. 

4, In part 2 of the present paper we give an outline of the theory of 
Hermitian polynomials adapted to our particular needs. Most of the 
formal results are to be found scattered in the literature but too fre- 
quently without adequate proofs. This part of the paper is completed 
by an extensive bibliography. ' 

The investigation proper starts in part 3 where we study the functions 
y (z) which correspond to a given class of functions f(u), which is chosen 
in such a way that the integral in (F) shall be convergent on the imagi- 
nary axis of the z-plane. In part 4 we prove the existence of the integral 


Si; 2) = olor 9 (isy)dy 


for every function g(z) defined in part 3. f(w;s) is an entire function 
of w for every fixed value of s on the open interval (—1,+1). If the 
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generating function /(w) is suitably restricted, f(u;s) is an analytic function 
of s, the Maclaurin series of which is closely related to the Hermitian 


series of f(u). In fact, we have f(u;s) => fa Hn(u)s", when |s| is 
n=0 
sufficiently small. 
The inversion problem is solved for this class of functions »(z) in part 5, 
where we prove that 


(F,) lim flu; 8) =e lim of "et f(t) dt, 
s—>+1 0 2h 


when the limit at the right exists, provided e~“|f(t)| is integrable over 
(—o, +0) and f(u) is bounded in (u—e, u+¢). 

In part 6 we apply these results to the convergence theory of Hermitian 
series. It can be concluded that 


lim > Sn Hn (u)s" = f(u) 


8—>+1 2n=0 


almost everywhere, if ¢ ””|f(#)| is integrable over (— oo, + o0) whenever 
y>4, and f(u) is bounded when w is bounded, the series on the left 
being convergent if |s|)< 1. This Abel summation theorem can be utilized 
in two different ways in the expansion theory. First, it reduces our 
problem to a question of convergence: if the series converges on a set of 
positive measure, it converges to the function almost everywhere. Secondly, 
it enables us to utilize the important Tauberian theorems in the expansion 
theory. We prove three expansion theorems (Theorems VI—VIII) with the 
aid of such notions. 

In a recent number of the Mathematische Zeitschrift Prof. G. Szegé 
presents results on Hermitian series which are in some respects final. This 
paper became available to me first after the present paper was practically 
complete; thus it has not been possible for me to refer to it in the text. 
In the last paragraph, however, I quote Szegé’s main result and indicate 
how it can be extended by imposing a less restrictive condition. 


Part 2. On Hermitian polynomials. 


5. We proceed to give an outline of the theory of Hermitian polynomials 
on which the subsequent discussion is based. For the literature on the 
subject we refer to the Bibliography on pp. 441-443. Papers listed in 
this Bibliography are usually referred to in the text or in foot notes by 
the author’s name, the number in the list and inclusive pages, thus: 
Mehler, (22) 173—175. 
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6. The polynomials of Hermite can be defined by the series: 


(1) gut = 2 Hae), 


which converges for all finite values of z and wu. Hence we have: 


2) Hn (2) = gs [ew du, 


Qi 


where the contour C surrounds the origin, and also 

3 H iy et © (6 

(3) n(z) = (—1) qn © *). 
Let C be the circle |u| = r. Then 


| Hn (2)| <n! erisit* yn, 


If |z| and » are fixed, the right hand side of this inequality will be a 
minimum when 


(4) r= R= 5([Vieh+2n—a). 


Consequently 
(5) |Hn(z)| <n! elBtn2 R-n* 


7. With the aid of (2) and (3) we easily verify the following functional 
equations for H,(z), namely 


(6) Hi(e) = 2n Hn-1 (2), 
(7) (2) —22 Hi (2) +2n Hn) = 0, 
(8) Hy (2) —22 Hn-1(2) + 2(n— 1) An-2(2) = 0. 


Anyone of these relations can serve as the basis of a theory of Hermitian 
polynomials and leads immediately to important generalizations, e. g. the 





* Here z is arbitrary complex. If z is real and |z|<1.25 |/2n, better estimates can 
be found, see below formulas (28) and (29). Estimates of | H,(z)|, usually for real values 
of z, occur in quite a few of the papers quoted in the bibliography. Reference should 
be made to Adamoff, (4) 141; Watson, (33); Galbrun, (10) 25, and Cramér, (7) 402. 
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theory of parabolic cylinder functions, if m is permitted to take on arbi- 
trary values, real or complex. 
8. With the aid of Taylor’s series and of (6) we find* 


n 


9) Hy+y) = 2 (?) Ho) 22) 
#4 : In this formula we set y = 0, using the value of H,,(0) which is easily 


read off from (2), namely 





(10) Hexyx(0) = 0, Hox (0) = (1° SBE 
and obtain 
(11) Hala) = & (—1¥ (95) Seay. 


Using D as symbol for the operator en, we can write (11) as follows: 


1 
(12) Hy(xz) =e *” [(2z), 
and conversely 
1 
(13) - > GaP = et [Hn(x)] ome: £. | nt it HAy—2x (x). 


The latter form of (13) occurs in Appell, (6) 132. These formulas are 
of some interest in connection with the formal relations (F,), (Fs) and 
(F;°) of the Introduction. 

9. It is easy to verify that the function 





Cd 


(14) En(z) = (Vn2"n!) ? Hn(zde 2 










satisfies the differential equation 


(15) n(z)+(2n+1—z*) Ex(z) = 0, 
and that 


[ZO BOK — [| Bs @ tax 
(16) 
+["@nt1—a* + y2—2xy,i)| En(z) Pda = 





*A more elegant “addition theorem” occurs in Runge, (26) 131. 























RECIPROCAL FUNCTIONS. 433 


Here E,(z) is the conjugate of E,(z); further, z= 2+iy,,2,=2™+iy 
and Zz = 2+iy,. Now suppose that z, is a zero of E,(z) Ex(z) such 
that 2, > 0, and letz,~-+o. Evidently the integrals remain convergent 
and the integrated part vanishes. In order that the left hand side of (16) 
shall actually be zero, it is obviously necessary that y, = 0 and that 
x<V2n+1. Thus the zeros of E,(¢) Ex(e) are real and confined to 
the interval (—V 2+1, +V2n+1).* 

It follows from this discussion that E,(2) >0O and E,x(~7) <0 when 
x>V2n+1. But 

Ex(z) = Hani (2) 


(7) En (x) mee Hy, (x) 








in view of (6) and (8). It follows that Hy+: (x) >0 when x >V 2n+1, i.e. 
H, (a) and E,(x) are >0 when x >V 2n—1. 

It is easily verified that «H,(x)— H,(z)<0 when «x >V2. Now 
suppose that for a particular k we know that « Hy(x)— Hx4i(x)<0 when 
2>V2k. Then if c>V2k+1) 


x Ass (x) — He+2 (x) = 2(k+ 1) Hy (a) — ¢ Ags (x) 
J Ra Ba 
x 








<[ Huss (x) <0. 
Hence for all values of n 

(18) Ex(x) <0, when x >V 2n. 

Now using (18) in conjunction with (17) we see that H,i:(z)>0O when 
x >V2n, or, finally, 

(19) En(x)>0, when « >V2n—2. 


We shall amplify this result by proving that there is at least one zero 
of H,(x) which exceeds 


Spee OE AES 
(20) tn = In—2n*h *, hye =V2n+1, n2Q>1. 





*The preceding analysis is based upon some older work of mine, see Hille, (14) 48. — 
That the zeros of H,(z) are real was first proved by Sturm, (28) 424-426. Many other 
proofs have been given. The one above has the advantage of giving at the same time 
a good upper bound for the zeros. The question of finding such an upper bound has been 
studied by Hermite, (13) 295; Kiehl, (18) 15; Markoff, (20) 435; and Watson, (33) 121. 
Watson found that Whittaker’s function D,(u) is positive and has no extrema when 
u>2//n. It follows from his results that the limit |//2m +1 found above can be lowered 
to //2n. We shall improve upon this result below. [Prof. G. Pélya has kindly informed 
me that estimates better than (19) were found by Laguerre, (19a) 127-129. Added in 
proof.] 
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This result is trivial when » < 4, since 2» is negative for such n. Now 
2 1 


take n > 4 and consider an interval (2p, 2n) of length L = §x*h, *® 
whose left end-point is z,. The minimum m of (hi, —2’) on this interval 
corresponds to x = %n, and 








2 1 2 2 4 2 2 4 

LVm = 3 ta Vata —lnt ha te Le ee 
if hn >1. Hence, in view of well known oscillation theorems, there is 
at least one zero to every solution of (15) on (ap, z,), and, in particular, 
there will be one zero of EF, (x) on this interval. 

10. We shall use the results of the discussion in the preceding paragraph 
for the purpose of estimating the size of |£,(~)| for real values of z. 

Ej(x) has (n+1) real zeros between —V 2n and + V 2n; let the non- 
negative zeros be &,, §,.---, vy in increasing order of magnitude, N being 


B +1. The first thing to notice is that 


(21) | En (&1)| < | Bn (2)| << --- <| En (En)|, 
whence 


(22) |En(x)| < | En En)| 





















for every real x and every positive integral m. This follows from the fact 
that the derivative of 


(23) Fy (x) = En (x).+ (2n +1—22)— [Ey (x)P 





is positive when 0< 2< V2n+1 except when x = &, and for such 
a value of «x, F,(&/) = En(&). Hence the quantities | Z,(&,)| form an 
increasing sequence, which proves (21).* 

Next we consider the function 


1 ae 
On(xz) = (h,— 2’)? Ei(x2)—ax(hz—a2x*) * En(x) Ex(x) 
(24) 


+ —aty *[1—F G24) * O44 22°] (OF, 





Ot: 








* This argument is due to Watson, (33) 147-148. The expression (24) is modelled upon 
a similar quadratic form employed by Watson in his paper Bessel Functions and Kapteyn 
series, Proc. London Math. Soc., ser. 2, vol. 16 (1917) pp. 150-174, especially pp. 170-171. 
In fact, Watson remarks, (33) 148, that the methods which he has applied to Bessel 
functions can be used in finding limits for the maximum of | D, (u)|. 
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where as above hn = V2n-+1. The derivative of this function is simply 


—JaGi—a*) * (1 + 102°) [@P, 


which expression is never positive when O<2<hy. Hence ©,(z) is 
decreasing in this interval, or 


1 
On(0) > On (E>) = (hin —¥r)” En (Er). 


1 1 


Hence | En(&)| < (h2—82) * [0,(0)]?, and a fortiori 


ae 
(25) |F(z)!<@—8) ‘(6,07, if -—) <2 < +8. 
But 


O2m(0) = hom Ein (0) = — Vim Fett <c’, 


and 
i 


Oom+1(0) = hom4s (1— 9 


Han [Eim+1 (0) <C*, 
where C is independent of m. 
Further, h;,—£)>1 in view of (18). Hence we have for all real values 
of x independently of x 
(26) En (x) < C, 
and, if |x| <@eV2n+1, e<1, 
1 
(27) | En(x)|< Con *. 


The corresponding relations for the Hermitian polynomials are 


n F ad es 
(28) | Hy(a)|<K 2?Vn!l e? (K = V aC) 
for all values of x and m, and 
n . =. 
(29) | Hn (x)|< Ko 2?Vn! n 4 e?, 


when |xz|<e@V2n+1. It follows from (5) by numerical calculation 
that (29) is also true when |x| > 1.25V2n+1, 
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Formula (28) is not the best estimate which can be obtained. The 
whole question depends upon the actual order of magnitude of h,—&y. 
es § 


We know in view of (18) and (20) that 1<A2?—#<4n*h?. It is 
perfectly conceivable that the true lower limit is of the same order of 
magnitude as the upper limit in which case we could replace (28) by the 
sharper estimate : 

12 


n a 
(30) |Hn(x)|<K 2? Vn! n ¥ 


é 


2 a 
If on the other hand, h,—&y = o (x8), the last maximum falls in an 


interval where Watson’s asymptotic expansion of D,(2V n+) applies, 
which again leads to the same estimate as (30). Thus (30) is actually 
true and is moreover the “best possible” estimate. In the applications 
which we have to make we shall only use the weaker formula (28) for 

which we have given a complete proof.* 
11. The Hermitian polynomials have the following properties of ortho- 

gonality: . 
a : 


Thus the functions Z,(”) are normalized orthogonal functions for the 
interval (—o,-+ 0), 

If m = n = 0, (31) reduces to a well known integral whose value is 
Va. lf m = 0, n> 0, we can substitute the expression in (3) for 
ii, (x) and carry out the integration, obtaining 0 as the result. 

Now suppose m > 0. We multiply both sides of (1) by ec” H(z) dz, 
after changing z into x, and integrate with respect to x from — oo to + 
obtaining 


i>) +00 oo n 
i e-U—-2? Hin (x) dx = ae e = 2 Hm (2) Hala) 5 | da 


The series converges uniformly with respect to x on any finite x-interval, 
«u being fixed. Furthermore, if we replace every term by its absolute 
value and integrate term-wise, the resulting series is convergent for every 
finite value of u, as is readily seen by estimating the individual integrals 
with the aid of (28). Hence we have the right to interchange the order 
_ of integration and summation,+ thus obtaining 

* Formulas (28) and (29) occur without proof in Cramér, (7) 402. I am indebted to 
Dr. Cramér for the privilege of reading his paper in proof. 

+ See e.g. Bromwich: Theory of infinite series, p. 453. This theorem, which we shall 
use frequently in the following, will be referred to as the B-test, and the series formed 
by the integrals of the absolute values of the terms in the original series will be called 
the corresponding B-series for short. 
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+00 
f e-&-2” F(z) dz = bo He 
—==0 n=—0 n 


On the other hand, it follows from (9) that 


ro) 00 
| eu Hy, (x) dx ={- e* Hn(u+ dt 


Thus we have, identically in w, 


Va(2u™ = > hie 


n=0 mn!’ 


from which (31) is an immediate consequence. 
12. Using the sign of equivalence in the sense introduced by Hurwitz, 
we write 


(32) f@~ i SaHn(2), 
if 
(33) fu = J PO M0 at 


it being understood that these integrals exist. We call (32) the Hermitian 
series of f(x). In recent years the related orthogonal series 


(34) F(z) =e ? f(a)~ 2D foViow linn En (x), 


and the exponential series 
8) —§ ®@ =e Fa) ~ FAP Fe), 


have received more attention than (32).* All these series have advantages 
of their own; we use (32) in the following because it suits our particular 
problem best. 





* All three series are frequently given in terms of a different variable, usually ¢ = r// 2. 
These differences in the choice of variable, in the definition of the Hermitian polynomials 
and in the type of series considered have caused some confusion among the writers on 
mathematical statistics, see Cramér, (7) 401. 
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The convergence theory of these series has been studied a good deal 
though for obvious reasons not so thoroughly as e. g. Fourier or Bessel 
series. There is, however, scarcely a valid proof for an expansion 
theorem to be found in the literature before 1906—07, though more or 
less serious attempts at a proof have been made earlier by Hermite (13); 
Kiehl, (18) 35—42, and Halphen (12) 483—488.* Rigorous proofs with 
more or less restrictive assumptions on the function to be expanded have 
been given by V. Myller-Lebedeff, (23) 400;+ Adamoff, (5) 159-160; 
Stekloff, (27) §§ 19—20; Weyl, (35) 306; Neumann, (24) 93; Galbrun, 
(10) 40; and Cramér, (7) 405 and 407. The work of these later writers 
is chiefly based upon the theory of integral equations or on Dirichlet’s 
method for Fourier series. Cramér’s first method, however, which is very 
short and elegant, is based on Parseval’s theorem (= the closure relation); 
the results which he obtains are among the best so far known. 

The summation theory of Hermitian series appears to have been neglected. 
In the present paper we cover this gap as far as Abel summation is con- 
cerned which we take as the basis for a new attack on the convergence 
theory. 

So far we have had real variables in mind exclusively. The series (32) 
and (34) have been studied for complex values of the variable by Watson, 
(32) 417-421, and Volk, (31) 312-314.§ The coefficients of the expansion 
are not given by (33) in the work of these writers, but it is easy to reduce 
the integrals they give to the form (33). 

13. In deriving the properties of orthogonality we obtained the formula 


1 aad 


(36) Va en 


e~ @-u* Hy (udu = (22)" 


as a by-product. This formula is the integral relation corresponding to 
the differential relation (13). To (12) corresponds! 


oe ee 


Br RR Ss irene 2 


1 te 
Va d-@ 

*A fairly recent unsuccessful attempt is due to Kapteyn, (15) 1198-99. 

Tt This is the paper usually quoted or misquoted by the writers on mathematical statistics. 

{See Szegé, (29) 114-115, and Rotach, (39) 7. 

§ The work by Nielsen in (25) on this question is marred by his fallacious notion that 
an Hermitian series ought to converge in the whole plane, if it converges anywhere. 

|| The equivalence of differential and integral relations of this type has played a great 
role in the proofs for Waring’s theorem due to Hausdorff and Stridsberg. Formula (37) 


is due to Mehler, (22) 174, and Kiehl, (18) 19. Formula (36) seems to be due to 
Kapteyn, (16) 1203. 


(37) eer (Qiy)" dy = Hn(w). 
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This relation is easily derived from (13) by replacing x by y, multiplying 
both sides of the equation by e~“’*¥* dy and integrating with respect to 
y from —o to +o. The different integrals which occur in the process 
are all of the same type as (36). 

We shall say that H,(w) and (2z)” are reciprocal functions in the sense 
expressed by formulas (36) and (37). These relations of course lie at the 
bottom of the formulas of reciprocity (R,) and (R,) of the Introduction. 

Suppose that x is real; then it follows from (37) that 


1 yr ER vgs 
[By @)| <= fete" iy dy = feo ay may, 





(38) 1 ar n+1 
[Ha@)| Saar ("she 


This estimate which seems to be due to Galbrun, (10) 25, is frequently 
more convenient than (28) and (29). The factors involving » are of the 
same order of magnitude as the corresponding factors in (29). 

14. In equation (1) we set z= and replace u by isu, where |s|<1. 
Multiplying both sides of the resulting equation by e—“’+™* du, integrating 
term-wise with respect to wu from — oo to + 0, and using (37), we obtain 





ve f Te ivtwMcieow te dy — >! a eg Se ope e-ivt 0" (2 iu)" du, 
= J “T= 


n=0 


or 
(39) a—s) 2 exp (— s* (a? +- i538) a > § Hy (x) Any) Sea 





1—s* 


We denote the left hand side by E(x,y;s). The relation holds when 
|s|}<<1.* The term-wise integration is easily justified. In fact, assuming 
x and y to be real and using (38) we find the following majorant for the 
corresponding B-series, namely: 
(eet) 
|2s|" 


awn ms Pint) '°"'? 





1 
convergent when |s|<1. The coefficient of |s|" tends to zero liken ?; 


hence the coefficient of s* in (39) also tends to zero with =. But E(x, y; 8) 





* The formula is due to Mehler, (22)173. It has been rediscovered by Kapteyn, (15) 1198, 
who sums the series by means of a relation equivalent to our formula (37), assuming the 
series to converge. He applies the same method to the series obtained by putting s = 2i 
in (39) and separating reals and imaginaries, without noticing that these series are divergent. 
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is an analytic function of s when x and y are fixed, and holomorphic if 
|s|<1, the only singular points being s = +1. Hence, by Fatou’s theorem, 
the power series in (39) converges on the unit-circle in the s-plane except 
at s = +1, provided x and y are real. If x and y are not real, we can 
still prove the convergence of the series when |s|<1. An interesting 
special case is obtained by putting y — 0, s = 7 in (39), namely: 

1 = Hon (a) 


e? = 


V2 im 2m!’ 


the series being convergent for all real values of z. 

If 2 and y are real and distinct, E(a, y; s) 0 when s>-+1 radially. 
Thus if (39) is convergent when s=—1 for any such pair of values of 
x and y, its sum must be zero. On the other hand, (39) can never be 
convergent when s = +1 if z is real and equal to y because _ jim. E(x, x; 8) 


= -+oo, For the partial sums of (39) in the case s = +1 we can obtain 
with the aid of (8) the “Christoffel formula” 


(40) 











S$) Hm(x)Hm(y) _ Hn+s(x) Hn(y)— Hn (x) Hass y) 
(41) = 2” m! es 2"n! (x—y) 6 : 


It follows from (29) or (38) that the right hand side of (41) is bounded, 
x and y being fixed real andx+y. If y= 0 ands —1, it can be shown 
that (39) is not convergent when z is real and +0, but the series is 
summable (C,k) to the sum zero whenever k>0O. The right hand side 
of (41) is the singular kernel encountered by the writers who use Dirichlet’s 
methods in studying the convergence of Hermitian series. In fact, if (41) 


be multiplied by 








7 e-¥ f(y) and integrated with respect to y from 
4 

—o to +o, the nth partial sum of the formal Hermitian series of /(x) 
results. 


15. We shall need the value of the integral 


+ co 
(42) hn (a) = i os e* [ Hy, (w]? du, (a > 0) 


which reduces to Ann when a= 1. Assuming or en we have 


. "8 gage 
2 hn (@) Saar =[ e-™ Blu, u; s) du 


1 


—o 

as e 8 ed 
bint Za—s) * (1—2—=*,) 

a a 
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and 


w= caren = SCH (CA) es) 


n—k a 


The term-wise integration involved in this derivation is fairly easy to justify 
with the aid of the B-test for sufficiently small values of |s|. The infinite 
series is of course convergent when |s| is less than the smaller of the 





9— 


n 
hie 7 ( ~~ a 
Since ( iy & ( Aig 2 Sloe Bg 1, we conclude that 


(44) In (a) Y= a nt(2—4)’, if 0<a<l. 


Another useful formula follows from (39) by putting y = 0, namely 


agate _)/m (1—a\" @n)! 
[roe Hoy (u) du -//= —— 


16. The following Bibliography is not claimed to be complete, but the 
author hopes that the omissions will prove to be few. Papers on para- 
bolic cylinder functions are listed only if they are quoted in the text. 
Only a few papers on Laguerre’s series are quoted; such papers frequently 
have a bearing on Hermitian series. An asterisk before a number in the 
list indicates that the paper has not been available and is known to me 
through quotations. 
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Part 3. The passage from /(u) to (2). 
17. We now proceed to the study of a particular class of functions /(u) 
and the corresponding functions y(z). We have 


(F) ¢(z) = 4 f. te eeu? f(u) du, 
where we can write the integral as follows: 


e* i” ‘i ee +2ue F (4) jin = e* D(z). 


D(z} is an integral of the Laplace-Dirichlet type; it is convergent in 
a strip a<a<b(e=2-+iy) and absolutely convergent in another strip 
c<a<d, whereea<c<d<b. If c= d the strip of absolute convergence 
reduces to a single vertical line or is entirely missing. If, on the other 
hand, a = b the points of convergence may form an arbitrary point set on 
the line x =a. Finally, it may happen that the integral is not convergent 
anywhere in the z-plane, nevertheless the integral may be summable by some 
method of summation in a more or less extensive region of the plane. 


* See also the note on p. 464. 
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18. We shall assume that D(z) actually has a line of convergence which 
we can assume to be the imaginary axis. If this is not so from the start, 
a suitable linear transformation will carry the line of convergence over 
into the new imaginary axis. 

We shall consider a class F' of functions f(u) with the following properties: 

(1) f(u) is integrable in the sense of Lebesgue over every finite interval. 


(2) Diy) = lim | e+” f(w) du 
@,—> +00 J We 
W@_,—> — 00 
shall exist uniformly with respect to y. 

The subsequent discussion is based upon this family F, though most of 
the time we shall be concerned with some of the sub-families of F. We 
define three of these as follows: 

I. F, is the sub-family of F for which the integral 


(45) Ca = J ete iftu)| du 


exists for a fixed a >0. By F* we understand the class of functions 
which belong to all families F,, a > 0. 
II. Q, is the sub-family for which the integral 


(46) K, = [| fw)|? du 


exists for a fixed 8, 1< 8<2. By Q* we understand the class of functions 
which belong to all families Q, with #>1. 
Ill. J, is the sub-family for which the integral 


(47) L, = fe |peu)| du 


exists for a fixed y, } << y<1. By J* we understand the class of functions 
which belong to all families J, with y > }. 

19. We shall prove the following: 

THEOREM I: Jf f(u) belongs to F, formula (F) defines y(z) when z is 
purely imaginary. The function (iy) is continuous in y and 


(48) g(iy) = “yqy), 


where n(y)>0 when |y| ++. 
If f(u) belongs to Fx, «>0, formula (F) defines ¢(z) as a holomorphic 
Junction of z in the strip —a<a<-+a. In the circle |\z|< awe have 
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(49) 9) = S fal2ey, 


where fn is defined by (33). In particular, if f(u) belongs to F*, (z) is 
is an entire function of z. 

It follows from the definition of F that »(z) is defined for all purely 
imaginary values of z by (F). Further consider the integral 


| fre riuy F(u) dy. 


This integral tends to zero when |y|—~-++ 0, in view of the Riemann- 
Lebesgue theorem. In view of our assumption (2) §18 the integral con- 
verges uniformly with respect to y when #,~>-++ 0 and #,>—o. Formula 
(48) is a consequence of these two facts. 

Now suppose that f(u) belongs to F, and —e<2<ea. Then 





Iv ein) SH JO eto pew) | dw 


‘ie 
Va 


If f(u) belongs to J, we can estimate the last integral as follows: 


erat [T* ewtaeu | f(u) | du< oe 
— i 4 


B= [ioe wtte| feu) |du = fo ee rertaen ge | flu) | du 





ei 
< Ivey. 
For a function belonging to Qs, we obtain insteadt 
pbs ne \t 
—Bu*® 2 e~ — a4 wa 
R< fe Bu | f(u) |?du- i. Pre+iee dy = Ky (575 yl e?-8, 
Consequently 
(50) v@+iy)| soe ee x +r} 
or 
° a? 
(51) ive+iv)is [aoe 5 eo iy exp| 59 +z 


according as f(u) belongs to J, or Q,. 





t Every f(u) in Qg belongs to any J, with2y >. In particular, the class Q* belongs 
to the class J*. No use of this fact is made in the present paper. 
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That ¢(z) is holomorphic in the strip —a<a2<a, when f(u) belongs 
to F. follows from well-known theorems. We notice that y(z) is continuous 
at every finite point on the boundary of the strip. 

We pass over to the series expansion. Assuming /(u) to belong to Fa, 
we have in view of (1), 


a | ; 90) =a flee swau = a fw SA | py a 
Hi gs P In(22)"+ = | ew 2. Fat) 2| S(u) du. 


Using (2) we find that, when |z|<«, 
oo 2) 
= of ¢ us—— 48 
1 2ni ace 8 
is) 
— —9 & 
Qn re I P Ne es is 


z k+1 e2us—s* 
a tai sale] rSsat 






































Hence ~ 
Hy (u) a| < = elute 
n=k+1 =n! nae a—|z| 
and 
8 —wW > An ,, 
ie . iP Ses gs n! "| Flu Nee 
CP ag —UuP+20 | uw! | 
< lz maim i e Sw du, 





which tends to zero ask>-+ o, provided |z|<a. Hence (49) holds when 
lei<a@. 

The following example shows that the radius of convergence which we 
have found for the series (49) cannot in general be replaced by any larger 
value. We take 





Siw) = &-41, a>0o. 





This function belongs to Fy-e provided «>0. A simple calculation gives 


Sonti = 


Vx a(2a)™ fan 
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Consequently the corresponding series >  f,,(2z)" is convergent when z| < a, 
which value agrees with that given by Theorem I. 
20. We can now give an interpretation of (R,), the first formula of 
reciprocity given in § 3.* From Theorem I we obtain the following 
Coro.uary 1: If f(u) belongs to Fa, « >0, and 


(52) Siwr > Sn Hy, (u), 


n=0 
then 
1 fre , S . 
(53) a f ew" (un) du = > fa (22, 
Van — © n=0 
where the series is convergent when \z\|< «@. 
For the second formula of reciprocity (R,) we can at present give the 


following formulation: 


If "4 
y(z) = 2 Tn (2z" 


is an entire function such that 


(54) Zz fai 7 ("5") 
n=0 2 
is convergent, then 
1 2 
(55) 7 nb 1 e“iutu? (iy) dy = PES Hn (w), 


where the series to the right is absolutely convergent for all real finite 
values of u. 

The term-wise integration necessary for the derivation of (55) is justified 
with the aid of the B-test as usual; in view of (38) and (54) the corre- 
sponding B-Series is convergent. It séems plausible that the convergence 
of the series in (54) is a necessary condition for the absolute convergence 
of the Hermitian series on an interval. 

If we give up condition (54) formula (55) may still have 2 meaning. 


Take e. g. (2) = e*, then (55) becomes 


u® a) 
et? = ZF 


*The formula as such seems to be due to Deruyts, (9) 15, who, however, did no 
investigate its validity. [See also Kameda, (42) 29-31. Added in proof.] 
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which is the same as formula (40) above. Here the series is convergent 
for all finite values of w but never absolutely convergent. 

It is natural, however, to expect that (55) has a significance even if 
the Hermitian series is not convergent, but it seems to be rather difficult 
to prove that the series is equivalent to the integral, if we assume, for 
instance, that g(z) is holomorphic in a strip —a<a2< +e and that the 
integral in (55) is absolutely convergent for all real values of wu. 


Part 4. The function /(w; s). 
21. Formula (R;) of the Introduction suggests forming 


+o 
a oot g(iy) dy, 


with the function »(z) defined by (F). This integral is, however, in general 
divergent. To overcome this difficulty we sum the integral by introducing 
a parameter s in the integrand, forming: 


(56) S(w;s) = J [7 etotw (isy)d 
’ Vx ia + Yy y- 
If s is real and —1<s< +1, the integral is absolutely convergent. 
THEOREM II: For every fixed value of s, —1<s<+1, f(w;s) is an 
entire finction of w= u-+iv such that 





(62) Fw; #) = AG, n) (—2iwy, 
where 
(58) V 2 2"n! h(s, n) =[ev Hnly) g(isy) dy. 
If f(u) belongs to F,, 
(59) FT (w;s8)| < out exp [u*+ é ; v*). 
: eae 1—s 


If f(u) belongs to Qs, f(w; s) will exist also for complex values of s = o-+-it 
im the interior of the ellipse 


EG, A) = +54 


2—£ 


and is a holomorphic function of s in this region satisfying 





# = 1, 


K3 c -5 2 E(s, 8) 2 
=| [i— E(s, 8] * exp a |. 


(60) |flws | < —E(s, A)” 
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If f(u) belongs to J, instead, f(w; s) is holomorphic inside of 





e7) = 8+77—# = 1, 


and 


(61) = |f(w3s)| < 


1 


[1 —e(s, y)) ? exp [u? + Sea o']. 





ty 
Va 

Proof: Theorem II is essentially a special case of Theorem I. To see 
this fact we have only to write (56) as follows: 


1 sna oll be 
I (w;s) = werd ew" 9 (isy) dy. 


This expression is the same as formula (F’) provided we replace u by y, z by 
—iw and f(u) by g(ésy). Considered as a function of the real variable y, 
g(isy) belongs to any family Q, with 8 > 2s*, s being real, |s|<1. Thus 
formulas (57) and (58) correspond exactly to (49) and (33). Further, if 
J(u) belongs to F,, we have 





: Ce 
lp (isy)| < = ev, 
and 
A kth ein 
lfwi9)| ST e re |p (isy)| dy 
Ca 


ur—y? a —1—s*)y*+2vy J 
a ee y. 


If the integral be evaluated, formula (59) results. So far we have had 
to assume s to be real. This assumption is not necessary if we assume 
J(u) to belong to Qs or to J,, since in this case ¢(z) is an entire function 
of genus two. In view of (51) 

1 


ee 
eB. Py* 


9io+ionl < (see 
if f(u) belongs to Q,. If we substitute this estimate of |y(ésy)| into the 
integral above, we find that the integral exists when E(s,4)<1, and 
with this assumption formula (60) is obtained. Formula (61) is obtained 
in a similar manner with the aid of (50). If f(u) belongs to Q* or to J*, 
the ellipse of holomorphism becomes the unit-circle in the s-plane. 
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22. The expansion of f(w;s) in terms of powers of w is of little interest 
compared with the power series in s which exists when /(u) belongs to 
Qs or to J). 

THEOREM III: If f(u) belongs to Qs, 


2) 
(62) I (w;s) = ~, Tn Hn(w) 8”, 
n= 
5 .., -t/ 2—B8 ; 
where the series converges when \s|\< ae ae If w= vu is real, the 


series converges on the circle of convergence at every point where f(u;s) is 





holomorphic in s. The expansion (62) holds when ja< = if f(u) 
belongs tod, If y = 4 and w= u 1s real, the series converges on |s| =1 
wherever f (u; 8) is holomorphic. ! 

Proof: Let us first assume that f(u) belongs to Qs. We begin the 
proof by obtaining an estimate of the order of magnitude of the Fourier- 
Hermite coefficients f,. We have, using (42) and (44), 


-+-00 ‘ ; 72 +00 a. P re) 3 - 2 
i ew H,(u) f (u) du! < Be e | F(u)? du ie e 2 PM Hi(u) du 

















, 3 ’ ke & 
= Ks 2-8) < Ky) 5% 2” n! —_ ; 
and ; 
1 ee ee ? 
(63) \Sn|< Kp [x2—A)] “2 * (mt * ae 
We now proceed to the derivation of (62). In view of (49), 
) u f S aeellalall (isy)d 
v;8) = e erw lis 
f (2 7a 3-« gp (isy) dy 
sd 3 





If we have the right to integrate term-wise, formula (62) is a mere con- . 
consequence of (37). The question of term-wise integration can again be 
settled with the aid of the B-test. Suppose for the moment that w is 
real and equals wu. Using (38) and (63) we find that the corresponding 
B-series has the following majorant: 













n+1 





1 8 1 


w/3 





(64) Kin ‘ (2-8)? wo So r 2 





& Viary (Fa) isi". 
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2—8 





This series converges when |s| <// , hence the series in (62) con- 


verges in the same region and represents /(w;s). Further we notice that 
n 
my 1 


2 iat 
the coefficient of (55) |s\" in (64) tends to zero as n ‘, whence 
a fortiori 


(65) n4 tf, H,,(u) (45 aaa)? = O(1). 


Hence we conclude with the aid of Fatou’s theorem that the series in (62) 
converges on the circle of convergence at any point where /(u;s), con- 
sidered as a function of s, is holomorphic. If 8>1 this fact implies con- 
vergence everywhere on the circle with the possible exception of the points 


+ SS, which lie on the boundary of the known elliptical region of 


holomorphism of f(u;s). No such sweeping conclusion can be drawn if 
8 = 1, since E(s, 1) — 1 is the unit-circle in the s-plane. 

If w is complex we can still obtain the same radius of convergence of 
the power series and the convergence is uniform with respect to w in any 
finite part of the w-plane, but we can no longer draw any conclusions 
concerning the behavior of the series on the boundary. 

We now proceed to the case in which f(u) belongs to J,. The essential 
thing is to prove that the corresponding B-series has a positive radius of 
convergence. In general we cannot obtain such a simple estimate of the 
coefficients as above. A crude estimate shows, however, that the radius 


—s(y—+) 


of convergence of (62) is at least equal to 7, = e This estimate 
cannot be improved if y = 4. Now let y>3. Then /(w;s) is a holo- 


morphic function of s in the circle |s| < rs = —h , and can be expanded 





in a power series am (w) s* convergent for such values of s. The co- 


efficients of this series are clearly entire functions of w. When |s <7 
the series coincides with (62). Hence hy» (w) == fn Hn (w) for every n, and 
(62) converges when |s|<r,. Let us return to the case y = 4. There 
we have, in view of (28) and (29), 


++- 00 oo u? 
if. e— Hy (u) f(u) du| < [ee e 2 |e (u)| e 2 |f(u)|\ du 


n 1 


e(n) 2? (n!)? In 
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where ¢(n)>0 when n>-+ 0. Hence we have, if |u| <eV2n+1, e<1, 


(66) fu Hn (u)| = o(n™*), 


if f(u) belongs to Ji. In view of this estimate we can apply Fatou’s 


theorem on the boundary in the special case when y = 4. This completes 
the proof of Theorem III. 

23. Let us return for a moment to the family Q, and consider the special 
case 8 = 1. The expansion (62) can be proved in a much simpler way 
for functions belonging to Q,. For such functions the integral 


+ 
fo 
—-7~ 


exists and is never negative, m being arbitrary. Hence 


2 
du 








fw) — ¥ fu Ha) 


(67) [rap itau >Va 2" n! fal? 


As a matter of fact, the equality sign holds, but we shall not use this fact 
which lies fairly deep.* 
Then we have, in view of (38) and (67), 


= ; m+1\,. 
5 ee hlerer (hs) ler 


a PR Qn [2 n+l 2 
< jo|Sunron ("3 Pe 


= Vn e= n=0 I'(n +1) 








|S fa Ha ws 





The first series is convergent since /(u) belongs to Q,, the second one 
1 


converges when |s|<1, and the coefficients tend to zero as n ?. The 
rest of the proof is as above. 


Part 5. The passage from /(u; s) to /(w). 


24. We pass over to the inversion problem for the functions »(z) which, 
however, we solve only for the case in which the generating function /(u) 
belongs to Fp. 





* See Weyl, (35) 305. The general question of the validity of Parseval’s theorem for 
infinite intervals has been studied by M. Riesz: Sur le probléme des moments et le theoréme 
de Parseval correspondant, Acta Litt. ac Scient., Sectio Scient. Math., vol. 1 (1922-23) 
pp. 209-225. 
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THEOREM IV: Let f(u) belong to Fy and let u = > be such that (i) f(u) 
is bounded in (up —€, to + 4) when « is sufficiently small, and (ii) 


‘* eS oth pao 
(68) es lim >; ag é fo dt 


exists and equals Fu), say. Then 
(69) lim f(uo; 8s) = F(u). 
s—>41 


The limit exists uniformly on any finite closed interval interior to an interval 
of continuity of f(u). 
In view of the properties of the Lebesgue integral, we have the following 
CoRoLLary 2: If f(u) is bounded when u is bounded, then 


(70) lim f(u; s) = fw) 
s>+1 


almost everywhere; in particular, whenever f(u) is continuous or equals the 
derivative of its indefinite integral. Further, the limit in (68) exists at every 
point of discontinuity of the first kind; at such a point 


(71) lim f(u;s) = 5 Lfu—0) + flu+0). 
s—>+1 


Proof. We have evidently 
(72) pe ne is gio ty) f + ,—-isv-t? #(6) dt dy, 
TU J—w — 


where all the variables with the exception of w are supposed to be real. 
For a fixed positive s<1 this repeated integral is absolutely convergent 
and we have the right to interchange the order of the two integrations. 
Thus after some simplifications ~ 

fw; 8) 1 we (t? 0 FO [7 ev 2i 909 dy dt 
(73) Ti eon a 


= ee [ e (0) K(w, t, s) dt, 


where 
= (w — st)? 
(74) K(w, t, 8) == [x(1 — s*)] 2 exp [- fos), 
or 
1 00 
15 si) er ee — de: 
(75) fiw; ) = = a et f(t) E(w, t; 8) dt 
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Here E(w, t; s) is defined by formula (39). We shall work with formula (73) 
which we write as follows, assuming w to be real and equal to u, 


+00 
(76) e~ f(u; 8) = i_ e* f(t) K(u, t, s) dt. 


This expression can be interpreted as a singular integral with the kernel 
K(u, t, s). We shall need some of the results of the theory of singular 
integrals.+ We introduce with Hahn an auxiliary kernel K(u, t, s, «) defined 
when « is positive as being equal to K(u,t,s) except on the interval 
u—e<t<u+e where it is identically zero. It is easy to verify that 
this kernel has the following two properties: 

(A) To every fixed « > 0 corresponds a positive M, such that 
|K(u, t, s, €)| << M, for every s, 0 << s< 1, and every real ¢ and this 
uniformly with respect to « in any finite u-interval. 

(B) lim "K (u, t, s,e) dt = 0 for all finite @ and 8. 


s—>+1 ree 
It follows from these two conditionst that 


lou; y— fo K(u, t, at] =O, 


OL 


‘ OR : 
exists. Here we have written for the sake of brevity 


(77) 
if 


lim 
s—>+1 


(78) g(u;s) = «“ flu; s), g(u) = e™ flu). 


We introduce another auxiliary kernel 


a=, 


1—-s? 


‘ 
(79) K* (u, t, s) = [x(1—s*)] 2? exp |- 
and write 


te K d = {" K* F 
|e 9) Ku, t, s)dt = J}. g(t) K*(u, t, s) at 


+ fr 90 [K(u, t, s) — K* (u, t, s)] dt. 


(80) 





+ We base the following discussion upon H. Hahn’s memoir: Uber die Darstellung 
gegebener Funktionen durch singulire Integrale, Denkschriften d. K. Akademie d. Wissen- 
schaften, Wien, Math.-Naturwissenschaftliche Klasse, vol. 93 (1917), pp. 585-655 and 
657-692.—The basis of the theory was laid by Hobson and Lebesgue. 

Tt See Hahn, 1. c. p. 588, Theorem Ia, and p. 599, Theorem VIa. 
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But K* (u, t,s) is merely an unusual form of the well-known Weier- 
strassian kernel 
k —kiu—t | 
| rs 
Hence we have 
‘ ja ‘“ eet fl Be 

(81) nwt ae g(t) K*(u, t, s)dt = lim 35 * g(u+ddt, 
if the latter limit exists; Moreover the convergence is uniform on any 
finite closed interval interior to an interval of continuity. 

Thus in order to prove Theorem IV we have merely to show that the 
second integral on the right hand side of (80) tends to zero uniformly on 


every fixed finite u-interval where g(u) is bounded. 
Let M be the maximum of |g(w)| on (u—e,u+e). Then 


ATO [K(u, t, s)— K* (u, t, s)] at < Mfr Kew t,s) — K* (u, t, s)| dt. 


It is enough to prove that the right hand side tends to zero uniformly 
with (1—s) when O<u<U. If ¢<s<1, we have 


+ 


€ 1+ su 
K—K*\at< ‘K—K*\dt 


= [La—a]+[4—ta]+ [baa] 





where 
1 v 
J. = a= f er dr; 
ee 
utes u+e 
a SS So 5 a = Pee eae 5 a = 5; 
¢ Vi-—s ‘ Vi—s ? 
ay = by; ds = —by;” le = ds; 
u u 1—s 
b; et ee re Sy by eat by; bs = l+s I+s’ 
Dy — - bs; bs = — sb, —uV1—s'. be = —sb,. 


A simple calculation shows that each of the three brackets [J,—=- J,| 


tends to zero when s> +1, uniformly with respect to u when 0 <u < U. 
This completes the proof of Theorem IV. 





tT See Hahn, 1. c. p. 634. For the notion of the generalized derivative of the indefinite 
integral see p. 612. 
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25. It follows from the preceding discussion that, if (F) has a solution 
belonging to Fo, then 


(82) JS (u) PaO es , 68 e—tiutw* w(isy) dy : 


























almost everywhere. This solution should be compared with formulas 
(F,)— (Fs) of the Introduction. We shall not be further concerned with : 
the solutions of (F). | 

26. If we set s = 1 in (72) we obtain formally 





1 ey , 0 : a aes 
S(u31) = Lf" e~Guty f e~ tu" F(t) dt dy, 


or 


-+-00 oo 
(83) e“f(u;1) = + f Se tiey . ity et F(t) dt dy. 


The right hand side of (83) is Fourier’s integral for e“f(u). If it is 

convergent at a point u = % where /f(u) is continuous, its value is 

e—“8 f(uo). Thus, at such a point lim F (uo; 8) = f (uo; 1) = f(uo). Fourier’s 
s—>+1 


integral is, however, not valid for the functious e~“ f(u) if we do not 
impose any restriction upon /(w) in addition to assuming that /(u) belongs 
to F.* 

The device of introducing convergence factors and limiting processes in 
Fourier’s integral is an old one which goes back to Cauchy and Poisson 
though systematic investigations are of much later date.t It is very likely 
that the particular device used above is to be found somewhere in the 
literature. 

27. The analysis of § 24 can be extended to the complex plane. Suppose 
that /(w) is an analytic function of w holomorphic in a strip —b, << v< + dg, 
w = u+iv, and further that 


(84) [peut in)| au 


exists when —b, << v< +5,. Finally, suppose that there exists a doubly 
infinite sequence of values wu, such that : 





*For the validity of Fourier’s integral theorem see Weyl, (34) 69-70. Of. also 

Nee a) Carleman: Equations intégrales singuliéres, pp. 157-158. 
ay if t See e. g. Sommerfeld: Die willkirlichen Funktionen in der mathematischen Physik, 
+. Inaugural-Dissertation, Kénigsberg (1891), especially the first chapter. 
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(85) enn S(unt+iv)) <M, lim uy = +o, 


where M is independent of v and n. 

Formula (73) represents f(w;s). Now give w a fixed value w%+it 
in the strip and replace the real axis as path of integration by the line 
’ = uv. This is permissible; in fact, we can replace the segment from 
u—n tO u, by the polygonal line from u_, over u_»+ivo and un+ivo 
to wu», without changing the value of the integral and, in view of (85), we 
can let n>-+ 0%. On the other hand, the kernels K(u, ¢, s), K*(u, t, s) 
and K(u, t, s, €) do not lose any of the properties which we have utilized 
in § 24 if we replace the real variables uw and ¢ by the complex variables 
w = u+ivo and 7 = t+ ivo respectively. Thus we are able to con- 
clude that 
(86) lim f(w;s) = f(w) 

s—>+1 ; 


for every finite value of w in the strip. Moreover, the approach of f(w; s) 
to its limit is evidently uniform, not merely on any finite part of every 
fixed parallel to the real axis, but also in every closed finite portion of 
the strip. 


Part 6. Applications to Hermitian series. 


28, We shall now apply the results of parts 3—5 to the summation 
and convergence theory of Hermitian series. 
Let f(u) belong to either Q, or to J,. The series 


S foHn ~ So 


is in general divergent, but the associated power series 


Pen oe = Seid 
&. 


o9—p (Sr eeaeg 
is convergent when <V 24 or ) 451, and f(u;s) is holo- 


morphic in E(s, 8)<1 or e(s,y)<1 respectively. Further for approach 
along the real axis lim /f(u; s) = f(u) almost everywhere. We have 
s—>-+1 


here a method of summing the formal Hermitian series of f{u) based upon 

analytic continuation of /(u;s) along the real axis in the s-plane. 
Similar results hold in the case of a function f(w), holomorphic in a 

strip —b,<v<+be, provided f(u-+ivo) considered as a function of u 
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belongs to Qs for every fixed uv, —b,<u<-+ bz, and f(w) satisfies (85) 
or some similar condition. 
THEOREM V: If f(u) belongs to J* (or to Q*), and 


Ii me We (t) dt = Flu) 
ew lim dun? St = Flu 


h—>0 


exists for all finite values of u and, in addition, f (u) is bounded on every 
Jinite interval, then the formal Hermitian series of f(u) is summable Abel 
to the sum F'(u), i. e. 


(87) te A Ps PO. 
s—>+1 n=—0 


In particular, if the formal series is convergent when u = th, its sum 
equals F'(uo). 

If f(u) belongs to J, or to Q,, and if f(u; s) is a holomorphic function 
of s at s = +1,7 then the formal series is convergent when u = up. 

This theorem is a corollary of Theorems III and IV. All but the last 
part of the theorem extends to complex variables provided f (ww) satisfies 
restrictions of the type mentioned above. Theorem V is of the same 
degree of generality as the corresponding theorem on Poisson summation 
for ordinary Fourier series as found by Fatou, Lebesgue and others. 

29. It is now very natural to ask if and how the preceding summation 
theorem can be utilized in the convergence theory of Hermitian series. 
For this purpose we shall use a Tauberian theorem due to Littlewood,{ 
namely : 

If > an is summable Abel to the sum A and if ayn = O(1/n), then the 
series is convergent to the sum A. 

We know already that the formal Hermitian series of a function / (wu) 
which is bounded when wu is bounded and belongs to J* (or to Q*) is 
actually summable Abel to the sum f(w) almost everywhere. It remains 
for us to give examples of functions with these properties such that 





+ This condition can be weakened. See M. Riesz: Sur les séries de Dirichlet et les séries 
entiéres, C. R., vol. 149 (1999), pp. 909-912, and P. Dienes: Sur la sommabilité de la série 
de Taylor, ibid., vol. 153 (1911), p. 802. 

} J. E. Littlewood: The converse of Abel’s theorem on power series, Proc. London 
Math. Soc., ser. 2, vol. 9 (1911), pp. 434-448, especially p. 438. See also G. H. Hardy and 
J. E. Littlewood: Abel’s theorem and its converse, in the same periodical, vol. 18 (1918-19), 
pp. 205-235. Both papers contain applications of the theorem quoted to the theory of 
ordinary Fourier series. As far as I know Tauberian theorems have not previously been 
applied to other expansions except for a paper of mine: On Laguerre’s series, Third Note, 
Proc. Nat. Acad. Sci, vol. 12. no. 5 (1926), pp. 348-352. 
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Jn Hn (u) = O(1/n) for a fixed value of u or uniformly on a fixed finite 
interval. In the present paragraph we shall study such a class of functions; 
another method of constructing functions of this type is outlined in § 31. 

THEOREM VI: Let f(u) satisfy the following conditions: (i) f (u) belongs to 
J* (or to Q*), (ii) f(u) is of bounded variation on every fixed finite interval, 
and (iii) the following Stieltjes integral exists, namely 


(88) ALA Lh Fearon. 


Then Littlewood’s Tauberian theorem applies and the series >> Sn Hn (u) 
n—0 


converges for every finite value of u to the sum }[f(u—0)+/f(u-+0)]. 
The convergence is uniform on every finite interval interior to an interval 
of continuity of f (wu). A : 

Remark 1: In formula (88) |¢|? could be replaced by |¢|* if we use 
formula (30) instead of (29) in the proof below. 

Remark 2: Theorem VI is less general than the theorem found by 
Cramér, (7), as the generalization of Galbrun’s expansion theorem (really 
Adamoff’s theorem). 

Proof: Let »(z) and f(u;s) have their usual meaning and write 


1 oie 
(89) re (2) = ve f- of ai, 


(90) S* tu; 3) = vce i. e—iutu® o* (isy) dy. 
Val 

These functions are related to (z) and f(u; s) as follows: 

i erelhiges we ck ee 

(91) y*(z) = 9’); f*(u; 9s) Pee SF (u; 9). 


We shall use and prove only the first of these relations. We notice that 
the Stieltjes integral in (89) exists. Further the integral 


2 i) 
— (z— 
a [epee fnat 


exists and is uniformly convergent with respect to ¢ when |z| < R, say. 
Hence the value of the integral is ’ (2). Further, we have the right to 
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integrate by parts in (89) between any two points of continuity of f(w), 
thus obtaining 


1 


= few aro = 
1 a 


pale son— se Jre— "foot. 


1 a 





If b>-+ 0, the integrals converge to finite limits uniformly with respect 
to z, |z| < R, hence jim exp (—(z— #)*) f( exists uniformly for these 
oo 


values of z; the value of the limit is zero since » (z) exists for all valzes 
of z by assumption. The same type of reasoning applies, if we let a>—o. 
Thus the left hand side of the equation tends to g* (z), the right one to g’(z); 
hence * (z) = g’ (z). 

Consequently, if we write 


gt) = > free, 
n=—0 


then we have in view of (33) and (49) 


(92) Sp = 204+V fan (n = 0, 1, ---) 


(93) Varnl ft = f ca e* Ha(t) af (0. 


The next step is to estimate the magnitude of (*. Putting a = eV 2n+1, 
where e<1, and b= 1.25V 2n+1, we have 


Varnes =[f +f tft fit [t |r moar 


= Ji tdst+dst+h tds. 


Using (28) we find that 
Se ae ok 
|Ja|< Ky 2? nin * fe * afta), 
1 1 


S| ok ae oe 
|Ie|< Ke? (nen fo Fain). 


The latter integral exists in view of (88). J, is estimated like J;. Finally, 
using (29) we find that 


n 1 fe 
|| < K2? nb)? [e? |areo| 


1 4” 1 1 


Bee ae | a ee aoe 
<Ke ?2?(n!)? (Qn+1) fe 2Vt |df). 
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The integral J, is handled in the same manner. Hence 


1 


n 1 
(94) fn |<A2 ?(n!) 2n *. 


where A is a suitably chosen constant. 
Now let us restrict u to a fixed interval (—w%,, + %). Then if is so 
large that uw <eV2n+1, we have 


Jn Hn (t)| = 5 |fet-a Hn (| 


1 1 a eh re ae ae 
<9, 4? 2 [m—1)!] ?(2—1) 4 K2? (mn)? n 4e? <—" : 
where B is independent of m and of wu. 

We know, in view of corollary 2 in conjunction with Theorem V, that 


the series z Jn Hn (wu) is summable Abel to the sum $[/(uw—0)+/(u+0)] 


for every finite value of u. We have just proved that the terms of the 
series are O(1/n). Hence Littlewood’s Tauberian theorem is applicable and 
the series is actually convergent. The uniform convergence on any finite 
interval interior to an interval of continuity follows from the fact, that 
the series is uniformly summable on such an interval and, consequently, 
uniformly convergent if it is convergent throughout the interval. This 
completes the proof of Theorem VI. 

30. The machinery developed for the proof of Theorem VI can be utilized 
for the proof of the following 

THEOREM VII. Let f(u) satisfy the following conditions: (i) f(w) belongs 
to Q*, (ii) f(u) is absolutely continuous on every finite interval, and (iii) 
the integral 


(95) i If (ol at 


i) 
exists. Then > fn Hn(u) converges absolutely and uniformly to the sum f(u) 
n=0 


on every fixed finite interval. 

Remark: The prototype of this theorem occurs in Weyl, (35) 306, and 
Cramér (7) 405. The subsequent proof has but little in common with the 
older proofs. 

Proof: Formula (92) is valid with our new, more restrictive assumptions. 
In virtue of (67) and (95) the series 


co co 
> 2 nl | fe? = 2 > 2" nv! | fa? 
n=0 ==} 
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converges. Hence 


|= Fn #4) || < & 2" nn! | fn? | Ha(u)? 


n=1 2"nn! 


If |u| < to; the terms of the second series are less than a constant 


times n "e Hence the series Pa Jn Hn (u) is absolutely and uniformly 


convergent on —u% <u< + to. The series being summable Abel to the 
sum f(u) and convergent, must converge to the sum / (wu). 

31. We proceed to outline the construction of a class of functions whose 
Hermitian expansions can be proved to be convergent with the aid of 
Littlewood’s Tauberian theorem. 

We use the name primitive saltus function to designate a function 
defined as follows 


s(u,a) = ) 3, if u 
1, if u 


0, ifu<a, 
= a, 
Pa 


a. 
It is easy to verify that 


(96) e(u,a) = =e oF Hy-1(a) e~® fist). : 





That the series converges to the function follows from Theorem VI or by 
direct estimate of the order of magnitude of the terms. 

Now consider a general saltus function s(u) belonging to J* which has 
jumps s(a,+0)—s(a,—0) = cy on a preassigned denumerable set (a,). 
For the sake of simplicity we assume that s(u) 0 when u<0. We 
assume further that the function s(u) can be represented by the series 


(97) s(u) = = Cy 8(u, ay), 


and that the Hermitian series of f(u) is simply 


(98) —— a 2 of. bi >> > cy Hn—1 (ay) € -a, Hn(u) ‘ 


Va a= =1 2" nl 
We suppose that all the summations with respect to » lead to convergent 
series; moreover that 


1 n—1 


)¢ 2? [(m—1]]?, 


>> ty Hy—-1 (ar) & 


v=1 


99) 
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-for every n>1. In such a case the series (98) converges everywhere to 
$[s(u—0)+s(u+0)]. It follows from (28) and (29), by the same type 
of argument as was used in deriving formula (94), that (99) is certainly 
satisfied if . 


ay 


is) 
(100) S\eiVae? 
v=1 
converges; in fact, in this case s(u) satisfies the conditions of Theorem VI. 
If s(u) is not equal to zero when w<0, we consider the function s(—w) 
for positive values of u separately and assume that s(—vu) satisfies con- 
ditions corresponding to (97)—(99). 

So far we have merely been concerned with saltus functions. The 
preceding analysis applies, however, to certain limit functions of saltus 
functions as well. With the aid of such considerations we arrive at the 
following 

THEOREM VIII: Let f(u) belong to J* and be bounded when u is bounded. 
Suppose further that we can find a set of saltus functions sm(u) with the 
following properties: (i) 8m(u) satisfies conditions (97)—(99) for every m with 
a fixed value of C in (99), the same for all values of n and m, and (ii) 


(101) fe Hal) sm(t) dt = Viz 2”! [Sat tom) 


where qnm—>0 uniformly with respect ton when m+. Then = Sn Hn (u) 
n= 


converges to f(u) almost everywhere. 

The problem of characterizing the functions satisfying the conditions 
of this theorem by means of descriptive properties must be deferred to 
some other occasion. 

32. In a recent paper Szegé, (29) 114-115, has proved the following 
theorem: 

Suppose that f(u) has a proper integral over every finite interval and 


that f(u) = O(|u}") (M>0) when |u| +00, Then 3 fn Hn(u) is 


n= 
summable (C, €) to the sum f(u) when e >0 and f(u) is continuous. Further, 
the n-th partial sum of the series is 





uth : ay Ses 
(102) su) = 2 fp VIMO) ats ot) 


where O<h<|u|. Thus S,(u) behaves with respect to convergence, summa- 
bility etc. as the [V2n |-th partial sum of the Fourier series of a function 
which agrees with f(u) in the neighborhood of the point in question. 


in Tas 311k onmnuats oan cnameninieenmanaaade nian Cuma oe 
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This elegant theorem gives a very satisfactory solution of the expansion 
problem for the Hermitian series. It is deficient in one respect: the 
condition that f(u) shall be O(\u|*) is unnecessarily restrictive. This 
defect is, however, amendable: the condition can be replaced by the. 
requirement that the integral 


+o 
fo rola 


shall exist. Szegé obtains his theorem as a corollary of a corresponding 
theorem for Laguerre’s series. I shall return to the question in connection 
with the convergence theory of the latter series. 


PRINCETON UNIVERSITY, 
April, 1926. 


Note. 


After my paper had already been sent to the printers, my attention was directed to 
several papers on Hermitian polynomials and series. It was possible to refer to most of 
these in the Bibliography; thus nos. 19a, 37, 39 and 41 are such later interpolations. 
I am indebted to Prof. J. Tamarkin for the reference to Uspensky (40), to Prof. G. Pélya 
for the reference to Laguerre (19a) and to Professors M. Plancherel and G. Szegé for the 
reference to Rotach (39). Dr. Rotach’s thesis contains elegant and important equi-con- 
vergence theorems ior Hermite’s and Laguerre’s series which in certain respects complete 
those due to Szegé. Finally, I have to refer to: 

42. Kameda, Toyojiro: Theory of generating functions and its application to the theory 
of probability. Journal Fac. Sci. Imp. Univ. Tékyo, Section 1, 1 (1) (1925) 1-62 
(27-36). [Revised translation from German original in Proc. Tokyo Math.-Phys. Soc., 
(2) 8 (1915) 262-295, 336-360.] 

This paper shows some degree of contact with my own, especially in the point of departure 
and to some extent also in the treatment of Hermitian series. [Added in proof, September, 
1926.] 























SOME EXTENSIONS 
OF THE GENERALIZED KRONECKER SYMBOL. 


By J. J. Nassau. 


1, Professor Murnaghan in a recent paper* has considered the use of 
the generalized Kronecker symbol 


- re Ye °° rs) 
$3, Sz +++ Sn 
in representing a determinant. In this paper I shall consider some ex- 
tensions and applications of the symbol in the field of determinants, 
permanents and their minors, multiple-suffixed determinants, and some 
analytical functions recently considered by Macmahon.t 
2. By means of the generalized Kronecker symbol a determinant is 
defined byt 
(2) || =[! . 7M da git... ae, 
n 


O, Ug +++ & n 


Inasmuch as a permanent differs from a determinant only in having all 
its terms positive, it can readily be expressed by means of this symbol; i. e: 


Te ak 4 
(2.1) lain | = [f 6 ois i ie os dee ag? .-- ace, 


Since the two sets of aes are identical this symbol indicates but 


one summation. 

‘ ey eI will be annulled by 
1%, *** Tn 

being multiplied by the same symbol. Some other notations might be 
used to advantage, e. g., 


+ + ies? 


(2.2) Soc ieee Oe 


or 


All negative values of the symbol # 


GQ, &q +--+ Ay 
— ]an as° eee a®. 
ay Qe eee an 





*The generalized Kronecker symbol and its applications to the theory of determinants, 
Amer. Math. Monthly, vol. 32, p. 233. This paper will be denoted by (A) hereafter. 
+ Researches in the theory of determinants, Trans. Cambr. Phil. Soc., vol. 23, pp. 89-135- 
t Paper (A), equation (3.1). 
465 












Ae sdk eed cia ie thre Sea Le 2, tate 





Roe SR 











PN OE IIE PRAT BAS SE BE 

















466 J. J. NASSAU. 


From this simple extension it is observed that relations in determinants 
expressible by means of the Kronecker symbol yield corresponding relations 
in permanents. 

2.1. The introduction of the product idea to annul negative signs suggests 


the following: 
. 2 ocak Gy Gg +++ Ay ae 
PRD 9 es fam 


F 2 See ae vee 1 a. = sn en 


Gy Ag +++ Ay Qrt1 ose On 1 2 oor N 


and 


Here the Greek letters appear as subscripts and superscripts in the symbol 
and hence they denote summation. (Paper (A) p. 235). 
3. Consider the expression 


12.--n?7 ty Og +++ & * 8 
(3) i 02 eee ee ag" as? a as” IT = eee at ve oe aids . 
From equation (2) this is equal to 3 

| Bf Bf ee Of 


| 


12..-8? | pe pee ww. Be | 
badges at ay" - ++ an) * é . | 
Us b& Rage of 


bf bf Pye bf 
[Em ae cagefE2 omy 
ma ES og Bie Shahi, fe AP eaten eee eeeciacnies 5 
| pe p& oes on 


n 








Assigning the set of values (71 72 --- 7n) for (0: @2-+- @n), the first part of 
this product becomes a term of |ai,|._ The second part is 


babes 


n 
11 T2°-- | bur, bar, ors burs 


12.--n 


which is equal to |bin|, since the symbol | is +1 when an even 


V1 72 °++*Tn 
number of interchanges is required to rearrange the columns of the de- 


terminant to the order of | bi: boo --+ bay»|, and is —1 when an odd number 
is required. Hence the expression in (3) is equal to |ain|-|din|. 
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By rearranging the factors of (3) and making use of equation (2.2), 
we have 


er . ae 2 
nad LED ese nl OF MRD COP A) «+ 8 ED 
+ + 
anu be.,1 a2 be,2 ‘e+ Ain ben 
aie Aer be, A22 ba,2 <> don ban ‘ 
12 ..-m” o> Pra Se eae 
ani bes An2 be,2 ‘++ Onn Den 








The sign preceding each term of the sum is + or — according as there 
has been, in its formation, an even or an odd number of interchanges in 


the rows of |bi: be. --- bnn|. Therefore: The product of two determinants 
of the nth order is expressible as an aggregate of n! permanents of the 
same order.* 

3.1. Similarly, consider the product 


4 S23 ; 12... Qy Og +++ a 
aan = [bund = [2,8 sc ged ate aft oe? oa boa, > ++ One, 
12 .---n [or a,---@ 
is ae Ke re we ra,) (as? bog.) +++ (af Dna) 
afb, afb, +++ afd, 


up lage ag b,, afb, --- afd, 
102°*-@ i te ‘ ° ia ; 








a 


which is the sum of m! determinants. Hence the theorem:t The product 
of a permanent and a determinant both of the nth order is expressible as 
the sum of n! determinants of the same order. 

The mode of formation of the determinants is clearly seen from the 
expression last given. 

A corresponding theorem and proof can be given for the product 


+ ++ 4 


| din! ° | Bin |. 
4. In this section the generalized symbol will be employed in expressing 
some relations between minors of determinants and permanents. 





* Muir, On a class of permanent symmetric functions, Proc, Roy. Soc. Edin., vol. 11 
(1881-82), pp. 409-418. 
T Muir, loc. cit. 
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If in equation (2) any is set equal to 1, we have 


M1 -** Una 1 
Gey +++ Gan 1 


«2 @ 
(4) ? < ie a Gy.1 Gey? eee Ge, in—1 = 








Gm +++ Onna 1 
It is also clear that 


Be re @ say Ga,1 Gaya *** Gey = 0 when r<n—l1. 


Making use of equation (4), the value of 


Z ok re Pee 2] aS aS... qen- 
@1 02 +++ On. YS ces SS @, Gy On -1 


aS! af? eee afe—" 1 


fit eee I 
@1 02 +++ On 


(4.1) 


(4.2) 


oe es 1 








There are n! terms in this sum, one of which is 


As, As, ee Ms, _, 1 

(43) PLB my my ty oo tag 
81 82 >+*+ Sp 

Qns, ns, *** Ons, _, 1 








By interchanging (s:--- sn—1) we obtain (n—1)! like determinants each 
representing the signed sum of 2 primary minors of |ai,|. Hence the sum 
in (4.2) involves n different determinants of the type shown in (4.3). There- 
fore L AE 4 af: ... q&-! = (n—1)! times the sum of the signed 


Re | Nees. ale 
primary minors of | a1» |.* 


The expression corresponding to equation (4.1) for the permanent is 


(4.4) 


ay ae eee ay? 
7 ae Bet Gea *** Ger 


Assigning the set of values (s; 82 --- 8») to (@ a --- @,), we have 


81 Se ey 
¥ ee | Ms,1 &s,2 +++ Asx. 





*Muir, The generating function of certain special determinants, Proc. Roy. Soc. Edin., 
vol. 24, pp. 387-392. 
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There are as many such terms as there interchanges in the set (s,+. - - - sn) 
and hence the permanent in (4.4) is equal to (»—r)! times the sum of the 
permanents of order r formed from the matrix 


M1 Ga +: Ani 








| diy ay a One || 


5. The generalized Kronecker symbol is well adapted to the expressing 
of determinants with multiple suffixes and theorems related to them are 
derived with great ease. To illustrate this the case of the cubic determinant 


will be taken 
Jain] = [oon wend [ES cc) Ss Mes oo* it 
af ay ++ af 
=[! ee ay; aye eos ay 
@, &g-++ Ay 
a ee 








This shows that the cubic determinant of order n is equal to the algebraic 
sum of ! ordinary determinants of the same order. 

The cubic determinant whose planes consist of the determinant |an| is 
expressed by 


[e eee val a™ a... a™, 
©, +++ Onl Oe Qn 


Referring to equation (3.3) of paper (A) this becomes equal to m! | ain|. 
The product of two determinants, each of order n, may be expressed 
as a cubic determinant. That is, 


1 2... ca 
jan! am) = [Oe 2) afta soate [F898 222 St] ta, Bag 22+ Bg 
@, Mo +++ An 
ae i ee a (a? b,.,) (a$ b,.) ++ (ate Dia) * 
Also 
__ | @1 G2 -++ Gn] 4 ‘ Pyne ‘ 
| dinn | | bin | = be i is 3 Ge. «+> &. 2 laos cache bY bg? - - - bY 


si ® ag eee an 
01 @2 +++ On 
Hence the product of a cubic determinant whose elements are aj, and 


an ordinary determinant whose elements are bj may be expressed as a 
determinant of fourth class whose elements are given by cy = aye bi. 


AC UNC eC a) 


O, 92 - 


5 GRY TRL ie GRETA 


ES 


SS SRA ee See 


Rte 


> 
Pee eee 
£ FRETS 


ae 


Sy aptly ihe ee 


Rh AT Ray 
ee ea le 
Root ee . 
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6. Without any elaboration in the notation already used, it is possible 
to represent alternants and simple symmetric functions by means of the 
generalized symbol. In the case of the alternant we have 

ay a Q**° an p p? Pn 
k QD eee 4 ee” 
Here the superscripts are replaced by exponents, as they will be throughout 


this section. Referring to equation (4), the expression for the difference- 
product [1 (a; az-+- dn) is 


G@, Ag +++ an 2 n—1 
ey ee © en. be ie 
For the case of the simple symmetric function, we have 
2 
@ &g--+ An 
2 el 2 ee gnni 
> 4, G4 = be 2 — Ae, a, a 
Consider the more general case 
1 iy G@e--s@ | 
1 Po ee = —_—_—_—_—______. 1 2 $ * 1 Py eee P, 
pe @, °° ay (n—r)! l1 2 .--m es Wee ae 


This is clear from the discussion at the end of section 4. If p, = py, = --- = pa, 
the interchange of the assigned values of a, a, ---, as yields s! like terms, 
For example 
; , . 
> 4, a, a8 = 3 ¥ ve * ~ de, Ae, Me,» 

7. The aim of the above discussion has been to exhibit some of the 
possibilities of the Kronecker symbol as extended in paper (A), and at the 
same time to adhere to the original definition given in that paper. In this 
section a slight alteration of the original definition will be introduced to 
make possible the representation of a generalized analytical function con- 
sidered recently by Macmahon, in his paper referred to above. 

The labels (ri.72 +--+ rn) and (s; 82 --+ sn) in the symbol i mes a will 


81 $2 +++ 8n 
be made capable of receiving any value out of the m integers 1, 2, ---, ; 
that is, allowing repetitions. Otherwise the definition remains the same. 

1 1 2 a a a 
For example, en ee + Gre Bqy Bey: 
1 *2 “$s 
The general case given on page 96 of that paper is 
a 


(it MES Ga conn 8 8 
[ ay: ay? +++ ay", where > Pr = Nn. 
a ae eee ap, Ap.+1 eee Op. +D, eee an 1 
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ON THE INDETERMINATE EQUATION #—p? Du? = 1. 


By Derrick Henry LEHMER. 


It is the purpose of the present paper to discuss a method of solving 
in integers the equation 
(1) ?— p* Du? = 1 p>! 


without having recourse to the usual method of expanding the square 
root of p*D in a continued fraction. We shall assume in what follows 
that the fundamental solution (7,, U,) of the equation 


(2) Tl’—DU* =1 


is known from tables which extend to D = 1700. The solution of (1) 
depends on discovering a fundamental or multiple solution of (2) for which 
the U is divisible by p. Having found such a solution (Jn, Un) it is easily 
seen that (Tn, Un/p) is a solution of (1). We shall first prove that it is 
always possible to do this. 

THEOREM 1. There are an infinite number of U's satisfying the 
equation T?— DU* = 1 which are divisible by any integer p. 

Lagrange was the first to prove that there exist an infinite number of 
solutions of the Pellian equation. In particular there exist an infinite 
number of solutions of our equation 


f—p* Du® = 1. 
For each one of these solutions we may put 
t= Tf, pu=U 
and obtain a solution of the equation 
T*’—DU* = 1. 


But U is divisible by p. Hence the theorem is true. 
We now consider the problem of finding mong the solutions of 
equation (2) those U’s which contain the factor p. Let 


g = are cosh 7 = are sinh (UV D) 
so that ae 
Tn = coshngy, UnV D = sinh ng. 
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Then we have 
(3) Tn — Tn, U_n = — Un. 
We also have . 
4) Tnin = cosh (mg + ng) = TnTn+DUm Un 
( V DU min = sinh (my +ng) = (Um Tn+ Un Tm) V D. 
For m = n we have 
(5) Ton T.+DUzp smd 2T.—1 
Um = 27, Un. 
For m = 1 we have 


(6) Tn+1 =—= 27; Tna— TA 
Un+1 = 27; Un— Upn-1. 


The recursion formulas (6) are the ones employed in finding the successive 
multiple solutions of the Pell equation when the fundamental solution 
(7,, U,) is known. Ty and U, are of course 1 and 0 respectively. 

We shall first dispose of the case where p = 2 which occurs most 
frequently in practice. We wish to know for what values of m the number 
Un is even. We see from (5) that U, is always even and (6) tells us 
that if U, is even then all the U’s are even. If U, is odd then the U’s 
are alternately odd and even. Hence the fundamental solution of the equation 


2—4Du? = 1 


is either (7;, U;/2) or (27;—1, 7; U;) where (T;, Ui) is the fundamental 


solution of the equation 
T*—DU* = 1. 


We shall now confine ourselves to the case in which p is an odd prime. 
That we can do this without loss of generality is evident from the 
following consideration. Suppose for the moment that p is made up of 
the prime factors a, a, a, --- a, where some or all of the a@’s may be 
identical. That is we wish to solve the equation 


f— ai a? ae ste a Dv? == jj, 
We first find the fundamental solution of 


P—a? Dv? = 1. 


Then letting a? D = D, we solve the equation 


?—a? Dw = 1. 
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We then let a3 D, = D, and so on until we have included all the a’s. 
Hence we need only discuss the case in which p is an odd prime. 
By expanding the left side of the well known relation 


Tp +UpVD = (7,+0,V D? 
it can be shown* that 
T, = T, (mod p) 
(7) Up = #0, (mod p) 


where « = +1 or 0 according as p is a quadratic residue of D, a non- 
residue of D, or a divisor of D. Making use of these facts we can prove 
the following theorem. 

THEOREM 2. Up is divisible by p. 

For we have by (3) and (4) 


Up—e = Up Te — Ue Tp 
= ¢U, Te —U-T; (mod p)- 


If « = +1 this last expression is manifestly zero. If « = —1, it is 
zero by (3). If « = 0, then it is zero by (7) and also since U, = 0. 
Since these are all the possible cases, the theorem is true. 

We therefore have a sure method of finding a U which is divisible 
by p. But in solving the equation 


?—p* Du? = 1, 


we are often interested in getting the fundamental solution and how can 
we be sure that U,_, is the smallest U which contains the factor p? 
The method that at once suggests itself is that of calculating the successive 
U’s and testing each for divisibility by p. But since formulas (4) and (5) 
allow us to skip many of the U’s, this method would be unnecessarily 
laborious if we failed to find any U< U,_, divisible by p. It is therefore 
important to: know for a given p whith U’s are possible multiples of p. 
Let us first consider the case where p divides D. Then since 


T?=1+DU?=1 _ ~ (mod p) 


TT =ti1. 
If T, = +1 then (6) gives: 
U, = 2.0, 
U; = 2U,—U, = 30U,, 
U;, == 2U;— Us Ses 40;. 





* Mathews, Theory of Numbers, p. 93. 
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And by induction Un = nV. 
If 7, = ol we have like manner 


Un = (—)j*+} n Uj. 
In either case Up = pU,. 


Hence we have the following theorem. 

THEOREM 3. If p divides D and also U, it divides every U. If p 
divides D but not U, then the smallest U that is divisible by p is Up. 

Hence the fundamental solution of (1), if-p divides D, is either 
(7,, U,/p) or else (Tp, Up/p). 

We shall now consider the case in which p does not divide D. By 
using formulas (6) and (7) we may deduce that 


To = Ter (mod p), 
Opn = Uei1- 


And in general it can be shown that 


Thoth = Pret 
(8) : Unp+h = Oneths 


hence the residues of (7, Un) modulo p recur, the number of terms in 
each period being a factor of p—e. We therefore have the following 
theorem. 

THEOREM 4. If Um is the first U to contain the factor p, then m is a 
factor of p —«. 

This follows from Theorem 2. Although we cannot say off hand which 
divisor of p—e is the one we seek, the number of possible cases is 
materially reduced. In this connection we are reminded strongly of solving 


gzi1 (mod n) 


where we only know that, » being prime, § is a divisor of n—1. We 
may however limit m still further by proving the following theorem. 
THEOREM 5. Jf Um is the first U to contain the factor p, then m is a 


factor of (p—e)/2. 
Let p—e = 2x, Then we have by (5) and Theorem 2, 


U,., = Uy, = 2U,T, = 0 (mod p). 


p-e 
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Hence either U, or 7, is divisible by p. We shall now show that the 
latter alternative is impossible. If in (8) we put m = 1 and h = —e 


we have at once 
fe = 17,.4..=7.=%=1 (mod p). 


But if 7', were divisible by p, we would have 
T, =2%—-1=-—1 (mod p). 


which is impossible. Therefore U, must be a multiple of p. The theorem 
then follows by (8). 

This theorem yields the following well known corollary which is useful 
in the complete factorisation of 7, and U,. As we are not concerned at 
present with this problem we shall omit the proof. 

CoROLLARY. The primitive divisors of Tn, and Un belong to the form 
Qnr + 1, 

We are now in a position to apply our —— to any particular 


equation of the form 
—p* Dw? = 1. 


For example let it. be required to find the fundamental solution of the 


equation 
?—6174u? = 1. 


We first note that 6174 = 7° 126. Therefore we put p= 7, D = 126, 
and we note that p divides D. From Legendre’s or Degen’s table we 
find that the fundamental solution of the equation 


T?—126U? = 
is T, = 449, U, = 40. Since U, is not divisible by 7, we know by 


Theorem 3 that U; is the least U divisible by 7. We therefore calculate 
T, and U, as follows. 


T, 1, Us 0, 
T, 449, U, 40, 
T, 403201, Us 35920, 
T, 362074049, Us 32256120, 
T. 325142092801, U, 28965959840, 


T, 235451028081583642049, U, 20975644724880384280. 


We notice that U; is actually divisible by 7 which constitutes a check 
on the work. Dividing by 7, we have for the required solution: 
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t; = 235451028081583642049, 
2996520674982912040. 


My 


This equation can be solved in another way. Since 6174 — 3?>< 686 
we put p= 3 and D= 686. From the tables 


T, = 10850138895, 
U, 414260228. 


Now since 3 is a non-residue of 686, we have (p—«)/2 = 2. Therefore 
either U, or U, is divisible by 3. But we see that U, is not divisible 
by 3 and therefore U, must be. From (5) we have immediately 


Ts 23545102808 1583642049, 
U, =  8989562024948736120. 


Dividing U, by 3, we arrive at the same solution as before. 

By way of comparison with the usual method of solving the Pell 
equation, it is found that M6174 expands in a continued fraction having 
40 terms to the period. Thus, although we cannot hope to reduce the 
size of the solution, we obtain the solution much more readily by using 
the short method. Of course we cannot always apply this method since 
the D must contain a square factor. The number of cases however in 
which the method does apply is larger than one might at first suspect. 
For instance there are 627 numbers between 1 and 1700 (not counting 
perfect squares) for which the above method could have been used in 
preparing the existing tables of the solutions of the Pell equation. 

It is of interest to note that Legendre used the solution for D to solve 
the equation for 4D. Although he gives no account of his calculations, 
we can deduce this fact from the list of errors in the first edition of his 
table. For instance there is an error in the value of 7 for D = 214. 
The idenfical error appears again in the solution for D = 856. In fact 
for every D less than 250 which has an error in the 7 the same error 
occurs in the solution for 4D. More striking evidence is found in the 
solutions for 86 and 344. Here the same entry is given for both arguments, 
the division by 2 having been omitted in the case of 344. In all these 
cases the U, is divisible by two and other evidence seems to show that 
Legendre did not employ non-fundamental solutions or any other value 
for p than 2. For instance there is an error in D = 343 = 7?«7 
whereas the solution for 7 is quite correct. The same is true of 
801 — 3*><89. In fact the present paper is the result of investigations 
which originated in the examination of the errors in this table. 
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THE OPERATIONS OF BOOLEAN ALGEBRAS.* 


By Orrin FRINK. 


An operation on m variables in an algebra may be thought of as a rule 
of combination of m elements of the algebra or as a function of » variables. 
It is a well known fact that the most general Boolean operation on n 
variables contains at most 2” independent parameters. Thus the most 
general rule of combination of two letters in a Boolean algebra can be 
expressed in the form 


F(a,b) = Aab+Ba'b+Cavl’'+Da'l. 


I use here the notation a+b for the logical sum of a and b, ab for the 
logical product of a and b, and a’ for the negation of a. The capital letters 
stand for constants and the small letters for variables. The parameters 
A, B, C and D are called the discriminants of the operation. 

Similarly the most general function of one variable can be written in 
the form f(a) = Aa+Ba’. A relation between several elements of a 
Boolean algebra is expressed by one or more equations or inequations 
between such functions of the elements related. 

A common type of problem concerning the operations of these algebras 
is that of finding all operations which have a certain formal property. 
Another problem, and one which I here solve, is that of finding all the 
operations which have all formal properties in common with a given 
operation, and in particular to find all unique operations, that is, those 
that share all their formal properties with no one other operation. 

Wiener, in a paper to which I shall later refer, makes the statement 
“It would seem that a system whose postulates deal with entities which 
occupy a unique position in it has in some sense received-a more tho- 
roughgoing analysis than one where this is not the case.” I give here 
later a postulate system for Boolean algebras in terms of a fundamental 
operation which is unique in this sense, which, as we shall see is not 
true of systems based on the operations usually taken as fundamental, 
such as logical sum and product. 

Many postulate systems have been given for Boolean algebras. Of these, 
Huntington’s first set of ten postulates,t has in a sense become the 
standard. Sheffer has given a set of only five postulates, using the one 





*Presented to the American Mathematical Society, May 2, 1925; manuscript received 
December 1925. 
+ Trans. Amer. Math. Soc., vol. 5 (1904), p. 288. 
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fundamental operation of “rejection”, and Bernstein later reduced the 
number to four, using the same operation. The operation which Russell 
calls “incompatability’’ would do just as well. The systems of both Sheffer 
and Bernstein are based on Huntington’s, however, in that they prove as 
theorems Huntington’s postulates in order to establish the sufficiency of 
their own postulates. All these posulate systems have the defect which 
Wiener has shown, namely that they do not serve to characterize uniquely 
the fundamental operations which they concern; in fact there are as many 
operations with the formal properties of logical addition, for example, as 
there are elements of the algebra. 

Wiener has shown that the most general operation having the formal 
properties of logical sum and hence satisfying Huntington’s third set of 
postulates for the algebra of logic is ab-+Aab’+Aa’b.* I will prove 
by a different method the equivalent proposition that this generalization 
of logical sum and the corresponding generalization of logical product 
ab-+ A'a’b'+ A’ a’b are the most general operations satisfying the postulates 
of Huntington’s first set of postulates mentioned above. 

There occur in the postulates the two Boolean constants 0 and 1, which 
have the properties that a+0 =a, a+1=—1, a0=—0, al—a, 
where a is any element of the algebra. It might be expected that for 
the generalizations of logical sum and logical product, the Boolean constants 
demanded by the postulates and corresponding to 0 and 1 above might 
be two quite arbitrary and independent elements of the algebra. The 
generalized fundamental operations would then contain two independent 
parameters. Of course, since 1 = 0’ and 1’ = 0, the two constants, 
which we may call A and B, would have to be the negatives of each other. 
That means that the operation of negation would have to be generalized 
also. For example, the operation f(a) = (AB+ A’ B)a+(AB’+A’B)d 
has the formal properties of negation, for instance f[f(a)] — a, and it 
also changes A into B and B into A. 

Nevertheless it turns out of course that A and B must be negatives in 
the ordinary sense, that the generalized operations can contain only one 
parameter, and that no generalization of negation is possible. I will 
now prove a few preliminary theorems. 


Let 
(1) F(a,b) = Aab+ Babl'+Cab4+Da'l’. 


Suppose F’ is such that there is an element J such that F(a,I) = a 
for all values of a. Then we will say that F has the “right idemfacient 
element J.” Applying this condition to (1) we have 





* Trans. Amer. Math. Soc., vol. 8 (1917), p. 17. 
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AaI+ Bal'+CadI+DaT, 
or 


(AI+ BIrjat+(CI+Df)a’ =a. 
If this is to be true for all values of a we have 
(2) AI = I; (3) Br=T; (4) CI = 0; (5) DI’ = 0. 


THEOREM I. The most general Boolean operation having the right 
idemfacient element I is Aab+Babl'+Ca'b+Da'l, where AI=I, 
Br=T, CI=0 DI =0. 

A similar theorem for operations with left idemfacient elements can be 
had by interchanging the conditions on B and C. It is interesting to 
note that from conditions (3) and (4) we get BC = C irrespective of 
the value of J, and from (2) and (5) we get AD = D. Hence if the 
operation has both a left and right idemfacient element, B — C and the 
operation is commutative. 

If the operation is such that there exists an element N such that 
F(a,N) = N for all values of a, we shall say that F(a, b) has the 
“right nilfacient element N”. Applying now this condition to (1) we 
will have 

AaN+BaN'+CaN+DdN = N, 


(Aa+Ca')N+(Ba+Da)N =N. 


or 


From this we get readily 
(6) AN=N; (1) BN =0; (8) CN=N; (9) DN’ =O. 


THEOREM II. The most general Boolean operation having the right 
nilfacient element N is Aab+Bab' + Ca'b+Da'l', where AN = N, 
BN’ =0, CN=WN, DN' = 0. 

If now we want the condition that the same function F(a, b) have both 
the right idemfacient element JZ and the right nilfacient element N, we 
must combine the conditions of Theorems I and II. Combining (3) BZ’ = I’ 
and (7) BN’ = 0, we get ’N’ = 0. Combining (4) CI = 0 and 
(8) CN = N, we get TN = 0. Hence 


(10) I= WN’. 


Combining (2), (6), and (10) we have A 
Combining (5), (9), and (10) we have D 


1, 
0. 





[ASS 
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pea From (2), (7), and (10) we get B = N. 

ii ; From (3), (8), and (10) we get C = UN. 

i Fs THEOREM III. Jf F(a, b) has the -right idemfacient element I and the 
bby right nilfacient element N, then I= N' and F is of the form 


ne ab-+ Nab’ + Na’b. 


It is possible for an operation with a right idemfacient element and a 
left nilfacient element to have for these two elements any two of the 
algebra whatever. 

Huntington’s first set of postulates, which concern a class K of elements 
and two operations, a+) and ab, between them are as follows: 


i I(a). a+b is in the class whenever a and b are in the class. 
aise I(b). ab is in the class whenever a and b are in the class. 
ie II (a). There is an element A such that a+A = a for every element a. 
II (b). There is an element V such that a V = a for every element a. 
Ill (a). a+b =—b-+a whenever a, b, a+b, and b+<a are in the class. 
III (b). ab = ba whenever a, b, ab, and ba are in the class, 
IV (a). a+(bc) = (a+b) (a+c) whenever a, b, c, a+b, ate, be, 
a+ be, and (a+b)(a+c) are in the class. 
IV (b). a(b+c) = ab-+ ac whenever a, b, c, ab, ac, b+, a(b+c), and 
ab+ ac are in the class. 
V. If the elements A and V in II(a) and II (b) exist and are unique, then 
Sor every element a there is an element a’ such that a+ a’ = V and aa’ =A, 
VI. There are at least 2 elements x and y in the class such that x + y. 
On the basis of these postulates Huntington proves certain theorems, 
of which I wish to use the two following: 
IX (a). a+V = V for every element a. 
IX (b). aA = A for every element a. 


beast Postulate II(a) and Theorem IX(a) amount to the statement that the 
a operation of logical sum has a right idemfacient element and a right 
nilfacient element; hence, by our Theorem III it must be of the form 
ab-+ Nab’+Na'b. Similarly, we deduce from II (b) and IX (b) that an 
operation with the formal properties of logical product must be of the 
same form. 

Conversely we must establish the fact that all operations of the form 
ab+Aab'+Aa’b and ab+A’ab’+A’a’'b satisfy the postulates when 
substituted for a+b and ab respectively. In showing this I will use the 
ordinary rules of Boolean algebra, which are either expressed in the 
postulates, or, like the associative law, follow from them. Except in the 
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case of postulates IV (a), IV (b), and V, the verification is immediate and 
obvious. 
Making the substitution in postulate IV (a) we find that we must prove that 


a(be+A'be + A’'b'c) + Aa(be+ A’bc + A'b'c)! + Aa'(be+ A'be + A’b’'c) 
= (ab+ Aab’ + Aa’b) (ac+ Aac’ + Aa’c)+ A’ (ab+ Aab’ + Aa’) 
< (ac+ Aac’ + Aa'c)' +A’ (ab + Aab’ + Aa’b)' (ac+ Aac’ + Aa’c). 


Making use of the fact that (bc-+ A’bc’+A’b'c) is equal to b'c’ + Ab’c + Abc’, 
the left member on multiplying out reduces to abc+ A’abc' + A’ab’c 
+ Aab’c’ + Aab’c+ Aabc' + Aa'bc+0. This can be shortened to 


(12) — abe+ab'c+ abe + Aab'c' + Aa’be. 


Similarly the right member reduces to abc+ Aabc’ + Aab’c+ Aab’c’ 
Aa'be+ A’ abc’ + A’ab'c, which is equal to (12). For all the other terms 
are zero, using the fact that aa’ = 0 and a0 = 0. The first distributive 
law is thus verified. 

The second distributive law IV (b) can be obtained from the first by 
interchanging the operations of sum and product. Since our operations 
ab+Aab’'+aa’b and ab+A’ab'+A’a’b interchange when we inter- 
change A and JA’, to prove IV(6) we merely go through the proof of 
IV (a) interchanging A and A’. 

As for Postulate V, the element demanded by it is still the ordinary 
negative a’. For substituting it for 6 in the above operations we have 


aa+Aaa+Aa'a =A, 
and 
ad+A’aat+JA'aa = A’. 


As we have seen, A and A’ are the V and A of our system. 

As it is of some interest, I give overleaf a table of the corresponding 
generalizations of some of the familiar dyadic Boolean operations and 
relations, which we derive at once from those of logical sum and product. 

There are alternative ways of expressing the important operation which 
is the generalization of logical sum and product, e. g., 


ab +Aab’+Aa’'b, 

ab +A(a +5), 
Aab+A(a +5), 

Aab +A’ ab+Aab'+Aa'b. 
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The first form is the standard expanded form, the second is the one used 
by Wiener, the third serves to exhibit Peirce’s principle of duality, and 
the fourth shows the very important fact that the operation is symmetrical 
in the three letters oa, b, and A. 














Name of operation Symbol Generalization 
Logical sum a+b ab+Aab’ + Aa'b. 
Logical product ab ab+A'ab’'+A'a'b. 
Equivalence ab+a'b’ Aab+A'ab’+A'ab+Aa'l’. 
Non-equivalence ab’+a'b Aab+Aabl’+Adb+A'a'd. 
Implication a’ +b Aab+a’'b+Aa'd’. 
Exclusion ab’ or a—b Aab+abl’+A'a'l’. 
Rejection ab’ Aal’+A'adb+a'l. 
Incompatability a +0’ Aab’+Aa’b+a'l’. 
Inclusion, or ab’ = 0 A'abt+al'+A'al’ =A, 
Subsumption or a<b or Aab’+ A’'a'b = 0. 
Some a is b ab+0 Aab+A'a'l’ + 0. 
No a is D ab = 0 Aab+A'al’ = 0. 











TABLE. 


Let us call for the moment the generalizations of logical sum and 
product F; (a,b) and F, (a,b). Since they obey the associative law, we 
can speak unambiguously of the logical sum and product of three or more 
elements, and it would be interesting to see the forms of 


F;(a, b,c) = Fs[a, Fs(b, 0] = Fs[Fs(a, 5), ce]. 
We have 
F; (a, b,c) = (ab+Aab’+ Aa’ b)c+A(a'b’'+A'a’b+A’' ab’)c 
+A(ab+Aab’+Aa'b)c’ = abe+Aab'’c+Aa'be+Aabe+Aab'c’ 
+Aa'be’+Aa'd'e. 
A short way of writing this is 
F; (a,b,c) = A’abe+A(a'b'c')’, or A(Cat+b+c0)+A' (abc). 


By the principle of duality we have F,(a, b,c) = Aabc+A'(a+b+o). 
Similarly for any number of variables 
F,(a,b,c,d, ---) = Afat+b+c+d-+ -.-)+A’'(abed ---); 
F,(a,b,c,d, ---) = A(abed ---)+A(a+b+e+d+ --:. 


Let us now return to the general problem mentioned before, namely 
that of finding all the operations which have the same formal properties 

















BOOLEAN ALGEBRAS. 483 


as a given operation, and all unique operations. Since all Boolean operations 
can be defined in terms of the fundamental operations of logical sum, 
logical product and negation, we could solve the first of these problems 
by substituting in the expression of the operation in these terms the 
generalized operations ab+ Aab’ +Aa’b and ab+ A’ab’ + A’a’b for logical 
sum and product respectively. Similarly, for the second problem, we 
impose the condition that the parameter A vanish from the result. I think 
it better, however, to introduce here a new viewpoint, that of transformation, 
which will also bring out more clearly the relation which logical sum and 
product bear to their generalizations. 

If there exists among the operations f(a) on one variable of the algebra 
one which has an inverse operation f—!(a) such that f—*[f(a)] = a for 
all values of a, then we may transform any other operation, say on two 
or three variables, by f(a) and the formal properties of the operation will 
be retained. This is a general method, which can be used in other 
than Boolean algebras. By the transform of F(a,b) by f(x) we mean 
S(FU {a}; f-1{b})]. For example, suppose F(a,b) obeys the associative 
law. Then so will its transform, for if F[a,F'(b,c)] = F[F(a,),c] then 


AIF LSO@, SS (FU IOF- ODI 
= MFIS-S(FU@,f-* OLS OI}, 


and both sides are equal to f{F[f-*(a), f-1(®), f-1(o]} where F is triadic. 

The question now arises of finding Boolean operations with inverses. 
Let f(a) = Aa+ Ba’ be a function with an inverse; then we want to 
find x as a function of a such that f(z) =a. This gives us Ax+ Ba’ = a, 
or (Aa + A’a)x+(Ba'+ B’a)z’ = 0. This equation can be satisfied only 
if (Aa’ + A’a)(Ba’ + B’a) = 0, which reduces to a= AB+ aAB + aA’B. 
It is evident from Ax+ Ba’ = a that x must be of the form aB’+a’'B 
+ K(4a+4A'q’). Substituting AB+ aAB’+ aA’B for a in the parenthesis 
we get « = aB’+a'B+ K(AB+<A’B). 

THEOREM IV. There exists an inverse x of a with respect to the operation 
JS (a) = Ax+ Bz’ such that f(x) = a, when and only when a is of the 
form AB+ aAB’+aA’'B; x is then equal to aB’+a’B+K(AB-+ A’B), 
K being an arbitary constant. The inverse x is unique when and only 
when f(x) is such that the inverse exists for all values of a. This occurs 
when and only when A = B’, and f(x) = Ax+A’'x’. The function is 
then its own inverse function. 

The only available functions with inverses are then those which are 
their own inverses, namely those of the form Kx+XK’z’, which may be 
read “az is equivalent to K”. 
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We can apply our Theorem IV to the subject of inverses of dyadic 
operations. If F(a,b) = Aab-+Bab’+ Ca'b+Da’d’ we shall say that the 
element b has the right inverse element x with respect to a and F if 
F(a,xz) = b. If x exists for all values of a and b, then x expressed as 
a function of a and bd is called the right inverse operation of F(a,b). 
Similarly for left inverses. Schréder in his Algebra der Logik, vol. 2, 
pp. 493-4, determines the inverse operations of dyadic operations with 
inverses. Writing F(a,x) = b in the form (Aa-+ Ca’)x+(Ba+ Da')a’ = b 
and applying Theorem IV we have 

THEOREM V. Jf an x exists such that F(a,x) = b for all values of a 
and. b, then F(a,b) must be of the form Aab+A’ab’+Ca’b+C'a'b’. The 
inverse x is then unique and is of the same form, that is, the function is 
equal to its inverse. 

Applying the corresponding theorem for left inverses, we have the 
result that the most general Boolean operation which has always both a 
left and right inverse is of the form 


F(a,b) = Aab+A’ab'+A’a'b+ Aa'd’. 


Bernstein has shown that for this operation (which may be written 
a = b = A), the elements form an Abelian group. I pointed out that 
it is also the most general operation with respect to which the elements 
of a Boolean algebra form a group, Bernstein having by an oversight 
given a more general operation as having that property. 

The operation in question is the generalization of equivalence given 
in the table on page 482. For, substituting ab-+ Aab’+ Aa’b for a+b 
in the definition of equivalence in terms of logical sum and negation, 
namely (a+b) +(a’+ 0’), we have 


(ab + A’ab’ + A’a’b) (a'b’ + A’ab’ + A’a’'b) + A(ab+ A’abd’ + A’a’d) 
- (ab + Aab’ + Aa’b) + A(A’b’ + Aad’ + Aa’d)(a’'b’ + A’ab’ + A’a’d) 
= Aab+ A’a'b+ A’ab+ Aa'd’. 

Wiener has pointed out that the generalization of logical sum is the 
operation made to correspond to logical sum when the elements of the 
algebra are transformed by a one to one transformation. Let us see into 
what operation an arbitrary operation is transformed bv the function 
S(e) = Kx+ K’2’. 

We will write the operation in the completely expanded form: 


F(a, b,c, ---) = Ay abc.--+ B,a’b'c ..-+ Aga'be---+ Byab’c’ ..-+---. 
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Two terms in the expansicu such as A, abc--- and B, a'b’c’--- we will 
call conjugate if each variable in one term is the negative of a variable 
in the other. The transform of F is 





AEE NSE IOI EI EOIN IO MN “ 
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K[A, (Ka + K'a) (Kb+ K'¥’) (Ke+ K'¢)--- 

+B, Ka’ + K'a) (KV + K'b) (Ke + K'e)-+-+--J 
+ K’ [Aj (Ka-+K’a’) (Kb-+ K')---+ Bi (Ka’ + K’a) (K0'+ Kb) ---+.-)] 
= (KAi+ K'Bi) abe -.. +(KB,+K’A)a’b'd --. +--+. 


THEOREM VI. Transformation of F (a,b, c,---) by f (x2) = Ka+ K'z’ 
replaces the coefficient A, of any term in the completely expanded form of 
F by (KAn+ K’B;), where By is coefficient of the conjugate term. 

By giving the arbitrary parameter K all values in the algebra we get 
all transforms of the operation. In saying that this set of all transforms 
of an operation is the set of all operations with the same formal properties 
we are taking two things for granted. One is that the transform actually 
has the same formal properties. I have given a proof of this in the case 
of the associative law. It might be hard to prove in general, but we 
could get around this difficulty by defining “formal properties” to be those 
unchanged by transformation. 

The other assumption is that all operations with the same formal 
properties as the given operation can be obtained by transformation. That 
this is actually the case may be seen in some such way as the following. 
Express the given operation in terms of logical sum and negation. The 
manner of its dependence on logical sum and negation is one of the formal 
properties of the operation. The other operation, supposed to have the 
same formal properties, must be capable of being expressed in the same 
way in terms of an operation having the same formal properties as logical 
sum. It easily follows that the second expression is a transform of the 
first, and hence also the second operation is a transform of the first. 

The question naturally arises, when is the transformed operation the 
same as the original one? It is evident that A, —(KA,+ K’B,) for all 
values of K when and only when A, = By. 

Hence we have the 

THEOREM VII. The only wnique operations of the algebra are those in 
whose complete expansion the coefficient of any term is the negative of the 
coefficient of the conjugate term. 
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Let us see which of the simpler operations are unique. Of those in 
one variable, only the transforming operations themselves, of the form 
Ax-+ A’z’, are invariant. In fact they form an Abelian group, and of 
course all elements in such a group are self-conjugate or invariant. The 
negation is included in the set, and is therefore unique. 

The unique dyadic operations are of the form Aab+ Bab’+ Ba’b+A'a'd’. 
They do not seem to be so important as we might have expected. Those 
of the form ab+ Bab'+ Ba'b are particularly interesting. Such an 
operation may be written Ba+B’b; in other words it is the general 
function of one variable (8B), considered as a function of the two coefficients. 
These latter operations also have the peculiar property that any dyadic. 
Boolean operation is distributive with respect to them. An attempt to 
eliminate the parameters A and B by giving them the special values 
1 or O or making them equals or negatives reduces the operation to a 
trivial one. 

However, among the triadic operations we get some very important 
new results. We can get rid of the coefficients in the general form by 
giving them the values 1 or 0. The only unique triadic operations without 
parameters and which are symmetric in the three variables are the following: 


(i) abe +a’be +ad'c +abe’, 
fii) abe +abl'é+abe+a''c, 
iii) abe +abd'e+a'beé+a'l'c, 
(iv) ab'ec+a’be+ab'c +abc. 


Here (i) and (ii) correspond to our generalizations of logical sum and 
rejection, which are negatives, and (iii) and (iv) to those of equivalence 
and non-equivalence. For instance, the operation which we called the 
generalization of logical sum was ab+ Aab’+Aa’'b. If we let c =: A 
this becomes (i) above, namely abc+a’bc+ab’c+abc, when written in 
the completely expanded form. This is an accord with the interesting 
observation we made before that the operation is symmetric in a, b, and A. 

There are six non-symmetric operations on three variables without 
parameters, which we can get by substituting a’ for a, b' for b, or ¢ 
for c in (i) or (ii). These correspond to implication, logical product, and 
so forth. For example, the operation ab’c+a’bc+a'b’c+a'b'c corre- 
sponds to a’+b’ with c as parameter, or to b’c with a as parameter. 
Replacing a variable by its negative in (iii) changes the operation into 
(iv), and vice versa. Of course, changing two variables thus, leaves (iii) 
and (iv) unchanged. 
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Operation (i), which I will call triadic sum, can be read “At least two 
of the three propositions a, 6, and c are true,” and its negative (ii), 
triadic rejection, “at least two are false.” Or if an interpretation in terms 
of sets is desired, the triadic addition can be read “that which is common 
to at least two of the sets a, b, and c.” I have written the operations 
above in the standard form, where there is no overlapping between terms, 
but perhaps simpler expressions would be 


ab+ac+ be for triadic sum, 
and 
a'b'4-a'c +0'c for triadic rejection. 


I shall now give a postulate system for Boolean algebras which will 
concern a class K of elements and a triadic operation F relating them, 
to be thought of as triadic rejection. 


. F(a, b,c) is in K whenever a, b, and c are in K. 

. F (a,b,c) = F(b, a,c) whenever a, b, and ¢ are in K. 
. F(a,b,c) = F (b,c, a) whenever a, b, and ¢ are in K. 
. F(a, a,b) = F(a, a,c) for all values of a, b, and c. 
Definition I F(a, a,b) = a’. 

(a’’ = a for all values of a. 

Definition II [F'(a, b, d]’ = S (a, b, c,). 

S(a,a’,b) = b for all values of a and b. 

S (a, [S(b, ¢, d)], d) = S[S(a, b, a), S(a, ¢, d), @’]. 

There are at least two elements x and y in K such that x + y. 
F(a, b,c) = S{S[a’, S(b’, ¢, V), A], SO’, ¢, A), V}. 


or — Oo DD 


PONS 


It is easy to see that S(a,b,V) and S(a,b,A) satisfy Huntington’s 
postulates given above if substituted for a+b and ab, if V = WA. 
Postulate 7 is the distributive law. I have no doubt that a set of less 
than nine postulates for triadic rejection could be found. 

I shall not discuss the subject of unique operations in four or more 
variables, although it is no doubt a very interesting subject. 

One of the important applications of Boolean algebra is to the theory 
of sets. The subsets of a given set have the properties of the elements 
of a Boolean algebra. All finite Boolean algebras may be interpreted in 
this way, and thus we see that the number of elements, if finite, must 
be of the form 2", where m is some integer. 

An important idea in set theory is that of relativity, where certain 
properties of sets are defined with respect to some arbitrary set instead 
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of the fundamental space. The foregoing results applied to the theory 
of sets lead to a different relativity principle, in which the logical sum 
and logical product of two sets is relative to some arbitrary set. This 
relative logical sum of two sets with respect to set A is the set of 
elements common to the two sets plus those elements of A which are in 
only one of the two sets. A’ then has the properties of the null set. 
This leads to a generalization of the relation of subset. In fact, a is 
a subset of b relative to A when and only when’ Aab’+ A’a’b = 0. 
This relation has the properties of the subset relation, such as transitivity 
and the existence of an all-inclusive element and an all-included element 
analogous to the universal and null sets. 

Since A and a occur symmetrically in the definition of relative subset, 
we get the result that if a is a subset of b with respect to c, then c is 
a subset of 6 with respect to a. This suggests that the triadic relation 
abc’ +a’'b’c = 0 is an important one. In fact, Wiener has shown that 
it is an invariant relation, which has the formal properties of a relation 
studied by Kempe which may be read “c is between a and b.” It should 
be pointed out that there is a great difference between invariant operations 
and invariant relations. Wiener has given the necessary and sufficient 
condition that a relation be unique or invariant. This condition is that 
the coefficients of conjugate terms of the completely expanded form of 
the operation occuring in the equation defining the relation be equal. It 
will be remembered that for unique operations the conjugate coefficients 
must be negatives. 

It is the existence of unit sets that causes the chief formal difference 
between the theory of sets and Boolean algebras. A unit set has the 
property that its logical product. with any other set is either itself or the 
null set; in other words, for all values of B it is included in either B 
or B’. An infinite Boolean algebra need contain no such unit elements 
with these properties. An interesting example of such a Boolean algebra 
whose elements cannot be interpreted as the subsets of a set is the 
following. Suppose that the atomic theory is false and that matter is 
infinitely subdivisible. Then the set of all subaggregations of matter 
in the universe forms a Boolean algebra for the usual interpretation of 
logical sum, logical product and negation or complement. There is nothing 
here corresponding to unit set, as a point is not an aggregation of matter. 
It is understood that the null aggregation is included in the algebra. 

For our generalization of subset, the unit elements are not unit sets. 
For instance, if (a) is a unit set, then the “unit element” with respect 
to A corresponding to (a) is A’-+-(a) if (a) isin A, or A’—(a) if (a) is in A’. 
I am using element here to mean set; it has no reference to the members 
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of the sets, whose existence is not referred to in the postulates. The 
distinction between the relation of inclusion which subsists between classes 
and the relation of membership in a class is a familiar one which is 
emphasised by Whitehead and Russell. 

The applications to the symbolic logic of the Principia Mathematica of 
Whitehead and Russell seem less important. It is understood that the 
elements of this logic are propositions. If we consider their system up 
to the introduction of propositional functions, which will not concern us, 
the chief peculiarity of the logic is the ,,assertion.“ “+ p,” p is asserted, 
corresponds to the statement p = 1, or p’ = 0 in Boolean logic. In this 
way Whitehead and Russell avoid the use of the Boolean constants 1 and 0. 
There is, however, no method of denying an assertion, and there is nothing 
corresponding to the “inequation” p +0 of the Boolean logic. 

As a result, although there is an analogue in the system of the Principia 
of the Boolean universal statement ab’ = 0 (all a is b), there is no analogue 
of the particular statement ab + 0 (some ais b, or some } is a). That is 
why Whitehead and Russell say that their elementary propositions do not 
contain any indefinite terms, and why they introduce propositional functions, 
where the indefinite terms are made explicit. 

The generalization of logical sum, p V g, can be written (p-g) V(p-k) V (q-k). 
We have the result that if we substitute this expression for pV q and also 
substitute for / p the proposition -(p = k), leaving negation unchanged, 
the elementary postulates of Whitehead and Russell’s logic are satisfied, 
k being an arbitrary proposition. 

If a relation between variables is not invariant, there is a corresponding 
relation in »+1 variables which is. This may be derived as follows. 
Suppose the relation to be expressed in this form: 


A; abe--- +B, a’b’c’ ...+---+A,abe’---+ B,a’b’c--.+--. = 0, 


The operation forming the left member of this equation may be genera- 
lized by Theorem VI, according to which the general term has its coefficient 
A, replaced by kA,+kB’,. If we set this generalized operation equal 
to k’, which corresponds to 0 in the new system, and reduce to the standard 
form we get the new relation 


A(kabe---+ k’a'b'c’---)4+ BB, (Kabe+ka'b'c’..-)+.--. = 0. 


This relation has the properties of the old relation, and if we consider k 
a variable, it is invariant. By this method we can derive the between 
relation, a’bc-+ab’c’ = 0, from the inclusion relation, a’b = 0. 
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A PROOF OF PETERSEN’S THEOREM 


By Orrin Frink gr. 


By a regular linear graph of the third degree we mean a network of 
lines (1-cells) and points (0-cells or vertices) such that there are exactly 
three 1-cells meeting at every vertex. The number of vertices is called 
the order of the graph. A regular graph is said to be primitive if it 
cannot be obtained by superposing two regular graphs of the same order 
but of lower degree. Sylvester gave an example of a primitive graph of 
the third degree, but it contained three leaves. Petersen’s theorem states 
that every primitive third degree graph has three or more leaves. By a 
leaf we mean a portion of the graph which is connected to the rest of 
the graph only by a single 1-cell, and no proper part of which has this 
property. 

Petersen’s proof* has been simplified by Brahanat and Errera.t The 
present proof is intended to be still simpler and to involve simpler notions. 
The method used is to consider first graphs without leaves and show that 
these are factorable (that is, not primitive). The proof is by induction, 
no shrinking or counting processes being used. A connected regular graph 
of the third degree without leaves will be called a simple graph. It is 
easy to see that a connected third degree graph is simple when and only 
when every 1-cell is on a closed circuit. 

THEOREM I. Given a simple 
graph of order greater than 
two, we can always obtain ise 2 
Srom it a simple graph of lower 
order by removing any 1-cell 
and properly joining the four 
incident 1-cells in pairs. x 1-3} [2-4 

Thus in fig. 1 delete x and 
join 1 to 3 and 2 to 4 ob- 
taining fig. 2. The result will 3 ‘Ne 
be a simple graph unless the 
part of the graph containing 
1-3 is connected to that con- 
taining 2-4 by a single 1-cell or 





Fig. 1. Fig. 2. 





* Acta Math., vol. 15 (1891), pp. 193-220. 
t Annals of M-th., vol. 19 (1917), pp. 59-63. 
t Dissertation, Brussels, 1921. 
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not at all. If this is the case there must be in the original graph a path from 
1 to 3 and a path from 2 to 4. For example, if there were no path from 
1 to 3 then either 1 or 3 wonld be the stem of a leaf, or an “isthmus”. Then 
I say that if we delete x and join 1 to 4 instead and 2 to 3 we obtain 
a simple graph. To prove this it is sufficient to show that all the closed 
circuits that were disturbed by the deletion, that is, those through 1-cellis 
1,2,3 and 4 have been replaced by new ones. The circuits through 
1 and 3 have been lengthened, the 1-cell x having been replaced by the 
path we proved to exist from 2 to 4. The same is true of the circuits 
through 2 and 4, As for circuits through 1 and 2, if the first deletion 
disconnected the graph these must also contain 3 and 4 and hence have 
not been disturbed. If the first deletion resulted in an isthmus however, 
a circuit through 1 and 2 need not contain 3 and 4 if it contains the 
isthmus. In this case there are two new circuits, joining 1-3 and 2-4 
to the isthmus, one of which will do the work of the original circuit 
through 1 and 2. The same argument applies in the case of circuits 
through 3 and 4. The circuits through 1 and 4 and through 2 and 3 
have not been disturbed. 

It is unfortunate that such a trivial and obvious theorem should require 
such a long proof. It is to be noted that the argument holds even if a 
pair of the 1-cells 1, 2, 3 and 4 are identical or incident at another vertex. 
If a third degree graph is not primitive, it is said to be factorable, and 
the first and second degree graphs into which it can be decomposed are 
called its factors. If the 1—cells of the first degree factor are colored red 
and those of the second degree factor blue, there will be two blue lines 
and one red line at every vertex. The graph is then said to be colored. 
If there exists in a colored graph a closed path consisting of an even 
number of 1-cells colored alternately red and blue we can interchange 
colors along this path and obtain a new coloration and hence a new 
factorization of the graph. 

THEOREM II. Every 1-cell of a colored simple graph is on a closed red- 
blue path and hence can have its color changed. 

Suppose the theorem were false, then there would exist a colored simple 
graph of lowest order containing a blue 1-cell, say x, not on any closed 
red-blue path. Take a blue 1-cell adjacent to z, say y, and delete the 
red 1-cell incident with its other end joining loose ends according to 
Theorem I to obtain a simple graph of lower order. In the new graph 
which is also colored, there must exist a closed red-blue path through z. 
But this same path must exist in the original graph, because it is not 
disturbed by restoring the deleted 1-cell. It is possible that a closed 
red-blue path containing y might be disturbed by this restoration, but x 


















A PROOF OF PETERSEN'S THEOREM. 498 


and y, being adjacent blue 1-cells, cannot be on the same red—blue path. 
Thus we obtain a contradiction. For a graph of order two Theorem I 
would not apply, but the conclusion is then obvious. 

THEOREM III. Every simple graph is colorable. 

If the theorem were false there would exist a non-colorable simple graph 
of lowest order. Lower its order according to Theorem! and color it. 
Three cases arise. Case I. If both new 1-cells are colored blue, restore 
the deleted 1-cell colored red. Case IJ. If one is colored blue and the 
other red, restore the deleted 1--cell colored blue. In either case we have 
a coloration of the original graph contrary to assumption. Case III. If 
both new 1-cells are colored red, change the color of one of them according 
to Theorem II. If this changes the color of the other also we have Case I, 
if not, Case I]. For a graph of order two the theorem is obvious. This 
proves the theorem. 

THEOREM IV (Petersen’s Theorem). <A regular graph of the third degree 
with fewer than three leaves is colorable. 

We have shown that a simple graph is colorable. A graph with one 
leaf is impossible. To color one with two leaves, join the leaves by a 
new 1-cell. The resulting graph is simple and may be colored. If the 
new 1-cell is colored red, delete it. If it is colored blue, change its 
color according to Theorem II and then delete it. This restores the original 
graph, which is now colored. 
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GEOMETRY OF A SET OF n FUNCTIONS.* 


By Louis InNGo3p. 


1. Introduction. In the paper Functional Differential Geometry? the 
author has considered a geometry based in a certain way on a function 


tla; w, wv, ---,u") of an independent variable x and the parameters 


uw (A = 1,2,-+-,). In this treatment the function J was considered to be 
analoguus to a vector from an arbitrary origin to points of the space 
under consideration. The variables u* were regarded as the codrdinates 
of this space. 

In the actual development the function / itself played almost no part. 
The functions f; (= df/du4, 4 = 1, 2, ---,m) really served as the basis of 
the geometry. These functions were interpreted as the tangent vectors 
to the parameter curves of the space, with the curvilinear codrdinates u/. 
The geometry may be regarded as a geometry of a set of vectors of 
a very special type in which the fundamental vectors or functions, (the /,) 
are all partial derivatives of the same function f with respect to the 
coérdinates, 

The present paper contains a generalization of these ideas. 

1. The fundamental functions (denoted by 6;) selected for the basis of 
the geometry are not necessarily the partial derivatives of one and the 
same function with respect to the codrdinates. 

2. The number of the codrdinates wv’ is not necessarily the same as the 
number of the fundamental functions 4;. 

3. The space of the fundamental vectors and the space of the parameters 
are (except in special applications) regarded as independent of each other. 

The generalization 2. is especially desirable as it permits the study, 
from the same point of view, of a given vector space and of the enlarged 
vector spaces obtained by adjoining other vectors to the original fundamental 
system; for example we may adjoin the derivatives of the original vectors 
6; with respect to the codrdinates. 

Various interpretations of the theory are possible but in the following 
pages the geometric language employed is based chiefly on the inter- 
pretation given below. 





* Presented to the American Mathematical Society April 10, 1925. This paper also 
includes the main portions of “Extensions of the formulae of Gauss and Codazzi” 
presented to the Society February 28, 1925. 

+ Trans. Amer. Math. Soc., vol. 13 (1912), pp. 319-341. 
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Each function 6; (x; u,---,w™”) is interpreted as a vector field associated 
with the points of a manifold with the codrdinates u',---u™. This 
manifold is referred to as the parameter space Sm. To emphasize this 
analogy we continually refer to functions of x and the parameters u* 
indifferently as functions or vectors. 

The » functions 6; taken together represent a set of m vectors asso- 
ciated with the points of the parameter space S». From this point of 
view the theory may be regarded as a generalization of the theory of the 
moving trihedral which has been so successfully employed by French 
geometers. 

It need not be supposed that the vectors represented by the functions 
6; are tangent to the parameter curves of the manifold S,; in fact this 
would not be possible unless the functions 6; satisfied certain conditions. 

The parameter space may be dispensed with altogether, that is, we may 
suppose that the vectors represented by the functions 6; are rotated about 
a fixed origin as the parameters wu’ vary. The parameters are then 
merely parameters of displacement. 

The vectors 6; and all linear combinations of them whose coefficients 
are functions of the codrdinates xu’ only, (i.e. independent of x) will be 
said to belong to the vector space V,. The paper is chiefly concerned 
with the space V,. 

The relations among the vectors 6; are expressed by means of certain 
functions of the codrdinates obtained by a process analogous to scalar 
multiplication. The same process is used to study the relations between 
the vectors 6; and the vectors 6,4 — 2 6;/@u* which in general are not 
supposed to be linearly expressible in terms of the 6;. 

The modifications that arise when a set* of functions y; = a 0;(¢ = 1, 
2, ---, m) are used as basis, are studied and necessary conditions are 
obtained that the space V, be a linear space. 

The earlier portion of the paper is based on a former paper, Displacements 
in a Function Space, the detailed ‘results of which are contained in the 
abstract in the Bulletin of the American Mathematical Society, vol. 18 
(1911-1912), pp. 272-273. 

The paper considers not only the space V, of the vectors 6; but also 
the larger spaces obtained by adjoining the first and higher partial 
derivatives of the 6; with respect to the codrdinates. The necessary 
conditions that any of these enlarged spaces be linear are expressed by 





* We adopt the convenient custom of omitting the sign of summation 2 when the 
index of summation occurs twice in the sample term of the sum; once as a subscript and 
once as a superscript. Latin indices, referring to the vector system @ are supposed to 
run from 1 to m and Greek indices, referring to the coérdinates, wu’, run from 1 to m. 
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equations which may be regarded as generalizations of the formulas of 
Gauss and Codazzi. 

Conditions altogether similar to those just mentioned are obtained as 
the necessary and sufficient conditions that a linear vector space Vy 
exists whose fundamental functions 6; satisfy a certain given system of 
linear partial differential equations. This result is a very general form 
of the fundamental theorem of differential geometry. 

A number of special cases are introduced in order to illustrate the 
general theory. 

2. The fundamental vectors. We consider a set of n functions 
6:, +++, 0, of the variable x and the parameters u', ---, u™. These 
functions and their derivatives with respect to the parameters u are 
supposed to be defined for the variable x on the interval 0 < x <1, and 
for a given region of the parameter space. 

The integral from 0 to 1 with respect to x of the product of two 
functions 9, wW, will be taken to represent the scalar product of the 
corresponding pair of vectors. This integral will be written simply as a 
product: 


1 
(1) [iovae = gy. 


For fixed values of the codérdinates the @’s can be regarded as a system 
of m independent vectors in a euclidean n-space at the point u. The 
scalar products of the vectors 6; in pairs form a set of quantities that 
we shall call the first fundamental quantities. We write, 


(2) 0:6; = gi 


and assume that g = |gj| does not vanish at points of the parameter 
manifold under consideration. 

In terms of these products the magnitudes of the vectors 6; and the 
angle yy between the pairs of vectors 6;, 6; can be defined in the usual 
manner by the formulas 


(3) magnitude of 6; = V Gii; cos yy = VnVa’ 
i 


The fundamental quantities are used, not to define distance between 
points in the parameter space, but to define magnitude and relative 
direction in the vector space Vp. 

3. The derivatives 6,, : normals to V,. It is evident that the de- 


rivatives 26;/du* will be linearly expressible in terms of the 6; only in 
very special cases. We are able, however, by means of the process of 
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scalar multiplication (defined by integration as in § 2) to define the components 
of these quantities which lie in V, and also to define the normal components. 
By a normal to V, we mean any function w(z7;w', u®,---,u™) such that 


[ora == 0, 
We write 
00; 


= nee 
(4) gi = oe 0 + Nia, 


where the coefficients I; * are functions of the codrdinates u and the 


N;, are functions of x and the parameters u’ which represent normal 
vectors to the space V,. 
If we form the products (i.e. the integrated products) of both sides of 
(4) by 6, we obtain 
00; 


ae fe 
(5) i 9 = Vig grr’ 


We denote the left hand side 7Z;,,.* The solutions of these equations for 
the quantities I',," are given by 


(6) rj = 97"T,,, 


where gg is the cofactor of gxy in the determinant | gp,|. 

If the number of variables u* is equal to m and if the 6; are the de- 
rivatives of some function @ with respect to the u‘, the quantities 7;,, 
are expressible in terms of the derivatives of the quantities gj, but in 
general this is not possible. One set of relations, however, is easily 
obtained; from 6;6; = gi follows by differentiation, 


00; 00; O94 
(7) —4- +0,—+ = 9 
aut * aut aut : 


Ou 








rs) ee 
Paty = ot 


When the quantities ;, are known, the coefficients of the 6, on the 
right in equation (4) are known and these determine the projections of 
the vectors 6;, in the space V,. These quantities do not determine the 
normals N;). 

The normals depending on the fundamental functions 0; and on their 
first derivatives will be called the first normals to the space V,. There 
are, in general, mn independent first normals. In case the functions 6; are 
the derivatives with respect to the parameters of some function 6 there 





*These quantities were called rotations of the vector system 6; in the paper “Dis- 
placements in a Function Space”. See abstract, loc. cit. 
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are in general »(n-+1)/2 independent first normals, but this number will 
be further reduced if there exist linear relations between the derivatives 
of the functions 6;. 

The quantities gj have no necessary connection with the metric of the 
parameter manifold. If m = mn this metric may be introduced by means 
of the differential form 
(8) : ds? = gi; du' du/, 


The quantities r,; may then be used as the basis of the definition of 
covariant differentiation so that if g* are the components of any contra- 
variant vector 


dq* ’ 
(9) q = ag ting: 


4. Transformation of the fundamental functions. There are 
certain features of the geometry of a set of functions 6; which will not 
be changed by a change to the new basis g; given by the formulas 


(10) gi = ah 6; 


where the coefficients a are functions of the codrdinates uw’. For example, 
any first normal to the original space will also be a first normal to the 
space determined by the new fundamental functions. 

We may look upon equations (10) as defining a displacement (not 
necessarily rigid) of the vector system 6; in the space V,. The connections 
between the formulas corresponding to the two sets of fundamental vectors 
will now be obtained. 

Quantities corresponding to the quantities gy, Ij,, etc. are defined as 
follows: 


80; ia a oA phi ail 
(11) gigi = hy, |hy| = 4h, wr =Ty, h”™ ry = 17,,", 


where hh/™ is the cofactor of hjm in the determinant |hjm'. In addition 
we shall make use of the quantities p» defined by 


(12) PiOk = Pik 


When the quantities px are known the transformation (10) is known and 
conversely. 
The following formulas are readily obtained, 
(13) 919% = px = alge = Abhi, 
ak = prrg”, Ak = pre h”, 
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where |a;| Ai is the cofactor of aj in the determinant |aj|. When the 
transformation a} is the identical transformation we evidently have 





(i) 2: al = di, pik = gin = Ine 





For the new quantities Ti we have by definition 
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Similarly for the new quantities F,," we have by formula (6) ‘ 


Fr," = him Ty 
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but 
C aj = preg”, = aj = him py gt = Ag. 
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which is the formula desired. ; 

5. Relation to affine geometry. If m=, the quantities I have 
similar properties to the coefficients of affine connection employed by Weyl 
and by Eisenhart and Veblen* in their treatment of affine geometry. In 
a recent paper? the author has used formula (16) to define a transformation 
from one affine geometry to another. The Iz were assumed to be symmetric 















*H. Weyl, Raum, Zeit und Materie; Eisenhart and Veblen, The Riemann Geometry 
and its generalisations, Proc. Nat. Acad. Sci., vol. 8 (1922), pp. 19-23. 
t Associated types of linear connection, Proc. Nat. Acad. Sci., vol. 11 (1925), pp. 252-256. 


















500 L. INGOLD. 


in i and 4, but most of the results are valid without this assumption. The 
result of § 4 suggests one possible interpretation of that transformation 
and indicates a generalization to cases in which m + n. 

In the paper just .referred to it is shown that the resultant of two 
transformations of the type (16) associated with two matrices || a} ||, || bj’ 
is again a transformation of the same type associated with the resultant 
of these two matrices. The same result evidently holds in the case m +n 
considered in the present paper. 

After transposing, multiplying through by a’, and summing on the index m, 
formula (16) becomes 

0 ay rae 


(17) Dur = dn id " — a4 53" ° 


If we suppose the quantities ,j and 7," to be known, equations (17) 


may be regarded as differential equations in the a’s. The integrability 
conditions may be written 


TOT ma” me 

wii +r r* 
L Ou aut mi “<8 
; [OF ed Ate 


a7) 
L Ou aut + 7, mm 














or also 
(18) ais | Ry — am Brig . 


The set of quantities Ray play the same role in the present paper as 
the components of the curvature tensor in the case m =n. We shall call 
them the curvature components of the vector system 6;. The usual processes 
used in tensor analysis may also be employed here. 

Equations (18) may be solved either for the Riu or for the ua, The 
solutions are, 


(19) Ru’ eee At dim as. Rnd ied An as Ray 


where the Greek indices take on the values from 1 to m while the Latin 
indices take on the values from 1 to n. 

6. Invariant relations. From equations (18) a number of savarinet tg 
tions may be obtained connecting the curvature components R; aye and R; “ag 
For given values of « and 4 these may be regarded as a system of n? 
homogeneous equations in the n* quantities aj. It follows that for values 
of the a/ which are not all zero the determinant of the coefficients must 
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vanish.* The equations thus obtained connecting the curvature components 
have the same form for all possible transformations (10). The relations 
are therefore invariant with respect to these transformations. There are 
m(m—1)/2 of these invariant relations. 

We also obtain a set of invariants from equations (19) by placing 
s = m and taking the sum for the index m. The equations become 


showing that the sets of quantities R,,,," are invariant. 

Relations equivalent to equations (18) may be obtained by using the 
quantities p,, instead of the a/. It will be recalled that either set may 
be used to define the transformation (10). From the definition of the pix 


0 Pik 8 Ox 0 Yi 6 O% j Og 
+ = 9 0. —— = ale + Ay 

aut , au aut ry aut ” aut 
= pir J) Tyg + pra h® Piya = pir Vig’ + pa Ty". 


The integrability conditions of this system of equations in px are 


(20) pir Rr + prk Rint == 0, 


It is interesting to note that, when the transformation a/ is the identical 
transformation, the quantities px — gx = hx and equations (20) reduce to 


(21) | Gir Rea, + 9x Rage = 0. 


7. Conditions for a linear space. If the functions 6; can be 


expressed in the form 
(22) 0; = Ate;(2) (|4i| + 0) 


where the functions e(x) are independent of the parameters u and the 
coefficients A} are independent of z, we shall call the space V, a linear space. 





* For example, in the case » = 2 we have the relation 
Ey, a ay Boy Bue 0 
—Buy By — Boe 0 Ruy 
Bay 0 Baie — Bye — Bai 
0 Baye a Ru. ye Bu 
This relation between the R’s and the K’s is independent of the transformation. 


1 
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Necessary conditions that V, be a linear space are easily obtained from 
equations (19); for in a linear space we take the functions e as the new 
fundamental functions g; of § 4. The quantities T,,’ are then all equal to 


zero. It follows that the curvature components Rray all vanish and 


therefore by equations (19) the curvature components R,,,, of the original 
system 6; must also vanish. Hence, 

In order that the space Vn be linear it is necessary that the curvature 
components Rj," should all vanish. 

8. Normal extensions of V,,. If the functions 6; , are not expressible 
linearly in terms of the 6;, at least all can be expressed in terms of the 
6; and a certain set 4; ,, % ay ++, %,2,. We adjoin these additional 
functions to the set 6; and denote them by On41, Oni2, ---, Onn We 
also suppose the set 61, ---, On4% to be linearly independent. 

The enlarged space Vy;x based on the linearly independent set of 
functions 6,, ---, On4x% Wwe shall call the first normal extension of Vn. 

The first normal extension of Vy+x will be called, the second normal 
extension of Vn, and so on. 

It is clear that if a vector space Vn be linear, it coincides with its 
first normal extension. We also clearly have the following corollary to 
the theorem of § 7. 

In order that Vn+x, the first normal extension of Vn, be a linear space 
it is necessary that the curvature components R;,,;, determined by the set of 
Junctions @;, +--+, Onn, should all vanish. 

9. A special case. Before proceeding further we consider the special 
case in which m = 2, n = 2; we denote the parameters by wu and »v. 
It will be convenient (and it is always possible) to select the original 
system of functions so that 6,0, = 1, 0:4, = 1, 0,4, = 0. We denote 


00 r) 
Os as = Fix, by p, and a = Tix2 by pr. 


It is clear from the way in which the 6; are chosen tat 


1 


Tinn = Vig = Teo = Toee = 0. Kia = —Tan = Pr, 


Ty22 = —T a3 = Pe. 


Without loss of generality* we may suppose that the gi of equations 
(10) satisfy the equations 9,9, — 9:9: = 1. The product 9,9, will be 
denoted by 7; 7 is the cosine of the angle between , and 9». 





*If transformations of this type are followed by transformations which alter the lengths 
of the fundamental vectors the formulas obtained below will contain the ratio of these 
lengths but this ratio eliminates along with the a’s so that the invariant relation R? = P” 
holds for the general class of transformations. 
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The following notations will be used for the I'y,; 


fia = 1, lies = G2, In = qf, Tn = q:. 
From 9,9: = 1 we have 


. al ‘ a 
atn=- >> gto = = 


and by means of these equations gi and g; may be eliminated. 
By an easy computation equations (18) reduce to 


R 1 R 








Pa; = Wa @ Pa = Var 
R R 
Pa; = War Pa; = Var 
where 
— opr _ ps ae a et Ma 
Dg gen BV. eee 


Elimination of the a’s leads to the invariant relation 
r= *, 


Since P contains only the quantities p, and ps, belonging to the system 
6;, and F& contains only the quantities g,, g. and /, belonging to the system 
yi, it follows that R is an invariant. 

If the space V, is linear, R = 0 but the following example shows that 
the converse is not true in general. 

Let w(x;v) be any function satisfying the condition 











oy ow _y 
dv dv 
and take ‘ 
_ by Res r aw aw 
, = Ov? 6, = Veter [ate or | 
where 
t. a*y ay 
rr av? av’ 


It will be found that the invariant R vanishes but the function ~ can 
be chosen so that V, is not linear. 
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We mention in passing that if 6, and 6, are tangent vectors to the 
parameter curves of a two dimensional surface, the invariant R equals 
the Gaussian curvature multiplied by V EG(1—/). 

10. Spaces with a single first normal. It is clear that we may 
always select a normed orthogonal set of functions as the basis functions 6;. 
This choice will not affect the vectors which belong to the space V, or 
any of its normal extensions. 

It will be convenient to use such a system to study the first normal 
extension of a given space. We shall first consider a special case; namely, 
the case in which V,+, contains only one additional function. 

We assume, then, that the derivatives of the 9 are all expressible in 
terms of the 6; and one additional function 6,4: orthogonal to each of 
the 6; We may also assume that 0,4: is normed; i. @., @n41 On41 = 1. 

Since we have assumed the 6; to be normed and mutually orthogonal, 
we have 

; 1, (@=y), 
tie AE eee 
sah ld ‘ i +9), 


where now 7 and j run from 1 to n+1. 
Equations (4) may now be written 


0 0; 


(24) yt = La Ont Tia* 6x. 


Equations (6) reduce to Tia* Ta, and by equations (7) 
Tyg = —Tea, = Ta = — Ty’. 
It is easily seen that the 7, and the I’ have the same values for the 


new set as for the original set when 7 and r are different from n+1, 
but for the new set we have the additional quantities 


+1 


: ; 
Fintids Pniiia, Pntintia, ra", Tatil; Ta” 


If we multiply both sides of (24) by @n4: we obtain 
Tintia = La and therefore Mnyita = — La, Ta” =La, Mais’ = — La. 
Finally, since 6n41 On41 = 1, we have Insintiy = Tats 4"t? = 0, 

With these results we are able to compare the curvature components 
of the system 6,,---, 6, with those of the system 01,---, On, @nii. We 
write the new curvature components in parentheses, (2; in 
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From the definition of these quantities we have 


(25) (Riin’) ~~ Rian’ + Lip Ly —Ly Den; G+n+1,s¢n+ 1), 


0 Dg, 0 Lon 
(26) (Ratiap ) oy Same 9 ult + aut 
OL «=«O0OL 
OUP ae = § t Lry Ema’ — Ly, Emu « 





+ Ly rn — Lyy oe 





(27). - (Ru) = 


If Vni1 is a linear space, these must ail vanish. The equations resulting 
in this way from (26) and (27) are the same and may be regarded as 
a form of the Codazzi relations, while (25) gives a form of the Gauss 


relation.* 
11. Curvature components of subspaces.t The formulas of the 


previous article may be generalized in the following manner. We may 
divide the set of functions 6,,---, 0, into two sets which may be denoted 
by 6,,--++,6, and 6;,---, >. The fundamental functions of the space V,, 
are thus obtained by combining the fundamental functions of two spaces Vp 
and V, where p+q =n. 

The curvature components of the entire space V, will be indicated by R’s 
in parentheses. These components are divided into the following four classes 


(By au)y Bray's (Byay?s (Begs 


where the unmarked indices refer to the p dimensional space V, determined 
by the functions 6:,---, 6, and the indices with the stroke over them refer 


to the q dimensional space V, determined by the functions 6, -- -, 6-. 


We use the notation I,° and Ray® to denote quantities belonging to the 
space V,, while rs and Rz,° denote quantities belonging to V,. It is 
evident that the quantities I," and re belong also to the space V,. The 
remaining I’’s belonging to V, will be denoted by T;," and ae 

We have immediately from the definition of the (2)’s the following formulas 


(25') (Bean) = Buy? tT a! Te —Tin Tea’ 





* See the paper Functional Differential Geometry, loc. cit., p. 341, equations (22) and (23). 
It is to be observed that the present discussion is more generai than the former since it 
is not assumed that 00,/Ou/ = 06,/0u‘. The assumption that V.+: is linear was not made 
in the former paper and is not really necessary here since by equating the two values 
of 076;/Ou/ Ou* the argument could proceed as in the paper just cited. 

ft Added June 5, 1926. 
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8 8 
26’) (R a ia tre_p tp tart pe 
(26) ( tap 7? 3 ent i + Kin tu “ip “ta + id “tp 


ul” ou a 
ae ee 
—Vin, Ty, 





8 
ar, ar 
du" 





27’) (B,,,") = in tar fa th Ce 
a8 
“fan r;,", 


25") (Ry?) = 


If the space V, is regarded as the original space and V,, is the normal 
extension these formulas are generalizations of the equations of Gauss and 
Codazzi. The spaces V, and V, may, however, be regarded as any two 
spaces whose fundamental functions are independent. 

In the case of Riemannian spaces immersed in higher euclidean space 
the second and higher fundamental quantities may usually be looked upon 
as belonging to an extended system of I’s for the containing space. 

12. Vector differential equations. If the space V,, is linear, equations (4) 


may be written 
06; 


— ik . 
(28) ; Shea Vin Ox; 


for the derivatives 36;/@u* by equations (22) may be computed in terms 
of the 6;. 

By substituting the values of 6; from (22) in (28) it is found that the 
coefficients Aj must satisfy the equations 


9 At ? 
(29) oa = Ta" Ai; 


that is, the system of coefficients Aj for each value of the index j satisfies 
the same differential equations as the set of vectors 6;. 

On the other hand, if the differential equations (28) for the vectors 6; 
are given we may at once write down equations (29). The necessary and 
sufficient conditions that these equations have a system of solutions Ai, 
for a fixed value of j, reducing to preassigned values (Aj)° for given values 
(u*)° of the parameters is that the curvature components Baie all vanish. 

It is possible to find different systems of solutions Aj, one system of 
quantities for each value of 7, and these may be selected in such a way 
that the determinant | A;| does not vanish; for example they may be 
taken to be the systems of solutions that reduce to 
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i Osa @ 
0 1 0 
00 -. 1 


when the parameters take on the values (u*)°. 

The system A; just found may be used with any linearly independent 
set of functions e;(x) to set up the functions 6; of equations (22). The 
functions so constructed will satisfy equations (28). It follows, therefore, 
that 

The necessary and sufficient condition that there exists a linear space Vn 
with fundamental functions 6; satisfying the differential equations (28) is 
that the curvature components Rj,’ all vanish. 

The quantities 9 belonging to a system of solutions of (28) will depend 
on the particular system of solutions chosen, but for any given set 6; they 
will satisfy equations (6) and (7) of §3. Equations (7) may be reduced 
by means of (28) to the form 


ra] > 
Pa* guj t+ Tp" gee = ait 


The complete integrability of this system of equations for the quantities 
gy follows from the integrability of equations (28). 

It is clear that the result of this section depends in no way upon 
the source of the coefficients I in equations (28) and is therefore applicable 
to any space when the coefficients of affine connection are given. 

The theorem serves to unify the various special branches of differential 
geometry, and in particular, makes evident the intimate relation between 
the integrability conditions in projective differential geometry and the 
usual conditions of Gauss and Codazzi. 

13. Differential geometry. As has been stated, the usual differential 
geometry of m dimensions is a special case of the more general theory 
which precedes. The principal special assumption for this case is that 
there exists in the vector space Vn a set of vectors f; which are the 
partial derivatives, with respect to the parameters, of some function or 
vector f. This, of course, does not preclude the use of other sets 9; given 
by the transformation (10) but the set /;, when it exists, is obviously the 
most convenient for many purposes. 

The spaces may be studied by means of differential equations but for 
the function f the equations analogous to (28) become second order 
differential equations. 
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The differential equations of projective differential geometry will serve 
as an illustration. These may be written * 


i SEE, od of af 

Ou? *Fu00 toon tea 
2 

arf =—_ dF py it ig Of 


ove =——s BU AY 


(30) 
or 

If aa’—1 + 0, the higher derivatives of f are all expressible in terms 
of A Adi and ais ae and these may be taken as the @,, 62, 63 of § 12. 


du’ dv’ du dv 
The complete system of equations (28) is the following: 


00; 
Ou 
0 Os 
du 


0 Os 
du 


00 
= 260, +b0,+ cs, = = 63, 


0 Os 
av 


0 Os 
dv 


4s, =a’ Os +0'0,+¢ 92, 


Aé,; + BO, + C6, = A’é,+ B’0,+C’ 6, 
where A, B, C, A’, B’, C’, can be computed in terms of a, b, c, a’, U’, ¢, 

The usual conditions of integrability are simply the conditions that the 
first normal extension, V; be linear. Six of the nine conditions merely 
give the values of A, B, C, etc. in terms of a, b, c, etc. The complete 
list is given below. 


s = at +e +aB'—B 


= So << 46d +a0'—C 


Ru? = an +cea’'+b+aA’—A 


ab’ 
Ou 


/ 
a Wedel nd Cant 


—bb'+B—a’'B 


da’ 


le ae Sa aia 
pe ba—c¢+A—aA 0, 





* Wilczynski, Projective differential geometry of curved surfaces, Trans. Amer. Math. 
Soc., vol. 8 (1907), pp. 233-260. These are Wilczynski’s equations (3) with d= d’' = 0. 
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Rost = 8B _ 5F | cv —Bb+ 4B —A'B = 0, 
2c 9c’ 
dv ou 
a4 0d 


hi == Se Du + Ca —B'a+B-—C’ = 0. 


+Cc'—B’c+AC’—A'C = 0, 


2 
Rs 6. == 


The last three conditions correspond to Wilczynski’s integrability conditions 


but differ from them somewhat because we have used ae instead of / 


for the third independent vector 63. 


14, Special solutions. In studying a definite solution of the equations of 

§ 13 in a metric space it is advantageous to employ the unit normal N, 

together with af and ae for the fundamental system of vectors. With 

this system we use the three index symbols /;* and the second funda- 
mental quantities Lj. We may write 

0? 


r 0? r 
FL = InN+Tu' fy Get = IaN+Tu' fr, 


9? ; 
= In N+Tn’ fr. 


dv® 


(33) 


Comparing these with equations (30) we find 


(34) Tw" —ale | f-+(Lu—alyJN = batch, 
[Tx0" — a! T12") fy + [Lae — a’ LJ N = UV fit fr. 
These equations enable us to express the coefficients in equations (30) 
in terms of the fundamental quantities of the surface represented by any 
particular solution. 


= Ju = Iy'— = ry, c= rs £7, 


(35) Th2’ Tn2 Tn2 


’ Ine in Pt — 2 1433 Foes Poe — 2 12. 


aoe, Le Le 





* These are the J”s for the system of two vectors af oe The I"s for the system 


Si, fo, N can be expressed in terms of these Is and the L,. 
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We conclude, therefore, that it is posssible to express the projective 
invariants of the surfaces determined by equations (30) in terms of the 
usual first and second fundamental quantities of those surfaces. 

By using the equations for a and a’ the expression for the Gaussian 


2 , 
eee a Ahi Liz from which it follows 


that, when aa’ = 1, the surfaces determined by (30) are developables. 
It should not be inferred, however, that they are necessarily contained in 
a linear space of three dimensions.* 

The method just used may be extended to other special problems in 
an obvious way; thus, to deal with a two dimensional surface in a linear 
space of four dimensions, we may distinguish the cases in which there are 

1) two independent first normals; 

2) one first normal and one second normal. 

Only developable surfaces occur in the second of these classes. 

In the case of two independent first normals only one differential equation 
of the second order is needed but this must be supplemented by a 
sufficient number of third order equations to make possible the expression 
of all third derivatives in terms of those of lower order. 

Under suitable conditions on the coefficients the complete system analogous 
to equations (31) may be written down, using two of the second derivatives 
of f as 6, and 6. The condition that 6,, 6., 6, and 6,, form a linear 
space are the integrability conditions. 


reduces to 





curvature 





*In the paper referred to Wilczynski was dealing only with the three dimensional case. 





IRREGULAR FIELDS. 
By E. T. Bett. 


I. Introduction. 


1. In numerous investigations concerning sequences of functions, parti- 
cularly of certain polynomials and their generalizations, a modification of 
an infinite abstract field F, which we shall call an irregular field IF, 
appears as the underlying algebraic structure. An JF differs from an F 
only in the exclusion of division in JF by infinite number of distinct 
elements, called irregular. Both F (with m = 1) and JF (with m = o) 
are varieties of the system ® (or ®,) defined in § 2. The postulates for ®, 
as will be seen presently, are a modification of the “second set” of Dickson',* 
p. 200, for a field. For concreteness in §2 the relation 4 may be 
visualized as equality, and S, P as sum, product. We emphasize however 
that 4, S, P in the sequel are to receive interpretations differing from 
those current in instances of F. The consistency of the postulates is 
proved in the course of the paper by exhibiting systems which satisfy 
them. We recall that Vandiver? has discussed finite algebras in which 
divison by »>1 elements is impermissible. His investigations are in an 
entirely different direction from those of this paper. 

The point of view of the present paper is purely abstract. It is an 
attempt to place upon a rigorous basis the use in algebra and analysis of 
the powerful umbral calculus originated by Blissard* and employed by 
many later writers. It also aims to offer several concrete instances of 
the solution of a set of postulates and the interconnections of the resulting 
theories, all abstractly identical but differing in their interpretations, each 
one of which is an instance of the general theory consisting of the set of 
postulates and its implications based én them alone. It should be mentioned 
however that the various algebras developed here have immediate and 
fruitful application to a remarkable new class of polynomials in two 
complex variables which include as very special cases the Bernoullian and 
Eulerian polynomials and numbers and the anharmonic polynomial generali- 
zations of these discussed in a former paper*. There is a short account 
of the new polynomials in another paper®, also, with indications of their 
characteristic properties, in Section VII of the present. I hope to return 
in more detail to this application later, as the theory of the Bernoullian 
and allied polynomials falls out of the other on replacing either of the 


*References are at the end of the paper. 
dil 
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two complex variables by 0 or 1. For the present an abstract treatment 
seemed of sufficient interest to merit isolated exposition. 

2. A ® is a system consisting of a relation 4, a set = of elements 
a, B,-++,7,+++, and two operations S, P which may be performed upon 
any two distinct or identical elements «, 8 of = to produce uniquely 
determined elements S (a, 8), P(«, 8) of = such that the postulates 
I, — 11; for A, S, P are satisfied. Elements of 3 will be called elements 
of @, 

(1) A is reflexive, symmetrical and transitive with respect to elements 
of ®, so that if «, 8, y are any three elements of ®, 


“Aa, 
aAp :=: BAa, 
aha BAy:D: aAy, 


the sign :=: in the second being that of formal equivalence (as in 
mathematical logic). Further, if «48, then either of a, 8 may replace 
the other in any 7 relation concerning either. 

(J7,) If @ and # are any two elements of ®, then S(e, 8) and P(a, 8) 
are uniquely determined elements of ®, and 


S(B, a) 1S8(a, 8), P(B, «) 4 P(e, 8). 


(71,) If @, 8, y are any three elements of ®, then 


S(S («, 8), 7) 4 S(a, 8 (B, y)), 
P(P(«, &), 7) 4 P(a, PB, 7)), 
P(e, S(B, y)) AS(P(a, 8), P(e, y)). 


(1,) There exist in ® two distinct elements, denoted by » and y, such 
that, if « is any element of ®, then 


S(a, o) 4a, P(a,4)1e, 


(whence S(w, «) 4a, P(y,@) 4a, by M,). 

(17,) Whatever be the element « of ®, there exists in ® an element 
£ such that S(a, §) 4 (whence S(&, «) 4, by M,). 

(715) Whatever be the element « of ® different from each of the m 
distinct elements 0 == @, @,,---, @m—; of ®, there exists in ® an element 
¢ such that P(«, ¢) 4% (whence P (¢, «)4y, by 1). 

3. The elements o;(j7 = 0, 1,---,m—1) in Hs are called irregular: 
all other elements of ® are regular; S(a, 8), P(«, 8) in 7, are called the 
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sum, product respectively of « and 8, and , q in 2, are the zero, unity 
of ®; the relation 4 in J is called equality. A particular =, 4, 8, P 
satisfying 17,— I; is called an instance of ®, which is regular or irregular 
according as m =1 or m>1 in Hy. 

Taking m = 1 and comparing with Dickson’ pp. 200-201, we see that 
iT,— Hs then become identical with his postulates for a field when for 
«4 we write =, and for w, y we put his 0, 1. 

To indicate that ® contains precisely m irregular elements we shall 
write ®, = ®, Thus F is an instance of @,. When m = © we 
write ZF for O,. 

Adopting for a field the notation of Dickson’, we shall designate the 
elements of F' by a, b,---,c,---, the zero and unity in F by 0, 1 and 
the product of a, b by ab (without a dot between a, b.--; the dot notation 
is reserved for another type of product). 

‘Elements of F will be called ordinaries. The field of complex numbers 
a+ bi, i=V —1, a, b real numbers, will be designated by CF. It is to 
be observed in all that follows that F' is not its instance CF unless so 
stated. Theorems proved for the various J F’s later constructed imply 
precisely similar results when for F is put its instance CF. 

4. From his postulates Dickson proves five fundamental theorems for a 
field. If in his proofs we replace the equality sign by 4, a+, a8 by 
S(a, 8), P(a, 8) respectively, and write , q for his 0, 1, we see at once 
that 7,-7; below hold for ®, on taking account in 7,, 7; of a few 
slight changes occasioned by m=>1 in J;. 

(T,) , 4 are unique in ®,,. 

(T,) If a, 8, y are elements of ®, such that S(a, 8) 4S(a, y), then 
BAy. Hence the element & in //, is uniquely determined by «; it is called 
the negative of « and is designated in ®, (but not in O,, m>1) by —a. 

(7s) If @ and 8 are any elements of @,», there exists one and (by 7») 
only one element § of ®,, for which S(a, §) 48. 

The resulting element § will be called the result of subtracting « from £; 
in ®, it is written a—/£. 

(7T,) If a, 8, y are elements of ®,, such that P(a, 8) 4P(a, 7) and « 
is regular, then 8 4y. 

In particular, if P(a@, 8) 4 and P(a,y) 4, then B4y. Hence the 
element ¢ in J; is uniquely determined by «; it is called the reciprocal 
(or inverse) of a; in ®, it is designated by 1/a@ or a, 

(7s) If @ and & are elements of @,, and a is regular, there exists one 
and (by 74) only one element 6 of ®,, such that P(a, 6)4£. 

The resulting element @ is called the quotient of 8 by a, or the result 
of dividing 8 by a; in ®, it is designated by 8/a. 

83 
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As a precaution for reading succeeding sections we remark that the 
Greek letters later receive a specific meaning consistent with the foregoing 
general significance. 

5. The simultaneous discussion of F' and JF affords a very simple illustration 
of the multiple interpretation of a postulate system, and it gives two 
instances of the solution of such a system, provided we can show that at 
least one IF (= @®,,) exists. Several will be obtained in the course of 
the paper. The abstract set 1,—; together with its implications is the 
general theory of which the several solutions are instances. The propo- 
sitions of any one instance of the general theory can be placed in simple 
isomorphism with those of any other so that the propotitions of any 
isomorphic pair are formally equivalent. Hence it is necessary to elaborate 
only one solution in order to write down the propositions in any other— 
analogously to the princible of duality in geometry. 

Starting from any F' we shall construct an JF and apply to it the 
preceding remarks. In particular we shall proceed from the JF' just 
mentioned to the construction of further JF’s, all of which are distinct. 
Two @’s are distinct if either contains at least one element or one 
operation not in the other, the implied difference between operations being 
in their interpretations. 

When there can be no confusion we shall replace 4 by —. 


II. The umbral irregular field UF. 


6. We recall that the elements of F are a, b,---,c,---; the zero and 
unity in F' are written 0, 1, and the four fundamental operations in F are 
indicated as in common algebra; elements of F are called ordinaries. In 
what follows a, b,---, ¢,+++, an, Bny +++, ¥ny +++, &n, ++ (m = 0, 1,---) are 
ordinaries. 

The umbra of the sequence an (n = 0, 1,---) of ordinaries is denoted 
by @; it is a symbol for the entire class of elements of F' composing the 
‘ sequence. Umbrae are defined by their laws of combination as stated in 
§7. For n=0 an integer, the umbral power a” is idendical with the 
element a, of F; « itself is not an element of F. Small Greek letters 
without suffixes or exponents will be used to denote umbrae; an umbra 
with a suffix is an ordinary; an umbra with both an exponent and a 
suffix is meaningless. Umbrae are defined only for sequences of elements 
in the given F. 

7. The umbra of the sequence anf, (n = 0,1---) is written af. This 
is the definition of the symbol af. It does not follow that af is to 
be interpreted as a product. In particular, if a, = a" (n = 0, 1,---), a8 
is the umbra of a” £,(n = 0, 1,---), since a” is an element of F. 
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From the definition af and fa are the same. 
If a, 8 are any umbrae, and n > 0 is an integer, 


(a+) = Bo (") an—r Br, 


which gives the definition of (2-+-)", is an element of F, and likewise for 


n! 
t! ap Bg +++ ¥t; 


(a+f+---+7" = De per I 


where a, 8,---,y are r in number and » refers to all sets of r integers 
P,@%*--+,t each > 0 whose sum isn. If in the last a, £,---,y are replaced 
by aa, b&,---, cy respectively, we have 

n! 


(aa+bB+---+cy" = a Siglo 


fl aP b4.--clapBg-++7ts 


In particular, for a, b,---, ¢ all different from the zero in F, 
(aa+bB+.---+ ey) = ao bo---7o. 


For convenience a + (—1)£ is written a—f. We shall write the umbra 
of the sequence 
(aa+bfB+.---+ cy)" (n = 0, 1,---) 


as da+bf-+---+cy. Hence, by what precedes, we have defined 
+aatbdft.---+cy, and it follows that aa-+bdA+ .-.-.--+ cy is invariant 
under all permutations of aa, Df,---,cy, and that in any term, say aa, 
the Greek and Latin letter may be interchanged. 

We remark that «a+ is not to be interpreted as the sum of a and £; 
it is so far merely the symbol of the umbra assigned to the sequence 


of ordinaries p 
> ("} nr Br (n = 0,1,---). 


As a convenience aa-+a8 may be written a(a+f). The symbols 
a+ = (a+) and («+ )' must not be confused; the former is the umbra 
of the sequence whose nth term is (a+), the latter denotes the ordinary 
a; Bo+ a Ay. 


The umbra of the sequence of ordinaries 


don+bBa---+crn (n = 0,1,---) 
will be written a-a+b-8-+.---+-c-y. Hence the last is invariant under 
all permutations of a-a, b- 8, ---, c-y, and in any term the Greek and 


33* 
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Latin letters may be interchanged. For n= 0 an integer we shall write, 
by definition, 
(a-a+b-B+.---+c-y)" = don+bBn+---+ crn, 


so that (a-a+b-8+.---+c-y)” (n= 0,1,---) is the sequence whose 
umbra is a-a+b-8+.--.-+¢c-y, or, what is the same, this is the umbra 
of dan+bf,+---+cyn (n = 0,1,---). In these definitions the plus 
sign and the dot are to be regarded as constituting a single symbol of 
operation. The meaning of a-a—b-8 is a-a-+(—b)-8, and a-a is the 
umbra of aan (n = 0,1,---). Hence a-(a+A) is the umbra of 
a(a+ 8)” (n = 0,1,---). 

There can be no confusion in reading combinations of umbrae with and 
without the dot if it be noted in any case what sequence the complete 
umbra represents. Thus, the umbra of aanz+bf, (n = 0,1,---) is 
a-a-+b-£8, which cannot be confused with aa +b- £8, which is the umbra of 














n 
(aa+b-A» = 2 (") (aay (A= 0D (") ararAy (n = 0,1,-->). 
The umbra of a, + 8, (n = 0, 1,---) is 1-a+1-A; that of (a +)" (n = 0,1,---) 
is a+, etc. 

8. We shall now solve /,—J/, of § 2 in terms of umbrae a, £,---,7--- 
of §7. That is, we shall assign to 4, S, P, such meanings that the set 
of postulates is satisfied. 

For = (§ 2) we take the set of all umbrae of sequences of ordinaries 
(elements of F). 

Referring now to /7/) we define two umbrae a, 8 io be equal, a4, when 
and only when a, = £,(m=0,1,---). Clearly this definition satisfies 
all the requirements on stated in 1). For convenience we shall write 
henceforth a 48 as a = 8. 

In particular, as frequently useful instances of equality, we have for 





n = 0, l,--+, 
nes Briton = B+ = 2 ("\e—rre, 
em 1-8-+-1-y:=: an = Batyn, 


a = 6+1-84+1-y:=! an = (")a.-& +1), 


where, as before, :=: indicates formal equivalence. 
In J, we now take 


S(a,A)=1-a+1-8, Ple,A)=atA. 
Evidently these satisfy the commutativity demanded by 7. 































IRREGULAR FIELDS. 517 


It must be shown that this choice of P, S satisfies 172, and hence we 
must show that ; 
1-(a+4)+1-y = 1-e+1-(6+y7), 
(a+8)+y = a+(8+y), 
a+1-(B+y) = 1-(@@+A4)+1-(@+,7). 


| 


But, as in § 7, end, these are obvious. For example, the last states 
that for n = 0,1,---, 


& ("ane +70) = (a+ A +(a+7) 


To satisfy 7, we take for » the umbra of the sequence each of whose 
terms is the zero in F, and for 7 the umbra of the sequence whose first 
term is the unity in F and each of whose remaining terms is the zero in 
F. That these are the required zero, unity is evident from 


l-a+l-o — a, a+n =a, 


which are obvious as above for JJ. 

To see that § exists to satisfy 77, we must have 1-a+1-& = ao, of 
which the solution is o—1-a, which is equivalent to either 1-w—1l-a 
or —1-a. As before this § — —1-a evidently satisfies 7,. 

To find the element ¢ demanded by 2/;, and at the same time to ex- 
hibit the irregular elements, we must solve a-+-¢€ — y, and hence we must 
solve 

1 (n 
> ( \ainneSe = te (n = 0, 1,---). 

r=0 \?r 
Provided a» +0, this set of linear equations for ¢,(r = 0, 1,---) may be 
solved for fo, £1, Ss, --+ successively. The umbra of the resulting unique 


sequence {, (n = 0, 1,---) will be written + or 9/a. Hence the ¢ re- 


quired by 77; is 4/a, and an umbra £ is irregular if and only if & — 0 
(the zero in F). In particular @ is irregular. 

If desired an interesting explicit formula for ¢,, involving the partitions 
of m, can easily be found, but as it is only occasionally useful in 
applications we may dispense with it here. 

9. Recapitulating the results of § 8, we have shown that for 4, S, P, 
», 9 as there defined .4, 8S, P and the set of all umbrae of sequences in 
F constitute in ZF, which we shall call the umbral irregular field UIF, 
in which the irregular elements are the umbrae of sequences of elements 
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in F each having its initial term the zero of F, and in which the zero and 
unity are w, 9 respectively. 

From § 3 it follows that 7,—7; hold in UIF.. 

The unique result of subtracting a from 4 in UIF given by 7; will be 
written 1-a—1.-£. 
The unique result of dividing & by the regular element a in UJF as 


given by 7; will be written 8/a or f. 


The product in UIZF of a-a@ and b-f may be written (a-«)-+(b- £), 
indicating that each of a-a, b-8 is a single umbra, and distinguishing 
this product from the sum a-a+6-f. A separate notation is however 
unnecessary, since (a-a)+(b- 8) = ab- (a+). 


III. The irregular field AZF of generalized Appell polynomials. 


10. In this section we obtain a further solution AIF of )>— 7; in § 2, distinct 
from UIF. The elements of AZF are some but not all of those of UIF; 
they are selected for their usefulness in applications. Before proceeding 
to AIF we shall require some preliminaries concerning derivatives in F. 

11. Let f=/(u, v,---,w,a,b---,c) be either a polynomial or an entire 
function in the complex variables wu, v,---,w, and let a, b,---,c be 
constant complex numbers of which the coefficients in f are algebraic 
functions, so that f is an element of CF. The extension of all that 
follows to any f is immediate and need not be elaborated. We shall 
write f(§, 0,---, ¢, a, 8,---, 7), where the Greek letters as always are 
elements of UIF, for the result of replacing wu, v,---, w, a, b,---,¢, in f 
by &, 0,---¢, a, B,---, y respectively. 

If § may represent any one of several elements of UJF it is called a 
variable element of UIF, briefly a variable; if a may represent only the 
single element a of UIF it is called a constant, precisely as in CF. We 
shall use &, 6,---, ¢ to denote variables, a, 8, ---, y constants. The meaning 
of arbitrary constant in UIF is abstractly identical with the like in F. 


Since 
- grtst+---+t 
FHF (6% 0+, 0, b= 





is of the same species (polynomial or entire function) as f, it follows from 
the definition of /(&, 6,---¢, a, B,---, y) that f’ (&, 0,---, 0, a, B,---, 7) 
is uniquely known. As the definition of the wmbral (r+s+--.+dth 
partial derivative on the left of the following we shall write 


ortst+-+-+t 
aeroo ots & 6,-++, ¢, a, 8.--,y) a 6,---, ¢, a, B,-+-+, 7). 
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Note that /(&, 6,---,¢, a, &,---, 7) is linear in the elements of each of 
the sequences &, ---, yn(m = 0, 1, ---). 
12. Evidently a solution of 


(1) Gy dn = mdns (W=0,1,--), oF Zed = nA Hn = 0, 1,-- 
is given by 
@) dn = Ano) = Ete —=D (")brae (n= 0,1,--9, 


where, by § 11, § denotes a variable and a@ a constant (arbitrary) in UIF. 
Note that (1) is a set of differential equations in the usual sense of that 
term only when F is its instance CF. From any set of solutions 
An(&, «), An(§, 8), --- of (1) we shall now obtain an infinity more, and we 
shall show that the set of umbrae of all solutions is an JF. (Suffixes of 
umbrae are raised, thus &", until after the performance of all indicated 


operations; e. g., +f ge" = nf"! = n§,-1.) 


Since by (2) A,(&, @,) is an element of F for n = 0,1,---, it follows 
that the umbra A(&, «) of A,(&, a) (n = 0, 1,---) is an element of UJF. Hence 
the sum 1- A(&, a)+1- A(&, 4), the product A(&, «)+ A(&, A), the difference 
1-.A(&, «)—1-A(&, 4) and the quotient, provided the divisor be regular, 
A(&, «)/A(&, 8), of A(§, a) and A(&, 4), in ULF, are elements of UIF. 
Obviously the above sum and difference are umbrae of further solutions 
of (1), while the like for the product and quotient is false. We call a 
the exponent of A(&, a). 

13. We shall next devise an JF, the AZF, of which each element is 
the umbra of a solution of*(1). The fundamental operations in AJZF are 
indicated by notations differing slightly from those in F and UJF, so 
that all three systems may be employed simultaneously. This is merely 
a convenience to avoid possible confusion in interpreting results, as the 
meanings of the four fundamental operations inF, UIF, AIF are distinct. 

Since « in § 12 (2) is an arbitrary constant element of ULF, (1) holds 
when a is replaced by any one of 1-a+1-8,1-a—1-£,a-a+b-8+.---+c-y, 
a+8-+ .-..+y, a/f, provided in the last that & be regular. 

We now define the uniquely determined element A(&,y) of UJF in 
which y is any one of the sum 1-a-+1.- 4, the difference 1-a—1-£, the 
product a+, the quotient «/f (provided that £ in a/f be regular), to be 
that one of the swm 1A(&,a)+1A(&,A), the difference 1 A(&,a)—1A(&, A), 
the product A(§,a)-A(&.A), the quotient A(&,a)/A(§,8) of the elements 
A(§,a), A(&,8) in AIF, in which the zero is A(&,w) and the wnity is 
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one 


A(&,). Further, defining the fundamental operations in AJF as indicated 
on the left of the following, we shall write 





inne hapieincali in « 
A apa 


1A(§,a)+1A(E,8) = AG,1-a+1-8), 
1A(§,a)—1A(&, 8) = A(E,1-a—1- 8), 
A(§,a)-A(&,8) = AG,a+8), 
A (§, «)/A (&, 8) = A(&, a/8), 


noo 
pa ie a8 AAMT Ny Lee ag em Rip ty 
ee nr ee ee ee oe 
Rp potctat ts Festus! Vie Ne a 


giving the four fundamental operations in AZ F, with the generalization 
of the first pair, 


aA(&,a)+bA(E,8)+ ---+cAS,y) = AE,a-a+b-8+---+c-7). 





The irregular elements of AJ F are the A(&,+), where « runs through all 
irregular elements of UI F. 

The foregoing definitions assume that with respect to the addition, 
multiplication, zero and unity stated the elements A (&,a), where a is any 
element of UJ F, do in fact form an JF in which the subtraction and 
division are as stated, and hence that they satisfy 7,— 7; of § 3. That 
this is so is obvious from the (1,1) correspondence which had been 
established with UJF, or it may, if preferred, be established in detail, 
although this (as a matter of logic) is superfluous. 

We can summarize as follows. If d = 9 (a, 8, ---,7) is any function 
in UIF, then the element A(&, 0) of AZ F' whose exponent (§ 12, end) 
is 6 is the same function in A JF of the elements A (§,a), A(&, 8), ---, A(&7) 
whose respective exponents are a, §,---, y; that is, 


dé = y (a, B, +--+,” 2:9: AQ€G,9) ary y (ACE, a), “7:5 A(&,£), 2 ats A(&,y)). 


The operations by which ¢ is constructed from a, 4, ---, y to produce 
y (a, 8,---, 7) belong to UZF; those by which A(&, 9) is obtained from 
A(&, a), A(&, 8), ---, A(§,7) belong to AZJF. For example, 


6 = «+:5: A€é,9) = A€é,a)-A(,8), 
6 = 1-a+1-8:5:A,d) = 1A(8,a)+1A€, 8). 


We might therefore indicate both sevs; of operations by the same notation 
and then obtain theorems in UZF or in AIF by interpreting the letters 
denoting elements in the formulas as belonging to UJF or to AIF. 
This illustrates § 5. 

14. Each element of AZF is the umbra of a solution of § 12 (1). Hence 
from any given solutions of (1) we derive an infinity more by operating 
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in AIF. Thus the square, cube, --- A(§,a-+a), A(E,a+a-+a), --- of 
A(&,a) give further solutions. In practice it is convenient to write 
-~ ‘a = a, atat+a = a, ete. 

shen F is its instance CF, we may designate the AJF in § 13 by 
AICF. In AICF the equations (1) are a set of differential equations 
in the complex variable §, and a,(r = 0,1,---) are complex constants; 
the An (§, a) in this case are the ordinary Appell® polynomials. For the 
development of the connections between Appell polynomials AJF is useful 
in addition to AICF, since in any F the @ in A(§&, a) is an umbra. 

15. We shall now derive a few simple properties of the elements of AJ F. 
Consider the product A(§&,a)-A(§&,8) in AIF. Since A(§,a) = §+a 
we have 


A(&,a)-A(&,8) = A(8,a+) = E+a+8 = (§+A)+a, 
and therefore 


A(§,a)-A(5,8) = A(A€,8), a) = A(AQ€,a), A). 


Hence the nth element of the sequence in F whose umbra is the product 
in AIF of A(&,a), A(&,8) may be obtained from the nth element of 
the sequence in F' whose umbra is A(&,a) by replacing & by 4A,(&,a) 
(r = 0, 1,---, m), and similarly with a, 8 interchanged throughout. 

In the same way, including as special cases addition and subtraction in 
AIF, the nth element of the sequence whose umbra is 


aA(§,a)+bA(E,A)+---+cA(,y) is a(F+a)"+b(E+4)"+---+c(E+y7). 


From division in UJF we obtain, analogously to the known expansions 
of polynomials or of entire functions (provided the resulting series for 
the latter be convergent) in CF in terms of Hermite or of other Appell 
polynomials in CF, the expansion of the element 


9 (8) = aoS+ar 8: +---+ankn+--- 


of F in terms of An (&,a) (n = 0, 1,---), where @ is an arbitrary con- 
stant element of UJF. Writing for the moment y = A(&,a) = &+a, 
we have, in ULF, § = y/a = y+4/a, 4/a being the reciprocal in UIF 
of « Hence, writing 7/« =a’ we have & = (y+a’)" (n = 0, 1,---), 
and therefore 


ae > ("nr Ar (8a) (n = 0, 1,---); 


whence by substitution in y (§) we obtain the required expansion. 
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16. If f is as in § 11, we have in F the following analogue of Taylor's 
theorem in CF, @ being variable, 4 constant in UZF, 








feta = w+ FZ LO 47 FLO... 


which terminates with bt a! § (6) 
n! 00 

m in the complex variable uw. Since /(0) is of the form (ef. § 11) 
Gy Oy + a, 0, + a: Og-+---, where the a; are elements of fit suffices to prove 
the Taylor theorem for /(@) = 6”, so that here f(@+4) = (6+4)". 
but for this f the result is obvious. After completion of the indicated 
operations exponents of umbrae are lowered as usual. 

17. Let a, 8,---, 7,6 be connected by the relation in ‘UIF, a-a+b-B 
+...t¢-.y = d.-d, 
Multiplying in UZF both sides of this equation be § we have (cf. § 8) 


a-(§+ea)+b-(§+4)+---+e-(E+7) = d-(+9), 
or what is the same 


a-A(S.a)+b-A(E,8)+---+c-A(S,7) = d-A(E,9). 





if f(u) is a polynomial in CF of degree 


From the last it follows, with f as before and ¢ as usual a variable in ULF, 
that 
af(S+A(§,a))+bf(C+ AE,8))+---+cefC+AE,7)) = af(C+AQE9)), 


since the coefficients of ¢” in the Taylor expansions of both members are 
equal by the given relation between a, 8, ---, y, 0. 

A special case of this very general theorem is the prototype in F of 
all recurrence theorems in CF concerning Appell polynomials (including 
therefore the Bernoullian, Eulerian, Hermitian, also the ‘modular’ general- 
izations of the first pair discussed in a former paper’). 

A special case of this theorem has numerous applications. Suppose for 
the particular value 4 of § that Aj(4,d) = 0 if j+7,s,---,t Then 


af(C+A(, a) +OfC+A G8) +---+efC+4QG2) 
= a[4,0,0 7 FO + 400, LO 4... 4 40(0,0) *FO], 








aor ace act 
By giving to ¢ particular values we obtain theorems concerning the 
A(&,a), --- or the A(d,a), ---. For example, 


af (A(§,a))+bf(AGE,8))+ --» +cf(AG,r)) = df (AG, 6) 
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is implied by a-«+b-8+.---+c-y = d-0, The last is the prototype 
-of the recurrence relations for the numbers of Bernoulli and others. 


IV. The irregular exponential field EIF. 


18. From AIF of section II] we derive next an JF, the EJF. We 
recall (cf.§ 7) that if ¢ is an element of F and @ an element of UJF, 
t@ is the umbra of ¢" 6, (nm = 0, 1,---); 6, is an element of F. 

The wmbral exponential function exp Ot is 


exp Ot = = Li = ¥ 20 
n—0 


n! nao (on! 








6 is called the exponent, t the parameter of exp 6t. 
If as in § 13, 9 (a, &,---, 7) is any function in UJF, the operations in 
EIF are given by the following comprehensive definition 


y (exp at, exp St, eaow exp 7 t) as exp (a, 8,---, 7) t, 
where the definition of equality, exp ¢¢ — exp ft, in HIF is 
exp Ct = exp §¢ :=: [ = &, 


and hence fn = &n (n = 0, 1,---) by the definition of equality in UJF. 
Note that if umbral exponentials occur only in relations of equality it is 
unnecessary to discuss their convergence. 

The elements of HIF are the exp @ ¢, where @ runs through all elements 
of ULF. 

Since exp 6¢ is the symbol of an ordinary (not that of an umbra), 
we may indicate operations in EJF by the same notations as in JF. 
Here it is interesting to notice we have formed a closed chain, 


IF > U?F?F>EIF-IF 


the arrows signifying that any member of the chain is generated from 
its predecessor. 

In particular then, attending to the above definition concerning 9, we 
have in ELF, 


a expat+b exp #t+.--+c¢ expyt = exp(a-at+b-84+.--+c-y)t, 
including as special cases addition and subtraction in EJF; 


exp at exp ft = exp(a+ £A)t, 
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for multiplication in EJF, and for division, 
exp at/exp Bt = exp (a/£)t; 


while zero and unity in EJF are exp wt and exp 7? respectively. 

That EIF as defined is indeed in JF, and hence a solution of Z)—; 
of § 2, is evident as in previous solutions. 

19. The connection between UIF, AIF, EIF is as follows. The 
exponents a, 8,---, y of the elements A(&,a), A(&,4), ---, A(§,y) in AIF 
belong to UI F'; each element A(&,4) of AZF is the product in UIF of 
two elements &, 4 of UI F; while in EJF the element whose exponent 
is A(&,4) is the product (in EI F) of the elements whose exponents are 


&, 4 respectively, 
exp A(&,4)¢ = exp ¢ exp /t. 


If, for an obvious reason, we call expAt the constant divisor, or simply 
the divisor of A(&, 4), then EIF is the field of divisors of elements of 
AIF. For ¢ as before, the divisor of A(&, 9 (a, 8, ---, v)) is 9 (expat, 
exp ft,---, expyé). In particular the divisor of A(&,a-a+b.8+ ---+c-y) 
is aexp at+b exp ft+.---+cexpyt; that of A(&, a/8) is exp et/expft, 
and exp wt, exp 7¢ are respectively the zero and the unit divisor. On this 
basis the elements of AJF' are placed, through their divisors, in (1, 1) 
correspondence with those of EJF. The introduction of EJF is made in 
order to reach the following developments. 


V. Application of EIF to AIF. 


20. We now extend to JF the notions of differential equations and 
difference equations in CF. What follows applies to any ®,,(§ 2); when 
m = 1 we have F, and when further F is its instance CF, we recover 
from the following discussion the corresponding theory for the ordinary 
Appell® polynomials. 

Equality in EZF (§ 18) has been defined in a manner independent of 
the convergence of the elements. The derivatives next introduced occur 
only in relations of equality. Hence we need not discuss convergence. 
When F is CF all series are convergent except at oo, so that all 
equalities between series in the case of CF are valid in the usual sense. 

The derivative indicated on the left of the following is defined by 


r oo jr—r 
arr exp at "ae n(n—1) as (n—r +1) ay 7 


hence, precisely as in CF, 
rT 


ot” 








exp at = a” exp at, 
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where here, however, as always in the umbral calculus, the raised suffix 
r in e@ indicates that the multiplication by @ is to be performed before 
the degradation of exponents to suffixes. The like is to be observed where 
an umbra with an exponent (raised suffix) occurs, particularly in the 
formulas of this section, since otherwise incorrect results are obtained. 
This derivative being an element of F, so also is its product by the 
polynomial f,(é) in F. 

21. If 8 is a given element of UZF, we shall say, in accordance with 
the definition of equality in HIF, that expe«t is a solution of the following 
linear differential equation in F of order r, 


r r—j 
(1) tal = = exp ft 


if, when y is replaced by exp et, the coefficients of (nm =—0,1,---) in 
(1) are severally equal. It does not follow of course that for # and the 
polynomials / preassigned, a solution y = exp at exists. We are interested 
only in those cases where a solution does exist. ‘The means for writing 
down the necessary and sufficient conditions that this be so, in terms 
of r, the coefficients of the /’s, and &,(m = 0, 1,---), will be evident 
from the. following discussion. 
Let y = exp at be a solution of (1). Then we have 


(2) 2 Sr-j() a” exp at = exp ft. 
j= 


If in (2) the /’s are replaced by their explicit forms a result of the type 


8 
(3) p> ajti a exp at = exp ft. 
=0 


is obtained, where s, g; are integers > 0, and a; is an element of F; some 
of the a’s may be zero. Equating coefficients of ¢” in (3) we have 


8 
1 _ Ba ia 
(4) p> aH a (n = 0,1,---) 
a linear difference equation in F' for the determination of e, (n = 0, 1, ---). 
If in (4) n<s, those terms for which j> 7 are to be omitted from the left. 

Conversely, if (4) is solvable for a, (n = 0, 1,---), then (1) has the 
solution y = exp et, or, what is the same, (4) and 


J 


© 7) 
(6) QS) ops exp at = exp Bt 
j=0 
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are formally equivalent. The coefficients a; and the integers g; in (4) are 
given at once by (5). When 8 = @ (the zero in UJF), the right of (1) 
or of (5) is O (the zero in F’). 

22. Assuming that (4) is solvable, and hence that y = exp et is a 
solution of (1) we shall now show that the A,(§,a) (n = 0,1,---) satisfy 
a linear difference equation in F' and that A,(&,«) satisfies a linear diffe- 
rential equation in F; moreover it will be shown in the course of the 
proof how these equations can readily be constructed. 

For this we shall require the useful theorem 


(6) a” A® = A"(A—B8y, A= AG,a), 
where v, m are integers >0. In full (6) is 


na r 
() > (F)entrs = 2r(T\parreIG,a), 
j=0\) j=0 J 
the raised suffixes on the right indicating as usual that the multiplication 
by & is to be performed on 


An+r—J(§,a) = 6 Me Entr—j—sq 


before exponents of §, « are degraded to suffixes. The theorem is evident 


from the identity 
(7) = RG) 


between binomial coefficients, valid for any integers n, s,r each > 0 such 
that n = s. 
Multiply (3) throughout by exp §¢. Then 


(8) = ajtia"s exp A(&,a)t = exp A(§,A)t. 
f= 


Each coefficient of a power of ¢ in (8) is of the form aa’ A”. Apply (6) 
or (7) to each, and equate coefficients of like powers of ¢. Denote by 
Q/(§) a polynomial in &’s with raised suffixes. Then (8) gives, on reduc- 
,tion by (7) as indicated, a result of the form 


@) LUM) = 464) (= 0,1,--), 
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where m is a constant integer which obviously is determined by the order 
r of (5) and the maximum degree in ¢ of the /,—;(é) in (5); some of the 
Q/(&), j<m, may be zero. Using 


(n—r)! a” 


n! pe 4°64) (O<rsa;n=0, 1,---) 


A™~"(§,a) = 
on (9) we get 


(10) z (n+m—)j)! gni1) 2 antm (ga) = Ans) (n=0,1,--.), 
I= 





as the linear differential equation in F satisfied by A"+™(E,@). 

Hence a relation of either type (4) or (5) implies equations of the 
forms (9), (10). 

23. To illustrate (9), (10) we apply §§ 21, 22 to the simple example of 
the Hermite polynomials in F. Vet y = exp at be a solution of 


oY 4 aty = exp wt, 


where w is the zero in UIJF. The right hand member may then be 
replaced by 0. Hence 


a expat+2t expat = 0; 


whence, corresponding to § 21 (4), we have the following difference 
equations in F, 


(4.1) a@ni2+2(n+1)an = 0, G@ont1 = a, = 0 (n = 0, 1, ---), 
and on multiplying by exp &t, 

« exp A(&,a)t+2¢ exp A(&,a)t — 0, 
so that, as in § 22 (9), 

a A”* (E, a) + 2(n+1) A", a) = 0. 

We now apply § 22(6) with r = 1, 
a AMtt — Antt(4—s) = $9 Ant?— Ft gw, 

getting finally, as in (9), (10), for » — 0,1, ---, 


§° Ant? (, a) — $1 Ant (&, ae) + 2(n +1) A*(E,a) = 0, 


2 
[ee At ota] ae) = 0. 
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both of which can be verified directly from (4.1). When F is CF the 
above becomes the algebra for the ordinary Hermite polynomials according 
to one of their usual definitions. 
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VI. Circular functions in F. 


24. Regarding complex numbers as scalars we can take F over CF as 
in Dickson! pp. 9-10 for an algebra over a field. The postulates for scalar 
multiplication in what follows are abstractly identical with the like for 
an algebra; i = V—1. We shall require in particular the postulates 


le aa Dl i si uc aN + - aes 
fonction tree rear e tee a 








Gia)” == (wi = Man, (ia)"+ (68) = i(an+hn)  (n = 0,1, -+>), 


where a, 8 are any elements of UIF. 
The umbral cosine and sine are defined by 


Eos.” 
(2m)! ’ 
(—1" #71 
(2n+1)! ° 


2 cos at = exp (ia)t+ exp (—ia)t = ¥en 





2isinat = exp (ta)t— exp (—ia)t = i, 
n=0 


Indicating as in EJF multiplication by juxtaposition, thus cos at sin ft, 
we have . 
2 cos at cos Bt = cos (a+ 4)t-+ cos (a— £) t, 


with three others of a similar nature, precisely as in CF, all of which 
may be proved directly from the definitions. We have also cos w#¢ = exp 4, 
sin ot = exp wt. 

25. The theory of these umbral circular functions in F is abstractly 
identical with that of the circular functions in CF or in the field of real 
numbers, except as regards periodicity, which is lacking in F. This 
theory includes that of the », wW, x functions and their algebra discussed 
in detail in a former paper’. It is sufficient to remark here that if the 
arguments of the y, Ww, y are umbrae, one of which is &, then each of 
Yn, Wn, xn is a solution of § 12 (1), and hence », w, x become elements 
of AIF. Hence the theory of the present paper is the abstract structure 
of that of the gy, w, x functions and their numerous applications. 


VII. The field of elliptic polynomials. 


26. To illustrate some of the preceding sections we shall briefly outline 
their application to a new class of polynomials of considerable interest. 





















IRREGULAR FIELDS. 





529 


These are the elliptic polynomials E, (u, z) (n = 0, 1, ---) in the complex 
variables u, z. As the theory of the EZ, (u,z) is relatively as much richer 
than is that of any of its degenerate cases as is the theory of the 
elliptic functions correspondingly richer than that of the cireular or the 
hyperbolic functions, we can indicate here only tke barest outline of the 
new theory. First let us point out the manner in which the theory for 
the E, (u,z) (n = 0,1,---) includes its degenerate cases. The proofs 
of the few properties of the E’s presently stated follow immediately, as 
noted in § 29, from the symbolic generating identities for the EZ, (u, 2) 
in § 28. Throughout this entire section we are aperating in CF. 

27. We shall say that a sequence of polynomials Ay = Ap (21, 22, - +, Zr) 


(n = 0, 1,---) in the complex variables z2;(j = 1, ---, r) is Appell in z; if 
ae ai ; 
“poate n An—1 (n = 0, 1,---); 


Ay is the polynomial of rank n. It is readily seen that if r= 1, 2, = u, 
then A, (u) = An(u,@) in the notation of § 12; viz An(u) = (u+a)", 
the a;(j = 0,---+, m) being here arbitrary constant elements of CF. 

Since « is arbitrary to the extent stated, we may consider in particular 
the a, in A,(u,«@) to be polynomials in the complex variable z + wu. 
Hence we have, in this case, 


An (u, a (2)) = [u+ efz)]’, ~ An (u, @(2)) = n Ans (u, «(2)), 


so that this A, is Appell in wu. 

Further conditions may now be imposed on the A, (u, @(z)), as for example 
that they shall satisfy with respect to z, for » = 0, 1,---, a certain 
partial differential equation. The algebra of such a situation being an 
immediate instance of that developed in preceding sections, there is no 
point in en intirely arbitrary assignment of the z-differential equation, as 
the resulting polynomials would be of no use. From all the possibilities 
we choose that which leads to the EF, (u,z), which are ef interest because 
they include as limiting cases the numbers of Bernoulli, Euler, Genocchi 
and Lucas, the classic polynomials (in one complex variable) of the same 
names, based on the respective numbers, and the anharmonic polynomial 
generalizations of these numbers which were discussed in a previous paper.* 
The £, (u,z) themselves are the appropriate elements for the determination 
of syzygies between numbers of representations of integers in quadratic 
forms in any nnmber of indeterminates. and it was in this connection 
that they first arose. They are further of interest because their theory 
84 
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is abstractly identical with the algebra of elliptic functions, including the 
theory of transformation of the latter. A third claim to attention is the 
following: the recurrences, differential equations, etc., satisfied by the 
Ey (u, 2) degenerate immediately to the like for the limiting cases of the 
E, (u, z) above mentioned, so that the theories of the Bernoulli and allied 
numbers, polynomials and their anharmonic generalizations are recovered 
at once on replacing, according to the case, either or both of u, z by 
constants. This will be seen presently: The theory of these elliptic 
polynomials is more readily developed than is that of any of its degenerate 
forms, because in the perfectly general case (2, « complex variables) the 
underlying symmetry, which is that of the linear group abstractly identical 
with the cross ratio group, is not masked as it is in the limiting cases. 

We briefly enumerate a few characteristic properties of these remar- 
kable polynomials 

(I) The E” (u,z) are Appell in w but not in z. 

(II) The E” (u,z) fall into twelve mutually exclusive sequences. 

(III) The twelve sequences in (II) fall into six pairs, called reciprocals, 
having the following properties. If for the moment we denote any pair 
of reciprocal sequence of E,(u,z)’s by Pa(u,z), Qn(u,z) (n = 0, 1,---), 
then, by (1), 


a | a 
Dy Pa (2) = nPyi(u,z), Gy on we) = NQnilu,z) (n = 0,1,---); 


while with respect to z, P, Q satisfy 


{n/2] 
S (95) Pa-ar(t2)Qar(t2) = 0 (n= 0,1,--»). 


Oz r=0 


More symmetrically, with umbral notation, we may write 








P* = P,(u,2), QO" = Qilu,z2), 
2 1P+or+@-O] = 0, 
FU P+Q*+(P—Q"] = nl(P+Q"2+(P—Q"], (an =0,1,---), 


the last of which shows that (P+ Q)"+(P—Q)" (n = 0,1,---) is a 
sequence of polynomials Appell in « which, by the second, are independent 
of z Hence a characteristic property of a pair of reciprocal sequences 
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of elliptic polynomials is that from them may be constructed a sequence 
of polynomials Appell in one argument and independent of the other. 

(IV) The z-partial differential equation in (IIT) is an algebraic relation 
between the z-derivatives of Pn, Pn—2, Pn—s,---, Qn, Qn—2, Qn—4, +++, and these 
elliptic polynomials, linear in the polynomials and in their derivatives. 

There is a corresponding algebraic relation between polynomials selected 
from any pair of sequences of elliptic polynomials, not necessarily reci- 
procals. When the sequences are not reciprocals the differential equation 
involves also a bilinear function of the polynomials alone, in analogy with 
the derivatives of elliptic functions. Note that pairs and their derivatives 
are algebraically connected. 

(V) An elliptic polynomial EZ,(u, 2) satisfies no equation of the type 


= Enlu, 2) = f(E) (n = 0,1,-+>), 


where /(Z) is an algebraic function of polynomials E;(u, z) of any ranks 
j=, M:,-++. Since the Z,(u, z) are Appell in u, it thus appears that 
their propertiers with respect to uw, z are radically different. 

(VI) Omitted here. 

(VII) In a former paper’? the polynomials £n(u), gn(u), yn(u), en(w) 
(n = 0, 1,---) based respectively on the numbers B,, Ey, Gn, Ry 
(n =0,1,---) of Bernoulli, Euler, Genocchi and Lucas, with the even 
suffix notation of the last, were named correspondingly. For u = 2v or 
u = 2v+1, these functions are equivalent to the Bernoullian and Eulerian 
functions of other writers. All are Appell in w. 

For z = 0 the EZ, (u,z) degenerate as follows: each of six of the EZ, (u,0) 
of rank » becomes a certain one of &,(u), 9n(u), yn(), On(u); two become 
—n|[(u+1)"—(u—1)"]; two degenerate to (u+1)"+(u—1)", and one 
to 2u”. 3 

(VIII) We previously defined and investigated the anharmonic poly- 
nomials! in the single complex variable z. It was shown in the paper 
just cited that the anharmonic polynomials of rank n degenerate for z = 0 
or zg = 1 either to numerical constants or to the numbers B,, En, Gr, Rn. 
Parallel to the E,(u,z), the anharmonic polynomials fall into twelve 
mutually exclusive sequences which may be arranged into reciprocal pairs 
in a sense explained in the paper cited. 

For u = 0 the twelve elliptic polynomials EZ, (u, z) of rank n degenerate 
to the twelve anharmonic polynomials of the same rank. 

For u=z=0 the £,(u, z) degenerate as follows: two to —4n; 
two to 2; two to 0; two to 2E,; two to 2R,; one to 2"*' B, and one 
to 2"71G,. 


34* 
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(IX) To any relation between the elliptic functions 


sn, cn, dn, 
ns, ne, nd, 
se, sd, ed, 
es, ds, de, 


(in a familiar notation much used by Glaisher and others), there is a unique 
correspondent in terms of elliptic polynomials, which is such that either 
relation in a pair implies the other. 

28. We proceed to show how the properties stated in § 27 follow by 
means of the preceding sections from the following definitions of the 
E,(u, z). Revising slightly the notation of the anharmonic polynomials, 
n8n(Z), ---, Bpn(z) (n = 0,1, ---) we now write, as symbolic equations 
of definition, 


(1.1) x sn (x, k) = cos gs(z)a, 
(1.2) 2x sc (x, k) = cos 2as(z)zx, 
(1.3) x sd (x, k) = cos &s(z)2; 
(2.1) en (x, k) = cos ge(z)a, 
(2.2) de (x, k) = cos ec(z)zx, 
(2.3) ; nd (x, k) = cos Bc (z)z, 
(2.4) dn (x, k) = cos ye (z2)z, 
(2.5) ne (x, k) = cos dc (z)z, 
(2.6) cd (x, k) = cos €c¢ (2); 
(3.1) x ns (x, k) = 2cos gp(2)z, 
(3.2) x es (x,k) = cos 2ap(z)z, 
(3.3) x ds (x, k) = 2cos Bp(z)zx, 


in which x is a parameter, sn (x, k) indicates an elliptic function with 
argument 2 and modulus k*; z = k* when, as above, z occurs in a generator 
(umbral sine or cosine), z = an arbitrary complex variable in any context 
not involving generators; and y4s,---,&p are double-letter symbols of 
umbrae analogous to the two letter notation sn, en,--- for the elliptic 
functions. The Greek letters 7, «, 8, y, 6, €, recall the specific substitution 
of the cross ratio group appertaining to the elliptic function in the definition 
concerned; y is the identity of the group. That is, as explained in the 
previous paper*, by a certain substitution 7, a, 8, y, 0, ¢ operating on z 
the set of twelve elliptic functions is obtained, up to constant multipliers, 



















































from the three, sn (x, k), en (@, k), dn (a, k). 
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It will be noticed that the 


definitions fall into sets of 3, 6,3; in a given set the Latin letter s, c or p 


remains the same. 
in the sense of the previous paper. 


The sets of 3 are cyclic; the set of 6 is anharmonic, 
The notation 4s, ---, Ap therefore 


summarizes the mutual relations of the polynomials s,(z), ---, Apn(z) 
(n = 0,1,---) as z is transformed by the group (y, «, &, 7, 4, €). 

The definition (2. 1), for example, states that the coefficient of 2?"/(2n)! in 
the Maclaurin expansion of x sn (x, k) is wcen(z), and similarly for the others. 


Putting z= 0 in these we have 


(1.11) 
(1.21) 
(1.31) 


(2.11) 
(2.21) 
(2,31) 
(2.41) 
(2.51) 
(2.61) 


(3.11) 
(3.12) 
(3.13) 


where B, E, G, R are as in 27. 


xsn(x,0) = cos gs(0)x 


2x se (x, 0) = 


x sd (x, 0) 


cn (a, 0) 
de (ax, 0) 
nd (x, 0) 
dn (x, 0) 
ne (a, 0) 
cd (x, 0) 


x ns (x, 0) 
x es (x, 0) 


| 


cos 2as(0) x 
cos £s(0)x = 


gc(0)x2z = 
ac(O) zx 


Bc(O)x 


; yc(O)zx 
s dc(O)zx 
ecOzxz = 


2cosyp(0)x = 
cos2 a p(0) x 


xds(x,0) = 2cosfp(0) x 


anharmonic polynomials. 
Generalizing the Bernoulli and allied polynomials, we now define the 
E,(u, z) of § 27 by means of their generators as follows. 


(4.1) 
(4.2) 
(4.3) 


(5.1) 
(5.2) 
(5.3) 
(5.4) 
(5.5) 
(5.6) 





2x sn(a,k)socux = 
4x sc(x,k)socux = 
2 x sd (x, k) socuxr = 


2 cn(a,k)socux = 
2 de(z, k)socux = 
2nd(z,k)socux = 
2 dn(x, k)soc ux = 
2 ne(a2, k)soc ux = 
2 ed(a, k)soc ux == 





These give 


2 cos 4 c(z)x soc ux 
2 cos ac(z)x soc ux 
2 cos &c(z)x soc ux 
2 cos yc(z)x soc ux 
2 cos 6 c(z)x soe ux 
2 cos ¢c(z)x80¢ ux = 





x sin x, 
cos 2Gz, 

x sin x; 
COS &, 

cos Ex, 

1, 

1, 

cos Ex, 
COS 2X; 


2 cos Re, 
cos 2 Bz, 
2 cos Rx, 


the degenerations of the 


2cos gs(z)xsocux = soc yg a(u, z)z, 
2 cos 2 as(z)xsocux = soc aa(u, z) 2x, 
2cos Bs(z)xsocux = soc Bau, z)x; 


== soc 9x(u, z)x, 
= soc ax(u, z)x, 
= soc Bx(u, z) 2, 


== socyx(u, z2)2, 
= soc dx(u, 2)z, 


= soe €x(u, 2)2; 











et ll 
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(6.1) ans(z,k)socux = 2cos yp(z)socux = socgn(u,z)a, 
(6.2) 22x es(x,k)soc ux 2 cos2 ap(z) socux = socan(u,z)z, 
(6.3) «ds(z,k)socux = 2cos Bp(z)socux = soc fa(u, z)2, 


in all of which note that o, x or a corresponds to s,c or p respectively. 
The elliptic polynomials are the 7 o(u, z),---, 8n(u, z) (mn = 0, 1,---) thus 
defined. As in a former paper’ “soc” is an abbreviation for ‘sin or cos’; 
the same one of sin or cos is understood for soc in any given equation. 
Thus each of (4.1)-(6.3) consists of two definitions; the sin gives the 
elliptic polynomials of odd ranks, the cos those of even. 

If, as in the previous paper’, we define the y, w functions of any 
umbrae a, 8 by 


Gn (a, 8) = (a@+8)"+(a—8)”, Wn(a, 8) = (2+ 8)"—(a—8)", 
for n = 0, 1,---, and note the following 


cos 9 (a, £)x, 


2 cos ax cos fx 
2cosax sin fx sin W(a, 8) x, 
2 sin ax cos Bx sin 9 (a, 8) x, 
2 sin ex sin Bx = — cos W(a,)z, 


| 


(ef. section VI), we have from (4.1)-(6.3) the following explicit forms of 
the elliptic polynomials and their degenerates the Bernoullian, Eulerian, 
etc; cf. § 27: 





(4.11) 1 Oy (uU, 2) = Gn(u, 78(2)), 7%(u, 0) = —nWralu, 1), 
(4.21) & Oy (U, 2) = Yn (u, 2 a s(z)), aon (u, 0) = yn (u), 

(4.31) Bo, (u, 2) = 9n(u, Bs(2)), Bo, (u, 0) = —nYn-(u, 1); 
(5.11) 4 %n(u, 2) = 9n(u, 4 cl2)), 4 xn(u, 0) = gn(u, 1), 

(5.21) & ny (u, Z) = gn (u, «c(z)), a xn(u, 0) = gn(u), 

(5.31) Bun(u, 2) = gnlu, Bc(e)), Bx,(u, 0) = 2u", 

(5.41) ¥%n(U, 2) = Gn (u, x cle), ¥ %n(u, 0) = 2u", 

(5.51) dx, (u,2Z) = on (u, dc(e)), d xn (u, 0) = gn(w), 

(5.61) Ex, (u, 2) = gn (u, €c(2)), € Xn (u, 0) = gn(u, 1); 

(6.11) 4H (U, 2) = Pn (u, yp (2), Menu, 0) = e@n(u), 

(6.21) ain (U, 2) = gn(u, 2ap(z)), a nty(u, 0) = Bn(u), 


(6.31) Brn(u, 2) = gnu, Bp(e)), Brn (u, 0) = en(w). 
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From these we see at once, as follows, that the theory of the elliptic 
‘ polynomials includes those of its degenerate cases as mentioned in § 27, 
For we have 


(4.12) 02n(0,2)=28n(2), 9. 6an(0,0) = —4n, 
(4.22) a@do(0, 2) = 2?"* 1 ason(z), adon(0, 0) = 2°41 Gan, 
(4.32) Boon(0,2) = 28 sn(2), Ban (0,0) = —4n; 


(5.12) 9 x2n(0, 2) = 2 qc2n (2), n%2n (0, 0) = 2, 

(5.22) a@xon(0, z) = 2a Co» (2), a %on(0, 0) = 2 Er», 

(5.32) Bxon(0, 2) = 2B con (z), B xo (0, 0) = 2, B xon+2 (0, 0) = 0, 
(5.42) yxon(0,2)—=2yen(e), 70 (0,0) =2, ¥ %on+2(0, 0) = 0, 
(5.52) dxon(0, 2) = 20 con (2), 5 x2n(0, 0) = 2 Ean, 

(5.62) &xon(O, 2) = 2 con (z), € Xan, (0, 0) = 2; 


(6.12) 722 (0, 2) = 2 npon(z), 77%2n(0, 0) = 2 Ron, 
(6.22) erran(0, 2) = 2?" apon(z), azton(0, 0) = 2"+1 Bon, 
(6.31) B22n(0, 2) = 28 pen(e), 8 72n(0, 0) = 2 Ron, 


together with 
1 


@a(z)= 1, ants) = apyis@) = 0, em) = —>5, 
all other functions or numbers of odd ranks being zero identically. 

29. Let us now check in somewhat more detail the statements in § 27; 
(I) is obvious, as also is (I). For (IID), the separation into reciprocals 
proceeds from the following: the elliptic function sn(z, k), ---, ds(a,k) in 
the definition (4.1), ---, (6.3) may be paired with precisely one other in 
the set of 12 definitions which is its reciprocal, thus for example in (5.1), 
(5.5) we have en(#,k) and ne(z,k) whose product is unity. Multiply 
together, member by member, such pairs of generating equations and reduce; 
thus, for example, , 

8 soc? ux = 2 soc nx(u,z)x soc bx(u, z)z, 
whence we have 
4(1—cos2ux) = — cos W(yx(u, z), dx(u, z))x, 
4(1+ cos2uz) = cos » (yx(u, Zz), dx(u, z))z, 


whence, on equating coefficients of like powers of x we have results of 
the type stated in (III). 

The algebraic relations mentioned in (IV) are obtained in precisely the 
same way by multiplications of any two generating identities. The derivative 
relations follow from the like for the «-derivatives of generators. 
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To see (V) we note that if the contrary were the case fan® udu would 
be an elliptic function, which it is not. 

The degenerations in (VII) are obvious from the lists in § 28, and like- 
wise for (VIII). 

The isomorphism with elliptic functions noted in (IX) is sufficiently 
evident. It may be systematically developed by setting up a (1,1) corres- 
pondence between the elliptic polynomials and their respective elliptic 
function generators in the same way that in § 19 we established the 
“divisor” correspondence for the A(§,a). The result gives a new field, 
that of the elliptic polynomials. 

30. In the field just described we obtain relations between elliptic 
pnlynomials by translating relations between elliptic functions, via the 
generators of the polynomials. Since, considered as functions of wu, the 
umbrae of elliptic polynomials are elements of AZJCF, the entire theory 
of this paper applies to them without further elaboration. In particular 
we call attention to the results of applying §§ 15, 16, 17, 20-23, and the 
theory of the y, w, x developed in the previous paper’. To reach from 
these developments the degenerate theories, it is sufficient to replace in 
the formulas u, z by the special values indicated in § 28. 


References. 


1 L. E. Dickson, Algebras and their Arithmetics (Chicago, 1923). 

2H. S. Vandiver, Theory of Finite Algebras, Trans. Amer. Math. Soc., vol. 13 (1912), 
p. 293. 

3 J. Blissard, Theory of Generic Equations, Quart. Journ., vols. 4, 5 (1861-62). 

4 E. T. Bell, Anharmonic Polynomial Generalizations of the Numbers of Bernoulli 
and Euler, Trans. Amer. Math. Soc., vol. 24 (1922). p. 89. 

5 KE. T. Bell, Modular Bernoullian Functions, Univ. of Washington Pub. in Science 
(Seattle, 1926). 

6 P. Appell, Sur une classe de polynomes, Annales de l’Ec. norm. sup., sér 2, vol. 9 (1880), 
p. 119. 

7 E. T. Bell, An Algebra of Sequences of Functions, Trans. Amer. Math. Soc., vol 28 
(1926), p. 129. 



































ON THE APPROXIMATE SOLUTION 
OF THE INTEGRO-DIFFERENTIAL EQUATIONS 
OF MATHEMATICAL PHYSICS. 


By Nicoitas Kry.Lorr. 


In their papers M. C. Fubini* and M. L. Lichtensteint were occupied 
with the following integro-differential system: 


Fe POG | +a@u@t [KG yuay = Le) = fe, 


u(0O) = u(1) = 0, 


(1) 


studying it from the point of view of the existence of the solution. Among 
the different methods that can be actually applied in obtaining an approx- 
imate solution of (1) the most convenient will be, as it seems to us, the 
method based on minimizing the integral 


@) [eo —s@F ax 


by means of terminating series of the form 


tle, (xz) = b af” Wi (x), 


where [y;(x)] is the system of easily calculable functionst verifying the 
boundary conditions (1) which are used in mathematical physics for the 
development of arbitrary functions. This method of least squares, recently 
developed by me from the point of view of the convergence of the 
solutions in a series of articles leads us for the determination of the 
unknown coefficients a!” to the following system of linear equations: 


Miz —Jf]L(yidx = 0, G<m), 


obtained in the usual way and in this case evidently soluble. 


*Fubini, Alcuni nuovi problemi di calcolo di variazioni etc., Ann. di Mat., ser. 3, 
vol. 20, pp. 217-244. 

t Lichtenstein, Ober eine Integro- Differentialgleichung etc., Schwarz -Festschr. (1914), 
pp. 274-285. 

{For example, the sine function. 

§ Comptes Rendus, vol. 181, p. 86; Bull. Acad. des Sci. d’Ukraine, vol. 1, fase. 3, 4. 
' 637 








538 N. KRYLOFF. 


Because our aim is to elaborate a method of approximate solution of 
(1), we can suppose that this solution exists according to the papers 
mentioned above; therefore we have 


[e@—ALmar = 0 
and hence 


(3) fe- Um h(w)dx = 0, (i < m). 
Multiplying now the equations of the system (3) respectively by 4!” —a!” 
and summing we easily obtain 


1 
(4) Jf Lum) L On — Um) de == Q, 


where 


m 


Un (x) = p> Af” Wi (a) 








is the- sum of order m obtained by the application of one of the well 
known methods of summation (for instance, that of Prof. L. Fejér or that 
of Prof. D. Jackson) to the development of the integral of (1). This being 
stated we observe that 





Un—tUm = U— Um + Um—u; 


therefore from (4) we obtain 


[Le —un)P ae om Ju —un) Lm — wader 


and by Schwarz’s inequality we have easily 


(5) {iu (u—Utm)}?dx < &m, 


‘where the order of ¢, can be fixed according to the restrictions imposed 
on the coefficients of the integro-differential equations (1); if, for example, 
p(x), g(x), K(x, y), f(x) satisfy a Lipschitz condition of order one, the 
order of smallness of ¢, will be 1/m in virtue of the well known theorems* 
- concerning the approximation of functions of a real variable. 





* Cf. Vallée-Poussin, Lecons sur l’approximation des fonctions, Paris 1919. 

















INTEGRO-DIFFERENTIAL EQUATIONS. 


By integrating by parts we have evidently 


2 
f L(u— um) [tm — ul dx = f po] m0) —¢_ (lun dx 


ie f f K(x, y) (ule) —um(a)] [uly) — um (y)] dx dy; 


(6) 


therefore, if p(x) > p:, q(x) <0 and, according to the terminology of the 
theory of integral equations, the kernel K(z, y) is definitely negative, we 
obtain from (6) 


1 toe 2 ; aie 
I, pa |] dx <V &m|u—tm|, 
and hence 
(7) |u—tm| < Vem 
rr 





which proves, not only the convergence of the algorithm based on minimizing 
(2), but also makes it possible to estimate the error of the mth approx- 
imation. Utilizing now inequalities (5) and (7) we can easily obtain by 
means of (6) the orders of 


[trm@Par and [pa @Par, 
where 


a(x) = iu) —_ duels) rm(xz) = at — Eya(e) : 








Then from the well known identity 
[rn OP = brn @P—2," ra @)rna) de, 


where x, € are any two points of the interval (0,1), we get immediately 
from Schwarz’s inequality 





raOr<['bac@tar+2) ["pa@rax( records, 


and this makes it possible for us to estimate the order of smallness of 
\du/dx—dum/dzx| and at the same time to state that the derivative of 
the sequence uw» converges to the derivative of the integral of (1). 
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The following theorem is therefore established: Jf p(x) > p, > 0, q(x) <0 
and K(x, y) is definitely negative, then for the approximate integration of 
the integro-differential system (1) there can be applied the method based on 
the minimizing of the integral (2), and this method of least squares gives 
us, not only a convergent algorithm, but also permits us to estimate the orders 
of smallness of the errors committed at the mth approximation in the evaluation 
of the integral and its derivative. 

This method of least squares, very important from a practical point of 
view, is not without some interest, as it seems to us, from the theoretical 
side also, because it gives the approximate solution (together with the 
order of the error committed) of some problems where, till now, only 
existence theorems were known. It is for this reason that I take pleasure 
in communicating it to American readers. More detailed explanations of 
different generalisations and applications of this method can be found in 
my paper, the first chapter of which is now on the point of publication 
in the Annales de la Faculté des Sciences de Toulouse. 


Krerr, UKRAINE. 
March 10, 1926. 

















































A NEW PROOF OF PARSEVAL’S IDENTITY 
FOR TRIGONOMETRIC FUNCTIONS. 


By J. TAMARKIN. 


The number of proofs of Parseval’s identity 


1 (7 ee, SO 
i (f@Pdxe = rg 2 (a? + 02), 
where 
cy 1 {* , 
th == 1 ["f@) cosna dz, b, = 1 (fa) sine de, 
is large. Nevertheless the following proof is apparently new and has the 


advantage of simplicity. 
1. Let (a, b) be a given interval and 


(1) Uy (x), Us (x), +++ Un (x), i 


a given set of orthogonalized normalized functions on this interval. The 
sense in which we employ these terms implies that w, (x), ---un(x),--- 
belong to the class (Z,) of functions which are integrable in the sense of 
Lebesgue together with their squares and satisfy the equations 


. Ee : 
(2) f ui (x) w(x) dx = * hs + i 


Let f(x) be an arbitrary function of the class (Zz). We denote by /; the 
Fouriers’s coefficients of f(a) with respect to the set (1), i.e. 


(3) fi = [Pou (@) ae bet 4.3. 


It is well known that the quantity 


én (f) = fire => y, Ui (af dx = [pac — ds 0 


represents the minimum error, in the sense of least squares, for approximation 
to the function f(x) by linear aggregates of the form 


2 az uj (x). 
i=1 


541 
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This fact yields immediately Bessel’s inequality: 


( | bes fverar, 


which proves that the series 


is convergent for any functron f(x) in (2.2), and that 
Srnz>0 as r>ow, 


If g(x) is any other function in (Z,) the inequality 











n+ n+ n+ ge sx 
6) | D fv <) fg Sa<V + £V [vax 
i=n+1 i=n+1 i=n+1 i=n+1 
shows that the series 
Co 
(6) ZAG 


is absolutely convergent. If v(x) depends on certain parameters and is 
uniformly bounded, the same inequality (5) shcws that the series (6) is 
uniformly convergent with respect to these parameters. We shall discuss 
some necessary and sufficient conditions under which Parseval’s identity 


b i> <) 
(1) [ira= DR 


holds for any f(x) in (Z,). It is obvious that the equation (7) which we 
shall call the equation of completeness for the set (1), is entirely equivalent 
to the fact that the minimum quadratic error 


én (f) > 0 as n>Dm, 


Tf (7) holds true, we say that the set (1) is complete with respect to 
the function /(z). 

2. Suppose that eck 
is any subinterval of the interval (a, b). The “elementary step function” 
¢,,¢, (x) is defined by the relations 


__ jl if x is within (&,, &), 
(8) %§,,85 (2) = « if x is without (&,, %). 
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The values assigned to g;, ¢,(7) at the points x = &, or x = &, are of 
no importance. 

THEOREM 1. Necessary and sufficient condition that the set (1) be 
complete with respect to any function in (Ly) is that the set (1) be complete 
with respect to any elementary step function. — 

The condition is obviously necessary. It remains only to prove its 
sufficiency. We shall construct this proof in a series of successive steps. 

Step 1: If the set (1) is complete with respect to the functions 


(9) gy™ (x), +++, p (a), 


it is also complete with respect to any linear combination of functions (9) 
with constant coefficients. 
It is obvious that if (1) is complete with respect to g(x), the set (1) 
is also complete with respect to cy(x), where c is an arbitrary constant. 
Now suppose that the set (1) is complete with respect to the functions 
g(x) and w(x), that is 


(10) [i ytae = 2 si: [ivar => ve. 


We set 
O(x) = 9(x)+ Ya); E(x) = 9(xz)—y(z). 
Then we have on the one hand: 


florart [wt ar = 2f" gtaz+2f" yar. 


On the other hand 
XM Z = Aoit w+ Voy) = 22 +22 yi. 
Hence, in virtue of (10): 


Ke) wo 
doit Dw =f) ordet fw ar. 
=1 ¢=1 a a 


By Bessel’s inequality each term of the left hand member cannot exceed 
the corresponding term of the right hand member, whence it follows that 


b be Ce) 
[eax = > @; ; wdr = > ui, 
* i=1 s =1 


An easy application of the method of complete induction will achieve the 
proof of our statement. 






























etletistcd i taiittien tec, ierdinnnpnntsitge ane deinigh abs 





Boronia vce 








eetieirean one 





2 Sa ae lg Rc GED i CRRA at RRR Be A REIS 2s 


ae aes 


(Seed A namped scene A AS Pree 





eo. et Pe’ 


: 
if 
d 
i 
; 
5 
+ 
\ 
| 
} 
: 


‘ 
= 
F 
“7 
x 
’ 
eR 
MH 
4 * 
Dis 
iz 
4 
; 
#8 
.: 
_? 
ie 
i 
a 
i 
¢ 
at 
. S 


+ 
ne 


acperininete wheataee 








544 J. TAMARKIN. 


Step 2. We designate as a general step function any single-valued 
function whose graph in (a, b) consists of finite number of rectilinear seg- 
ments parallel to the z-axis, the values of the function at the points of 
discontinuity being of no importance. It is evident that every general 
step function can be represented as a linear combination of the elementary 
step functions. Hence: 

If the (1) set is complete with respect to every elementary step function, 
the set (1) is also complete with respect to every general step function. 

Step 3. Any function in (Io) can be approximated by means of a general 
step function so that the quadratic error of the approximation is less than 
any preassigned positive constant, i.e. & > 0 being given, it is always possible 
to find a step function p(x) such that 


b 
(11) 8(4,9) = J (F@)—9@)} de <e. 


This fact, which is trivial if the integral is in the sense of Riemann, is 
one of the fundamental properties of the integral of Lebesgue.* 
Step. 4. If f(x) and g(x) are any functions of the class (I,), then 





(12) at <\) [rac(Vaw@y+VIGe) 
This may be established as follows: let 

(13) f(a) = Zhi ule) +r), 

(14) g(x) = 2g wila) + (a). 


Then we have 


fi = [ro — Shine} we) de=f—f=0 (j = 1,2, --+, n), 


and also 
=o (j = 1,2, ---, m). 


Multiplying (13) by 7 (a) and integrating we obtain 


En(f) = t 7 @)~ z Si m(a)} de = J. 4 r” (2)? dz = [rs (x) r™ (x) dx, 


* E. Hobson, The Theory of Functions of a Real Variable, 2nd. ed., vol I (Cambr. 1921), 
articles 430, 434. 

+ This inequality and the following proof have been given by W. Stekloff; see, for in- 
stance, Sur’ la théorie de fermeture des systémes de fonctions orthogonales, Mém. de l’Acad. 
Impér. des Sciences de St. Pétersbourg, vol. 30, no. 4 (1911). 
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and in the same way 
en(g) = f(a)? ax = [9 (e) ™@) de. 


Finally, multiplying (13) by (x), (14) by (x), integrating and subtracting 
we have 


LP 9) 1 (@) ax = ff) (2) ae, 


Now we can write 


nf) =f fora) de = f° 9a)r™ayaa+ [{ fa) —g a} ™ ) dx 
(15) 


= [Fe eo @) dat JU (7) —9@) 1 @) de. 


A simple application of the inequality of Bouniakovsky-Schwarz shows: 


| [i Fee @) ae < V [rae fem ti 








(16) 
| = Vent) Vfr dx; 
J (Fe) — 9 (@)} @) ae S Vi if @)—9@}*axf r™ (x)? dx 
“ <ViG—\ [rae 
since 


[1 tae =[ira—3r < [raz 


The formulas (15), (16), (17) prove the statement 4. 
Theorem 1 follows immediately from the statements 2, 3, 4. Thus, 
if a positive number « is given, we first choose a step function ¢(z) so 


that (step 3) 
2 
d(f, ”<(54) : where 4 =|/ f° pac. 


The function (x) being determined, we choose n so large that (step 2) 


én) < (7). 


Then (step 4): é,(/)<e, which proves Theorem 1, 
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3. We shall call the set (1) complete, if it is complete with respect to 
any function /(x) in (Zz). 

THEOREM 2. The property of completeness of the set (1) is equivalent to 
the property that the formal Fourier’s series of any function f(x) in (Lz) 
may be integrated term by term, i.e. 


Se = 2 
(18) i S@dz = Zale uj (x)dzx, 


where §,, § are any numbers in (a, b).* 
To begin with, we can replace the equation of completeness by the 
more general one: 


(19) Liv = [Fe 9(@) ae, 
i=1 = 


where f(x) and (a) are any functions in (Z,). This follows immediately 
from the equation (7) if we replace there f(x) by af(x)+ 8&9 (x), a and 8 
being arbitrary constants. 

If now, the set (1) is complete, we deduce (18) from (19), if we set: 


p(x) = H¢ ¢ (a). 


Suppose conversely that (18) is satisfied by any function f(z) in (Z,). If 
we set in (18): 

S(x) = 43,5, @), 
we get 


&,— i, = [re dx = f [¥¢,s, (x)}?dx 
9a > Lf Prk, (x) 3 (a) ax) ’ 


i=1 


(20) 


which is simply the equation of completeness for the set (1) with respect 
to the elementary step function PE, (x). Hence theorem 2 follows from 
the theorem 1. 

The formula (20) proves the following proposition: 

THEOREM 3. » The identity 


(21) 2— = S| [rue ae} 


is a necessary and sufficient condition for the completeness of the set (1). 





*This result was obtained by different method by C. Severini, Sulla teoria die chiusura 
dei sistemi di funzioni ortogonali, Rend. del Circ. Mat. di Palermo, 36 (1913), p. 182. 
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Theorem 2 leads immediately to the theorem of expansion: 
THEOREM 4. If the set (1) is complete, the Fourier’s series 


(22) Shue) 


of the function f(x) represents the function f(x) on every interval, on which 
it converges uniformly.* 
4, Let us return now to the set of trigonometric functions 


(23) 1, cosz, sina, ---; cosna, sinna, --- 


This set is orthogonal but not normalized on (0,27). Therefore the equation 
of completeness (7) and the identity (21) assume respectively the forms: 


2 
1 [rae = Z+ 5 +m, 
i, (& — 51)" 4 $22 cosn Gs — 5) 


a on = mn? 





Setting §,—&, = 2, we get the equality 


1— cos nz U2 x 
tid > miei saat 





@s a necessary and sufficient condition for the completeness of the set 
(23). Now, the formula (24) which is equivalent to 


sin nx un—x 
= = (0<2< 2a) 





is well known from the times of Buler, and can be proved by elementary 
methods, for instance, by considering the expansion of the function log(1-+- z) 
in power series on the circle |z| = 1.7 





* This statement contains more than the usual proposition: If the set (1) is closed (i. e. 
Si = 0 @ = 1,2, ---) implies f(@) = 0, the series (22) represents f(x), provided it 
converges uniformly on (a, db). ; 

Tf Cfr. also A. Kneser, Die Integralgleichungen, (2nd ed. 1922), pp. 15-17. 


DarTMouTH COLLEGE, 
February. 1926. 






























TENSORS 
WHOSE COMPONENTS ARE ABSOLUTE CONSTANTS. 


By Tracy Yerkes THomas.* 


On looking over some of my notes, written in Zurich over a year ago, 
1 find a little result concerning the determination of tensors C whose 
components are absolute constants, i. e. the same in all codrdinate systems, 
which I would like to present in the following paper. 

By hypothesis the tensor C transforms by the equations 


da" da” dae 


Pde ll 
we gre axe  axt 


3 
a) Oma ee fe... 25 = 











under a transformation x = f(x), and hence under the one parameter 
family of transformations 


(2) | gf == wt eS G@l,---, 2”) 


where each & is an arbitrary function of the arguments (z',---, 7”). 


From (2) we have 
dat 0 & 


5 Aaa lida 


We shall assume that the tensor C involves p contravariant indices and 
q covariant indices. Then when we substitute these values of the derivatives 
into (1) we obtain an expression in « and its powers up to the greater 
of the quantities (p,q). Each of the coefficients in this expression must 
vanish identically but it will be sufficient to consider the term in ¢ which 
leads to the equationst 


(3) Om + OR = C8 +. + Ob i. 


If we put ovr in (3) and sum over the values of these indices we 
find immediately that 


(4) Cy ..1 = 0; pti. 

















* National Research Fellow in Mathematical Physics. 

+ For a treatment of infinitesimal transformations of tensors see a paper by T. Y. Thomas 
and A. D. Michal on the differential invariants of affinely connected manifolds to appear 
in these Annals. 
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CONSTANT TENSORS. 


In case p = q we observe that a solution of (3) is given by 
(5) di 93 +++ Oy. 
This suggests that the general solution of (3) is 
(6) Deja = Ay Oe 8f «++ Op+ +++ + Ay OG Oy -++ OF 


which is formed by taking the sum of all the different expressions (5) 
consisting of all permutations (h/---w) of the indices (77 --- 4) when each 
has been multiplied by an meninery constant A;. The total number of 
terms comprising (6) is 

N =p! = q! 


The proof that @ is the most general solution of (3) may be made very 
readily by the method of induction. Assuming that any solution of (3) 
is of the form ® when the upper and lower indices of C are p—1 = q—1 
in number, we put 11; 7 = 1; ---; t= successively in the equations (3) 
and sum over all values of these indices. We then have, after a slight 
“relettering” has been made, the following system of equations 


potion Ane oF +4. 4 was o, 


(7) nah ate -+ Cap = 0, 





ae " hy + nol 41 = ®, 
in which the quantities ®; in the right members denote particular expressions 
of the form ®. Adding all equations of the system (7) we obtain 


‘8) . + + ag ot . ee ote C8) = Uf 


where ¥ is again of the form ®. Then subtracting (8) from the first set 
of equations (7) we have as a consequence of our assumption that 





(9) CS.) = 0; p= 











where ® denotes an expression of the general form (6). 
It remains to show that C is of the form (6) for the particular case 
p=q=1. Here the equations (1) become 
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axt Ox 
10 Po AG”, Pie ests 
ss Caggr — “n oge 
and give 
(11) Ce Oy 5, = Cn 0% 8g 


on account of the arbitrariness of the quantities 6x/0z which appear in 
them. Putting i= wu in (11) we see that Ci has the form 


ci = Adi; A = const. 


which completes the proof. 
We may therefore say that all tensors whose components are absolute 
constants are given either by (4) or by (9). This completes the present note. 


PRINCETON UNIVERSITY. 































SOME CONVERGENCE PROOFS IN THE VECTOR ANALYSIS 
OF FUNCTION SPACE.* 


By Dunnam JACKSON. 


1. Introduction. In the space of ordinary geometrical experience, as 
well as in space of any finite number of dimensions, the formulas of 
transformation from one system of rectangular codrdinate axes to another 
system having the same origin involve certain sums of N terms each, if NV 
is the number of dimensions. A familiar notion of recent years is the 
interpretation of the theory of orthogonal systems of functions as a geometry 
with infinitely many codrdinates. In this geometry a rotation of axes is 
naturally expressed by means of infinite series, instead of finite sums. For 
the discussion of the convergence of these series, and others arising out 
of them, one method, ultimately no doubt the most scientific method, is 
to set up hypotheses describing as closely as possible exactly those properties 
that are significant in the demonstrations. But as an introductory exercise 
there may be some interest in a study of special cases, serving in a way 
to realize concretely relations which in the abstract have a far wider range 
of validity. Such a special study is the object of this paper. A presentation 
of some theorems of convergence will be accompanied by an indication of 
their bearing on the definition of such concepts as those of gradient, divergence, 
and curl, in the vector analysis of function space. 

2. Properties of a set of orthogonal functions. Let e(x) be a 
continuous function of period 22, which is everywhere positive. Let a 
succession of trigonometric sums U, (x), n = 1, 2,---, be determined so that 


fee) Um (x) Un(x)dx = 0 (m+n), few) [Un (z)}?'dxz = 1, 


the order of U, (x) being in each case equal to the greatest integer contained 
in $n. The calculation of these sums is equivalent to the formation of a 
normalized orthogonal sequence of linear combinations of the functions 


V e(2), V e(x) cosz, V o(z) sina, V o(x) cos2z, ---. 





* Presented to the American Mathematical Society, under other titles, October 25, 1924, 
and April 11 and December 29, 1925; received in final form March 1926. 
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Let wn (x) = V efx) Un (x); then 
(1) JP” vem (2) te (2) de = 0 (m+n), LP bun @P ae =], 


The function e(x), being continuous and everywhere positive, has a 
positive minimum value g. From the second of the equations (1) and the 
fact that 1/[e(a)] < 1/9, it follows that 


fr 5 ta, —- 1 
[P'[0n @P ae = [P— [un (x)]? dx < ri 


Hence furthermore, since the integrand is always positive or zero, 


iaUA (xPdz < = 


for O<2< 2m. Let dy, be the constant term of the trigonometric sum 
[Un (x)]?, so that 


[Un (x)]? = n + Tn (x), 


where t, (2) is a trigonometric sum of order m (at most) without constant 
term. From the fact that 


[tor dz ws 27 by 


it is recognized that 0 < 6, < 1/(2mqg), for all values of n. Since 


[wer dx = bnat [en (a) dx, 


it follows that 
i< 5! Pe 
| . Tn (x) dx) S dotf, [Un (a)]* dx < = 


for 0<2< 2a, But the quantity between bars is itself a trigonometric 
sum of the mth order, having t,(x) for its derivative. By an application 
of Bernstein’s theorem, therefore, | t,(x) |< 2m/g, and 





(Ta@ Sg tAB <Gm | Unla)|<VGn, 
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where C, is a quantity independent of ». The maximum of e(x) being 
denoted by G, 


| un (a) | = | V e(zx) Un(x)| S V GC,n, 
or, if V GC, = Cy, a number independent of n, 
| Un (ar) | <G, Vn 


for all values of m and z. 

3. Theorems on the development of given functions in series 
of orthogonal functions. Let f(x) be a given continuous function of 
period 2”. The following facts are well known, and readily verified: 

Among all expressions of the form 


9n(z) = p> aay, Ux (22), 


for a given value of n, there is just one for which the integral 


i’ L(x) —9n (a)? dx 


is a minimum, the minimizing coefficients being given by the formula 


(2) . = f " F(t) ue(t) dt. 


When the coefficients are thus determined, the corresponding sum ¢,,(7) 
being denoted by sn(z), 


[em wPrar = fPLr@rae— > a, 
from which it follows (since the left-hand member is non-negative) that 
Sas [vera 


for all values of m, and that the infinite series > a, is convergent. 
The sum of the series is equal to the integral on the right. For 


Jr 4) —mar dx = [Pew [9 — suede, 
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Sn(x) = of) _ D an Vela) 
Ve@) = 
is a trigonometric sum; by Weierstrass’s theorem, applied to the con- 


tinuous function F(x) = f(x)/V e(x), there are trigonometric sums Tn(zx) 
for which F'(x)— Tn(x) is uniformly small, so that 


[e@r@—Mmorac 
approaches zero with increasing ; and the corresponding integral with 
Sn(x) in place of Tn(x) will approach zero with equal or greater rapidity, 


by reason of the minimizing property of the coefficients that define S, (zx). 
If g(x) is another function satisfying the conditions imposed on f(x), and 


Gn(x) = = Dy Ux (x) 


the corresponding linear combination of the w’s, 


JP © — Cl 9) —on eh] dae = [fled g(a) dx — & ax bus 
by Schwarz’s inequality, 
2 
i [(x) — 8n (x)] [g (x) — on (x)] dz| 
< by [ f(x) — sn (x)? dx > [9 (x) — on (x)]? dx; 


as each factor on the right approaches zero when m increases indefinitely, 
the left-hand member does the same, and 


Zh = i S(x)g(x)dx. 


Finally, if the series > ax u(x) for a given function f(x) is uniformly 
convergent, it has f(x) for its sum. For if the sum of the series is w(q), 
and if f(x) — w(x) = w(a), then 


Yk =f w(@)ue (a) ax = 0, [toy ax gis Pe =e; 


and hence w(x) = 0 identically. 
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4, An inequality for the coefficients. Let it be assumed hence- 
forth, unless otherwise stated, that the functions e(x) and f(x) have continuous 
second derivatives for all values of x. Let M be a common upper bound 
for | f(x)|, |f’@|, and |f"(z)|, and, if e,(~) = 1/V e(z), let G, be a 
common upper bound for (zx), |ei(~)|, and |ei’(z)|. Let F(x) have the 
same meaning as in the preceding section. Then 


P| = | Lre@decall| = "et 27" + Fel| < 4am. 


When n is a positive even integer, let m = 4n—1; and when » is odd, 
let m == 4(m—1). Since F’ (x) satisfies a Lipschitz condition with coefficient 
4G, M, there exists for each positive integral value of m (and so for n > 3) 
a trigonometric sum 7, (xz), of the mth order at most, such that 


ey _ KG C,M 
| F(x) — Tn (x)| Ss ax < * ? 





where* K is an absolute constant (independent of m, n, x, f(x), and e(x)); 
in the last member, which is explicit enough for the following work, C;, is 
independent of f(x), though it depends on e(x) through the factor G,. 
The number of terms in TJn(x), when sines and cosines are counted 
separately, is at most 2m+1< mn. Each of these terms can be expressed 
as a linear combination of some or all of the functions U;(x), k = 1, 2, ---, n. 
So tn(x) = V e(a) Tn(x) is a linear combination of u(x), ---, un(x), and 


C,M* 
J @—n@)}az = JP" e@LF@)— Tae < = ’ 





where C,, like the other C’s to be used below, is independent of f(x), as 
well as of m and x. By the minimizing property of the coefficients in s, (x) 
it follows then that 


y [fo)—sn (a)? dx < at :, 





In consequence of the relations cited in the preceding section, 


LP r@—s@yae = 2a- 2a = = % 





*Cf., e.g., D. Jackson, On approximation by trigonometric sums and polynomials, Trans. 
Amer. Math. Soc., vol. 13 (1912), pp. 491-515; see p. 496, Theorem III. 
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Hence 


i 2] 
es a< 
mi S 2G S n* 


C, M* VC,M Cs; M 


’ |An+1| < n? s (n+ 1)?° 





The argument has involved a supposition that n > 3, n+1> 4. But it 
is clear from the definition (2) that a relation of similar form, possibly 
with a different factor in place of C;, can be written down for a, dg 
and as (and could have been written down immediately, without reference 
to the reasoning of the present section, for any finite number of the 
coefficients). So it can be asserted that there is a constant C, independent 


of f(a), though depending on e(x), such that 
CM 


ldn| < Pm 
Sor all values of n from n =1 on. 

With the concluding result of § 2, this implies incidentally that 
| dn Un (a)| < Cy M/n?, and hence that* ‘the series > ax ux (x) converges 
uniformly to the value f(x). 

5. Equations of transformation connecting two orthogonal 
systems. Let o(x) be another function which, like e(x), has the period 27, 
a continuous second derivative, and a positive minimum. Let v, (x), v(z), ---, 
be the normalized orthogonal system corresponding to o(z), as the system 
u(x), wz(x),---, corresponds to e(x). Each function v(x), being equal 
to a trigonometric sum multiplied by Vo(x), has a continuous second 
derivative, and therefore can be expanded in a uniformly convergent series 
of the form 


(3) UK (x) = 2 Pri Ui (22). 


For each value of k, in consequence of the facts summarized in § 3, 


2 Pi tg [fx @P ae wf, 


and if k+1 
> Pki Pi = [P ve@) nde zaz @, 


* Cf. D. Jackson, Note on the convergence of weighted trigonometic series, Bull. Amer. 
Math. Soc., vol. 29 (1923), pp. 259-263; W. Stekloff, Sur une application de la théorie de 
fermeture au probléme du développement des fonctions arbitraires en séries procédant 
suivant les polynomes de Tchébicheff, Mémoires de |’Acad. Imp. des Sci. Petrograd, ser. 8, 
Classe phys. math., vol. 33 (1914), No. 8. 
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Similarly, expansion of the w’s in terms of the v’s leads to relations of 
the form 


(4) u(x) = 2 dix ve (x), 2 Git = 1, 2 Wik Vi =O (¢+)7). 


Here the coefficient gs in the expansion of w(x) in terms of the v’s is 
given by the formula 


dik = Pu (x) ve (x) dx; 


as this integral is the same as the one that defines px, 


dik = Pki; 


and the last two equations of (4) can be rewritten in the form 


(5) Zviv= 1, Larry = 0 G+)). 


There is of course nothing new in the form of these relations; the point 
is that their validity is assured by the hypotheses that have been adopted. 

6. Equations of transformation for vectors and for tensors of 
the second rank. Let f(x) be a continuous function of period 27 (the 
hypothesis with regard to the existence of f(x) being for the moment 
superfluous), and let 


a = ["pa)uledz, bh =f f@)m@) az. 


Since the series expressing vx(x) in terms of the w’s is uniformly con- 
vergent, and remains so after multiplication by / (2), 


(6) bh = ft SI (2) [> uate] dz = p> Pri %. 


The function f(a) may be regarded as constituting a vector in function 
space; the equations (3), for the successive values of k, are the equations 
of transformation of a fundamental system of unit vectors; the a’s and 
the b’s measure the components of f(x), as resolved according to the two 
fundamental systems; and the identity of the coefficients in (6) with those 
in (3) shows that the components of a (more or less) arbitrary vector 
are transformed like the constituent vectors of a fundamental system, as 
would be expected by analogy from space of a finite number of dimensions. 
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As a result of § 4, applied to the expansion (3), | pxi| < cx/é*, where cx is 
independent of i. By §2, | u(a)| < C,Vi, so that | priui(x) | < Cy cy/i?. 
Hence the series 


E(x) = Dipnirs (), uly) = 2 pywly); 
are absolutely convergent, and can be multiplied together: 


(7) ve (x) u(y) = 2 2, pripyrs(z)yj(y). 


For the. sake of an application to be made presently, it is to be noted 
that the double series is uniformly as well as absolutely convergent. The 
identity (7), considered for k = 1, 2, ---, 7 = 1, 2, ---, may be regarded 
as defining the equations of transformation of a tensor of the second rank. 

Let f(x, y) now be a function of two variables, continuous with regard 
to both together, and of period 2” in each. Let 


ay = [16 y) wi (x) uj(y) dx dy, 


27E 
iar = fo [Fe von (o) my) de dy, 
If the integral defining x: is evaluated by means of (7), it'is found that 


ba = p> 2 Pki Py Vij, 


which may be taken to mean that the doubly infinite matrix of the 
quantities ay has tensor character. 

It is to be shown below that certain differential operators follow the 
same equations of transformation. 

7. Analogue of the curl. As a first illustration, let 


(8) O@)=—9y, y=), 


where f(x) is a function of period 2”, with a continuous second deriva- 
tive, and g(y) has a continuous first derivative for all values of y. 
A function of x may be typified in function space either by a point or by 
a vector. It is convenient here to think of f(x) asa point, and of ® (zx) 
as a vector. Then the definition (8) makes ® a vector point function in 
function space. 
Let 
a= [ f@)u(edz, t= [ f@)m@)az, 

(9) 


Aj = [" o@w()az, By = [" o@n()ae. 
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It is known that 
I(x) = pa! u(x) = be vn (x), 


the series being uniformly convergent. Through the dependence of @ on 
J (x), each of the quantities A;, B, is a function of the infinitely many 
variables a, d,-+--, and likewise of the set of variables },, b,,---. Such 
a partial derivative as @A;/da; can be interpreted immediately, without 
further reference to the technical theory of functions of infinitely many 
variables. The requirement of the continuity of /” (x), to be sure, restricts 
the a’s and the b’s to an extent that is not readily specified in terms of 
these variables themselves. (The necessary condition |a|< CM/i*, of 
§ 4, is not sufficient.) But if the a’s have been given a set of admissible 
values, the replacement of a; by a;+ Aaj, for the sake of defining a corres- 
ponding partial derivative, does not impair the continuity of the second 
derivative of the sum of the series, as it has the effect merely of adding 
the single term Aajuj(x). In fact, when x, a, ag,---, are regarded as 
independent variables, and similarly 2, b,, be, ---, it is recognized at once that 


Ff @) = wo, jy) = u@), 


r) 


om O(xz) = ¢'(y) uj(a), tk O(x) = g'(y) u(@). 


In the integral defining A;, furthermore, the conditions fer differentiating 
with regard to a; under the sign of integration are satisfied, the integrand 
being for the purpose in hand essentially a function of the two variables 
a; and x. The result is that 


ad 


(10) Ft Jule) 5 O@) dx = Jy LF] (2) le) ae. 


Similarly, . 
(11) i za fs LF (x)] v(x) v(x) dx. 


Finally, vg has the uniformly convergent expansion 


vw (@) wu(a) = Be 2 pes py wile) 4j(2). 
On substitution in (11) and comparison with (10), this gives 


OB: ta ; 0A; 
(12) /._ pa 2 pis Pi ba; 


The matrix of the quantities 2A;/da; thus has the character of a tensor. 
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A similar calculation can be carried through if the definition of @ is 
replaced by : 
O(z) = gy) = olf’ I, 


the function g having the same character as before, while e(x), o(x), 
and f(x) are supposed now to possess continuous third derivatives. In 
the first place, it can be shown by reasoning analogous to that of § 4, 
and by reference to a corresponding theorem on trigonometric approximation, 
that |an| <ki/n*, where k; is independent of ». On the other hand, 
Bernstein’s theorem, applied to the relation | U,(x)| < V C,n'?, shows 
that | Un(2)| < VC, n®?, whence it follows further that |wh(x)| < ko n®?, 


-— |an un (x)| < kg/n*?. So f’ (x) is represented by the uniformly convergent 


series >; a;uj(x). In the same way, /’ (4) = Dx bevk(x). Also, the 
representation of v(x) in the form >; py uj(x) may be differentiated term 
by term for each value of 7, yielding a series which is absolutely-uniformly 
convergent in each case. Hence 


v(x) vi (x2) = 2 2 pi py Ui (x) uj (x), 


still with uniform convergence of the series of absolute values. The 
calculation then follows the same lines as before, the relations being 


gf = 4), 5570 = ve), 


Fe PD = HV) UO), sy O@ = 9'Y) He), 


0 aj 
7 ia i 9’ Lf (a)] w(a) uj) de, 
cae 0A; 


oh fvro ve (a) vi(x) dae = 2 2PM Poza 


If @(x), more generally, has the form 








O(xz) = g(z,y,y'), y=), 


where ¢ has a continuous derivative with regard to each argument, while 
J (x), o(x), «(x) are as in the preceding paragraph, the changes introduced 
are illustrated by the relations 


Fa PO = WG HY) WO) + 9v@ Hy) We), 


os Se py (x, y, y’) u(x) uj(a) dx +  % py (a, y, y') ui(a) uj (x) dx, 
and (12) is verified again. 


0A; 
0 aj 
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It is clear that higher derivatives may be admitted without causing any 
new difficulty, provided that e(x), o(~), and f(x) have a sufficient number 
of continuous derivatives. 

A more elaborate example, designed for a purpose which will appear 
in the next section, is 


(13) (x) = {- K(q, t) g [f(b] at, 


where the iunction y has for the moment a continuous first derivative with 
regard to its argument, f(t) is of period 2” and has a continuous second 
derivative, and K(z, ft), of period 2” with regard to each variable, is 
continuous in both together. The quantities a;, by, Ai, By are defined again 
by the formulas (9), interpreted now in terms of the present definition of ®. 
The relations 





(14) 35°) = g K(z, t) 9’ L£(O] wi(# at, 
es gs [ [xe t) » [£(O] u(x) uj (O dt dz, 


together with the corresponding expressions for 0/0}; and 0 B,/@b, and 
the uniformly convergent development 


ve (x) u(t) = 2 2 Pr py ui (ax) u(t), 


lead to (12) once more as the general equation of transformation. 
The more general form 


o@)=["K@de%uyat, y=s0, 


or a still more complicated one involving higher derivatives, can be dis- 
cussed in the same way, if f(x), e(x), and o(x) are sufficiently differentiable. 

The recurring tensor equation for the transformation of 3 A;/d aj, though 
its verification depends each time on the explicit form of the vector point 
function, or functional, to which it is applied, indicates that the matrix 
of the partial derivatives has an invariant character that may reasonably 
be supposed to have some ulterior significance. It generalizes the curl of 
three-dimensional vector analysis. The analogy is still more apparent in 
the skew-symmetric tensor having (8 A;,/d aj) —(@A,/@a;) as its general 
element. The transformation 
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0 By OBi as 2h) 
a by 0 by =T2 mw (Fe 8a 


may be deduced from (12) at once, by suitable manipulation of the subscripts. 
8. Analogue of the divergence. The developments of the ene 
section inevitably suggest consideration of the series 


0A; 
ea;’ 








(15) 


which results from “contraction” of the derivative tensor. Here the laying 
of the analytical foundation is at first not so facile. For if ®(x) is taken 
identical with f(x), to give the simplest imaginable non-trivial case, 
0A;/da; = 1, and the series (15) is divergent. If O(x) = g[f(z)], 


ca [Po VO lu Paz, 


which does not approach zero, in general, as 7 increases; when e(x) = 1, 
for example, the definition of the u’s will naturally be so arranged that 
uz (x) = (1/V x) cos jx or (1/V x)sinjx, for i>1, with a suitable relation 
between 7 and 7, and then 


ts 2 sie a [9 F@10 + 0082j2) ax at gh f° 9 [f(a] dx, 
27 j=00 0 2n sd 


i=o 0A; 





which is in general not zero. 

The definition (13), however, leads to something constructive once more. 
Let it be supposed now that g has a continuous third derivative, and, for 
simplicity of statement, that K(x, ¢) has continuous partial derivatives of 
the first four orders, though not all of these will be used; the function /(‘), 
which serves as independent variable in the definition of the functional ®(z), 
is to have merely a continuous second derivative, as before. Let 


W; (2) = ["Ke, t) ui (x) dx. 


For each value of ¢, the quantity y;(¢) is the ith coefficient in the ex- 
pansion of K(z, ¢) in series of the functions u(x). As K(z,t), K-(z, 2), 
Kez (x, t) are supposed periodic in each variable and continuous in both, 
they are bounded. If M, is a common upper bound for their absolute 
values, it follows from § 4 that 


im | < SA; 
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the factor C is independent of the form of K(z, é) as a function of z, 
and so, in particular, independent of ¢. Furthermore, 


Vid =[ Ke, dude, WO =f Kale, Ou @ ae. 


If M, is a common upper bound for the absolute values of the nine functions 
K, Kz, Kee, Kt, Kix, Ktzx, Ku, Kuz, Kurz, it appears more comprehensively 
that 

CM, 


rh 


» MOIS oe, wi | S a 





im (| < 








for all values of ¢ and 7. From (14), 
0 Aj : 
Fa = [vO] % Ow Oat. 


Since g has a continuous third derivative with regard to its argument, 
while f(é) has a continuous second derivative, »’[f(é)] has a continuous 
second derivative with regard to ¢. If Ms is a common upper bound for 
the absolute values of 9’ [,f(¢)] and of its first and second derivatives with 
regard to ¢, and if 9’ [f(d] ¥% (4) = o; (é), then 


CM, M, 
a? 


oi(0| < | we) 4 (9 LFO})| +19" LO] HHO! < 


| wi (t)| < 


’ 


2CM, M, 
2 


a ? 


7 4 
| of (t)| < sce 


So 4CM, M,/i* is a common upper bound for | w;(t)|, | @i(A|, and | 4 (Z|. 
Consequently, by another application of § 4, 


4C* M, M, 
JP tou oae| er Tainan a 


| 24s 
| da 











where the essential property of Q is merely that it is independent of 7 and ). 

The last relation shows incidentally, of course, that |04;/8a:| < Q/i*, 
and so that the series (15) is absolutely convergent. But further than 
that, it means that 9 A;/0a; is the general term of an absolutely convergent 
double series. On the other hand, by Schwarz’s inequality, 


36* 
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(% lpwaw) Fa (24) = 1, 
2 |puiprj| <1 


for any values of ¢ and 7. So 


S| pm rw 5a! ba 


Hence it appears that the triple series 


LPL mw set 


is absolutely convergent. By (12), the double sum with regard to 7 and j, 
for fixed k, is equal to 8B,/@by. So the value of the triple series is 


I/\ 


IA 


2A; | 
da; ° 








0 Bx 
Oby ’ 


which is thus seen to be convergent. By (5), on the other hand, the sum 
with regard to k, for fixed i and j, is 0 if 7 +7, and is 0.A;/da; if j = i, 
whereby the value of the triple series becomes >) (0A,/da;). For the case 
in hand, then, the quantity (15) is defined, and is invariant under trans- 


Sormation of axes: 
0 By 0 A; 


aie ea 





It corresponds to the divergence in ordinary vector analysis. 

It is naturally desirable to express this quantity in a form not explicitly 
dependent on any particular orthogonal system. The invariance being once 
established, such an expression is readily obtained. It is sufficient to carry 
through the calculation for the case e(x) = 1, with functions u(x) defined 
by the equations 











u(2) = aes ty(a) = ee, yn) = = GS 0; 


by the demonstration just completed, any other weight function e(z) satis- 
fying the hypotheses would necessarily lead to the same result. 
In general (cf. (14)), 


bn ee . [" ke, t) 9" L£(O) w(x) wil dt de. 
0 0 : 


0a 
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In the simple case under discussion, 


0A, Bee m4 U 
= ae t | Kee, O9'[(Olatae, 


a+ at oe an a t) »' Lf (] cosy (a — t) dt dz. 


All the functions involved being continuous, the successive integrations 
may be performed in either.order. By integration by parts, 





.. K(a, eosj(x—fdz = —= e Ke (x, )sinj(a — Haz: 


the absence of another term on the right is due to the fact that K(z, ¢) 
and sinj(2— ¢) have the period 2” with regard to x. Hence 


Sik = PALS KG, 9'L0) aa 


0M 





The series >; [sinj (a2 — ?#)]/j is convergent for all values of x and ¢. 
For pairs of values (x, ¢) belonging to the square OO < a< 2m, OS t< 2a, 


the function aes 
u(x,t) = yeaa 


may be alternatively defined by the equations 
V(x, t) = ete + x) when x > t, 


(16) w(x, t) = 5 (t—2—2) when 2<t, 
Biz, t) = 0 when x= t. 


The series is not uniformly convergent over the square. But it is uniformly 
convergent over any closed sub-region of the square not containing a point 
of the line 2 = ¢; and its partial sums are uniformly bounded everywhere.* 
So it is readily seen to be integrable term by term, even without reference 
to theorems of the highest generality on the integration of non-uniformly 
convergent series. The properties justifying the termwise integration 
are not affected when the series is multiplied by the continuous factor 
Kz (x, t) 9’ [f(b]. Consequently 





* Cf, e.g., D. Jackson, Uber eine trigonometrische Summe, Rend. Circ. Mat. di Palermo, 
vol. 32 (1911), pp. 257-262. 
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>ie a. cf [xe t) y' Lf()] dxdt 
—* -{ i Kz (a, t) y'[f()] ¥ (a, t) dxdt. 





When ¥(x, ¢) is regarded as defined by the equations (16), the right-hand 
member is intelligible without reference to any particular system of orthogonal 
functions; it constitutes an invariant definition of the “divergence” for the 
case in hand. 

The substitution of »(¢, y, y’) for » (y) in the definition of ®(z) introduces 
no essential difficulty, though the formulas, including the invariant formula 
for the divergence, are correspondingly longer. There is occasion incident- 
ally to find an upper bound for the absolute value of 


% wi (t) uj (8) at, 
0 


where w(t) = gy (t, y, y') Yi (4); but as an integration by parts gives 
[re (t) uj (dt = — [ oh (wy (at, 
0 0 


because of the periodicity of the functions, the order of magnitude of the 
result is seen to be a question merely of the existence of a sufficient 
number of continuous derivatives. 

9. Analogue of the gradient. The same order of ideas naturally 
gives rise to a concept to. which the name gradient can be applied. But 
this concept turns out to be long since familiar under another guise, in the 
case to which one first thinks of applying it, and more recently recognized 
of the form appropriate to the present discussion.* 

Let 


o=[otyyat, y=S0, 


where » and / have a sufficient number of continuous derivatives, and f(t) 
has the period 27. (It will be more than sufficient if all the derivatives 
through the fourth order are continuous.) Considered as a functional with 
J (x) as its argument, this ® does not depend on 2, and has the character, 
not of a vector, but of a scalar point function in function space. When 
the functions u(x) are looked upon as a system of mutually orthogonal 





* Of. P. Lévy, Legons d’analyse fonctionnelle, Paris, 1922, pp. 127-128. 
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unit vectors, the gradient of @ is defined by formal analogy as the sum 
of the series 


a@ 
( 17) Oa: Ui (x) . 
Now 
+5 Hs ie [yy (t, y, ') wilt) + vy (ty, y') u(t] dt 


= [ous yy) wid at—[" Flot, yy] wld at, 


the last form resulting from an integration by parts. So @@/da; is the 
ith coefficient in the expansion of 


, d / 
(18) Py (x, Hy) — FZ, vv & yy’) 


in series of the u’s. The hypotheses being sufficient to insure convergence, 
the sum of the series is the “functional derivative” (18). As the form 
of (18) is independent of the choice of the system of u’s, no further proof 
of invariance is needed. 

The character of (18) as a gradient is more forcibly brought out by 
the statement, which may be verified without difficulty, that the directional 
derivative of © in any direction (in the space of the class of functions 
considered) is equal to the magnitude of the vector (18), multiplied by the 
cosine of the angle between this vector and the direction in which the derivative 
is taken, the geometrical terms being of course understood in the light of 
the definitions appropriate to function space. 
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HARMONIC CUBICS*. 


By Tempe Rice Houwicrort. 


1. Introduction. The purpose of this paper is to investigate some 
new properties of harmonic cubics and of the curves associated with them. 
The equation of the cubic will be taken in the canonical form 


2e+y'+2+6mryz = 0. 


It was first proved by Salmont that the anharmonic ratio of the four 
tangents drawn from any point of a given cubic is constant. He also proved 
that the necessary and sufficient condition for this ratio to be harmonic or 
equianharmonic is that the invariant 7 or S vanish respectively.{ To 


’ cubics for which 7’ = 0 he gave the name harmonic cubics and to those 


for which S = 0, equianharmonic cubics. He proved further that the 
Hessian of the Hessian of a harmonic cubic is the harmonic cubic itself. 
For the canonical form, 7 = 0 becomes 


8m® + 20m*'—1 = 0 


so that a cubic of the syzygetic pencil is harmonic when and only when its 
parameter m is a root of this equation. The six harmonic cubics occur in 
three pairs. In any pair, either of the cubics is tae Hessian of the other. 

The dual of Salmon’s Theorem is that any tangent to a given class 
cubic cuts the cubic in four other points whose anharmonic ratio is constant. 
Also, dually, there are six and only six harmonic class cubics in the one 
parameter canonical system of class cubics associated with each syzygetic 
pencil. 

The Hessian of a cubic of the syzygetic pencil with the parameter m 
is a cubic of the same pencil whose parameter is —(1-+2m*)/6m*. Since 
the Hessian of the Hessian is still another cubic of the pencil, etc., the 
process of obtaining the Hessian may be considered merely as a trans- 
formation of the parameter and may be continued indefinitely and any 
finite number of distinct cubics of the pencil obtained from one such cubic 
except in case of the six harmonic cubics, the four equianharmonic cubics 
and the four degenerate cubics that belong to each syzygetic pencil. 





* Presented to the American Mathematical Society, May 1, 1926. 
+ Salmon, Higher Plane Curves, 1st ed. (1852), pp. 151-152. 

t Salmon, loc. cit., 1st ed., pp. 191-193; 3rd ed., pp. 199-200. 
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2. Parameters. The equation 
8m® + 20m>—1 = 0 


can be readily solved and the parameters of the six harmonic cubics obtained. 
This was done in 1871 by Durége.* His results are used in the same 
form by Wieleitnert in a table devised by Wiener in his classification of 
cubics. It appears that none of these noted that the irrational expression 
under the cube root sign is a perfect cube and that the parameters of the 
six harmonic cubics may therefore be given in the following simpler form: 


| 


l pyres) 1 ~ 


m, 


m =< (V8—1), m=—%(V8+)). 


In these, w is an imaginary cube root of unity. 

The pairs m;, mz; ms, m4; Ms, mg are such that in any pair, each is 
the parameter of the Hessian of the other. The members of the first 
pair are real and of the last two, conjugate imaginary. 

3. The Cayleyan. The Cayleyan of a cubic with the parameter m 
is a class cubic in the dual canonical form with the parameter (1—4m*)/6 m. 
A process similar to that of obtaining the Hessian may be defined for the 
Cayleyan. It may be considered a transformation of the parameter 
changing m® into m+», where 


mat) — aa 
with the. further provision that each time the transformation is applied 
the curve is dualized, i. e., point codrdinates are exchanged for line 
codrdinates or vice versa. An order or class cubic obtained in this way 
will be denoted by the symbol (Cayleyan)", using the exponent to denote 
the number of times the transformation has been repeated. Thus the 
(Cayleyan) of an order (class) cubic is a class (order) cubic if m is odd 
or an order (class) cubic if m is even. 

The symbol (Hessian) will be used to indicate the cubic which is the 
Hessian of the Hessian etc. repeated m times of a given cubic. 





*H. Durége, Die ebenen Curven dritter Ordnung (1871), p. 328. 
ft H. Wieleitner, Theorie der ebenen algebraischen Kurven héherer Ordnung (1905), p. 243. 
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The following theorem may now be proved: t 
THEOREM I, The (Cayleyan)* of a harmonic cubic is the original cubic. 
Denote the parameter of a cubic by m and of its Cayleyan by m’. Then 


Boh 1—4m* 
heeeees Bes 


If the (Cayleyan)* is the original cubic, we must have also 


aa 1—4m'* 
ny oe a 


Eliminating m’ from the two expressions, there results 
(8m* + 1) (8m°+20m'—1) = 0. 


This condition in m is identically the same as the condition that the 
(Hessian)? be the original cubic. It is satisfied by ten cubics, six harmonic 
and four degenerate. The parameters of but three degenerate cubics 
appear in the above condition, but the condition (as is also true for the 
Hessian) is really of the tenth degree in m with one infinite root. If we 
make the parameters of the cubic and Cayleyan homogeneous of the form 
m = @,/d,, this readily appears in that the condition is of degree ten 
in ad and contains a, as a factor. 

Then for a harmonic cubic and for no other proper cubic the (Hessian)? 
and the (Cayleyan)* coincide with each other and with the original cubic. 

The following further theorem holds for the Cayleyan. 

THEOREM II. The Cayleyan of a harmonic cubic is a harmonic class 
cubic whose parameter is the parameter of the given cubic muliplied by w® 
where s is the power of w in the parameter of the given cubic. 

This is proved by substituting the values of the harmonic parameters 
mi in the expression (1—4mj)/6 mj. In case the parameter of the harmonic 
cubic is real, s = 0 and the Cayleyan has the same parameter as the cubic. 

Thus, although the Hessian transformation repeated twice gives the 
same parameter as the Cayleyan transformation repeated twice, these 
identical results are reached by different routes. For example, if each 
application of a transformation is indicated by an arrow, these routes 
may be represented as follows: 


Hessian transformation Cayleyan transformation 
m,—-> M,—-> Mm, m—->m,—> m, 
M3 —-> ™,—-> Mz M3 —> Ms —> Mz 


Mg —> M5 —> Me Meg —> M,—-> Me etc. 
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The six harmonic class cubics in the system dual to the syzygetic pencil 
and the six harmonic cubics of the pencil are thus definitely associated 
in pairs such that either parameter in a pair is the parameter of the 
Cayleyar. of the cubic defined by the other parameter 

4, Special cubics. Associated with each harmonic cubic, there exists 
an indefinite number of cubics none of which are harmonic whose para- 
meters can be found in terms of the parameters of the given harmonic 
cubic. Each harmonic cubic with the parameter mj, i = 1, ---, 6, con- 
sidered as a Hessian is the Hessian of three distinct cubics only one of 
which is harmonic. The other two cubics have the parameters 


m = m?+ V m(m—1). 


These two cubics which have a given harmonic Hessian and are not 
themselves harmonic are the Hessians of six cubics each of which has 
the characteristic that its (Hessian)* is harmonic. These six cubics are the 
Hessians of eighteen cubics for each of which the (Hessian)* is harmonic. 
This process may be continued indefinitely and any finite. number of cubics 
of the pencil obtained for each of which the process of obtaining the 
Hessian leads to a harmonic cubic and thereafter continuously gives one 
of two harmonic cubics. There are thus obtained 2-.3"—! cubics of the 
pencil whose (Hessian)” is a given harmonic cubic. 

Consider a pair of harmonic cubics with parameters m; and mj4:, each 
the Hessian of the other. The set of 2-3” cubics whose (Hessian)” has 
the parameter m does not include any of the 2-3"-* cubics whose 
(Hessian)"“ has the parameter m4; although the (Hessian)"** of all cubics 
of the first set has the parameter mji:. In general, for the same value 
of m or any two values of n the 2-3*— cubics whose (Hessian)" is one 
harmonic cubic of a pair has no cubics in common with the set of 2-3"- 
cubics whose (Hessian)” is the other harmonic cubic of the pair, although 
the (Hessian)"** of either set is the (Hessian)" of the other. Then, con- 
sidering all six harmonic cubics as Hessians, for any given m there are 
4-3” distinct cubics of the syzygetic pencil whose (Hessian)" is harmonic. 

All these cubics have definite values of the parameter that can be found 
in terms of the parameter of the given harmonic cubic for any » as follows: 
Solve the cubic equation 


2m? + 6mm'?+1 = 0 


which defines m as the parameter of a cubic whose Hessian has the 
harmonic parameter m; One of the values of m is the parameter which 
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together with m; forms a pair. Removing the factor containing this root 
from the cubic equation, there results the quadratic equation 


m*?—2m?m-+-m, = 0 


whose two roots, given above, are the parameters of the two non-harmonic 
cubics that have this harmonic Hessian. Substitute each of these two 
roots for m;: in the original cubic equation and solve each of the two 
resulting cubic equations. Substitute each of these six roots for mj; as 
before, solve each of these six cubic equations, etc. The solutions of the 
(mn —1)st set of 2-3"-* cubic equations will be the parameters of the 2. 3"— 
cubics for each of which the (Hessian)” is the harmonic cubic whose para- 
meter is mj. 

Similar results hold for the Cayleyan. When the Cayleyan is harmonic 
with the parameter m,, one of the three cubics of which it is the Cayleyan 
is harmonic. The parameters of the other two cubics are the roots of 
the quadratic equation 


2m?9+2mm+tam+b = 0 
wherein 
a=}b6=>1 when 7 1 or 2, i.e., when m, is real; 
a = w,b = ow’ when i = 3 or 4, i.e., when m, contains ; 
a = o*,b = w when i = 5 or 6, i.e., when m, contains o”. 


| 


As in the case of the Hessian, there are 4-3” cubics of the syzygetic 
pencil for which the (Cayleyan)” is a harmonic class or order cubic according 
as m is odd or even. For a given harmonic Cayleyan, the parameters 
of the 2-3” cubies can be found for any by solving successive cubic 
equations. 

The set of 4-3” cubics whose (Hessian)” is harmonic and the set of 
4.3" cubics whose (Cayleyan)” is harmonic have no cubics in common 
either for the same or for different values of m. This follows from the 
results of Section 7 where it will be proved that when the Hessian and 
the Cayleyan are harmonic they either have a harmonic cubic or no cubic 
in common. Therefore the two non-harmonic cubics belonging to any 
harmonic Hessian are distinct from the two non-harmonic cubics belonging 
to any harmonic Cayleyan. 

5. Equianharmonic cubics. Considering the four equianharmonic 
cubics as Hessians, denote their parameters (the roots of the equation 
m(m*—1) = 0) by m” and find the parameters of the three cubics be- 
longing to each. 
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For m’ = 0, m satisfies the equation 2m*+1 = 0. 

For m’ any cube root of unity, m = —m” and }m” (1+ V —7). 

As for harmonic cubics, it can be shown in a similar way that in any 
syzygetic pencil there are 4-3" proper cubics for which the (Hessian)” is 
equianharmonic or whose (Hessian)’*+ is degenerate. Likewise, as before, 
there are 4-3" cubics for which the (Cayleyan)* is an equianharmonic class 
or order cubic according as nm is odd or even. These same 4-3” cubics 
may also be considered as a set of proper cubics whose (Cayleyan)"** is 
degenerate. (The fact that the number 4-3” found here is the same as 
that found for harmonic cubics is merely a coincidence). 

6. Theorems. In addition to the two theorems given in Section 3, the 
following theorems define special cubics or properties of cubics of the 
syzygetic pencil. 

THEOREM III. The condition that the Hessian of a cubic be the cubic 
itself is satisfied by four cubics, all of which are degenerate. 

These are the cubics with parameter m such that m = © and 8m*+ 1 = 0. 
This theorem has been long known. It is given here with the others for 
completeness. 

THEOREM IV. The.condition that the parameter of a cubic equal the para- 
meter of its Cayleyan is satisfied by four real cubics, two harmonic and two 
degenerate. 

In addition to being satisfied by m = o, the condition leads to the 
equation 

4m*+6m*?—1 = 0 


which is satisfied by m = —} and 3}(—11+V3). This theorem and 
Theorem II partially overlap. 

THEOREM V. The condition that the parameter of the Hessian of a cubic 
JS be equal to the parameter of the Cayleyan of f is satisfied by six cubics of 
which two are the two real equianharmonic cubics, two are degenerate and 
two imaginary. ; 

The condition leads to the equation 


m(4m*— 2m'— m—1) = 0 


which is satisfied by m = 0, 1, —4+4V —2. The condition is also satis- 
fied by m = ©. 

THEOREM VI. The condition that the parameter of the Cayleyan of the 
Hessian of a cubic f equal the parameter of the Hessian of the dualized 
Cayleyan of fis satisfied by fourteen distinct cubics of which six are harmonic, 
Sour equianharmonic and four degenerate; that is, by all the unique cubics 
of the syzygetic pencil and by no others. 
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Let m’ and m" be the parameters of the Hessian and the Cayleyan of f 
respectively. Then m’ = —(1+2m*/6m? and m” = (1—4m!*)/6m. 
Now express the condition 


(1—4m")/6m' = —(1+2m")/6m” 


in terms of m. This condition, in addition to being satisfied by m = 0 
and m = ©, gives the equation 


(8 m®+ 20 m*—1) (m®’— 1) (8m*+1)? = 0. 


This equation is satisfied by all the harmonic, the remaining three equian- 
harmonic, and the remaining three degenerate cubics of the pencil. 

Many other theorems similar to the above can be found. In general, 
they involve equations that can not be solved except by approximation and 
are not satisfied by any of the fourteen unique cubics except the two 
degenerate cubics with the parameters m = —4 and m =o. These 
two degenerate cubics are the only cubics of the syzygetic pencil for which 
the parameters of the (Hessian)", the (Cayleyan)” and the cubic are all 
equal for all values of n. 

The proofs of the following theorems follow readily from the algebraic 
expression of the statements. 

THEOREM VII. The product of any two parameters mi mj of harmonic 
cubics such that i+ 7 is odd, is the parameter of one of the three degenerate 
cubics whose parameters are finite. 

THEOREM VIII. The negative sum of the parameters of any harmonic 
cubic and its Hessian is the parameter of an equianharmonic cubic. 

THEOREM IX. The product of the parameter m: of any harmonic cubic 
and the parameter of its Cayleyan is always the real number 4(2+V3), 
in which the negative sign holds for i odd and the positive sign for i even. 

THEOREM X. The sum of the equations of any two of the three equian- 

harmonic cubics whose parameters are cube roots of unity is the equation of 
a degenerate cubic whose parameter is finite. 
. 7. Conditions on a given Hessian and a given Cayleyan. Assume 
’ that an order cubic and a class cubic are given. What is the condition 
on their parameters that the order cubic be the Hessian and the class 
cubic the Cayleyan of the same cubic or of the same two cubics? The 
solution of this problem involves the two equations 


ARE renee rar B Be sihbeiesbie-t eh Fp ac 5 Al Rae 
Or ee ee we = ER eae BEE ee 


ek tee reste ine me ects 


(1) 2m*°+ 6k, m?+1 — 0 
(2) 4m®+ 6k,m —1 = 0. 
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The roots of equation (1) are the parameters of the three cubics whose 
Hessian has the parameter k,. The roots of equation (2) are the parameters 
of the three cubics whose Cayleyan has the parameter k,. 
The discriminant of (1) is 
8K+1 = 0 


and the discriminant of (2) is the same function of k,. Then if two of the 
curves that have a given Hessian (Cayleyan) coincide, the Hessian (Cayleyan) 
consists of three inflectional lines (critic centers) and the cubic whose 
parameter is a double root of equation (1) is equianharmonic and of 
equation (2), degenerate. 

The condition that equations (1) and (2) have a common root is the 
resultant 


2413 +46 +46—6h ke +1 = 0. 


Since this equation is symmetrical in k, and k,, any statement concerning i, 
will hold equally well for k,, that is, the Hessian and the Cayleyan bear 
the same relation so far as their parameters are concerned to the one 
cubic to which both belong. The resultant tells us further that to a given 
cubic considered as a Hessian there correspond three and only three class 
cubics that may be associated with it as Cayleyans, and conversely. 

In case the Hessian and the Cayleyan are both harmonic cnbics, the 
resultant is satisfied when and only when k, = m and kz = mj, where 
m and mj; are harmonic parameters such that i+7 — 3 when both para- 
meters are real and 7-7 — 9 when both parameters are imaginary. The 
cubic common to both is always harmonic. 

For example, substitute k, = m, = 4(V 3 — 1) in the resultant. The cubic 
in k, has one root ky = m, = —}(V3+1) and the remaining quadratic 
has the two roots 


ky = ma v3—1143//207 V3+12) |. 





These two values of k, may be considered either the parameters of the 
Cayleyans of the two non-harmonic cubics whose Hessian has the harmonic 
parameter m, or the parameters of the Hessians of the two non-harmonic 
cubics whose Cayleyan has the harmonic parameter m. 

Using the other harmonic parameters in the same way, we can obtain 
the parameters of all non-harmonic Hessians or Cayleyans that have cubics 
in common with harmonic Cayleyans or Hessians respectively. 

For a given kg, the discriminant of the resultant considered as a cubic 
in k, is the cube of the discriminant of (2). Eliminate k, from this and 
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the resultant aud we obtain the cube of the discriminant of (1). Then two 
of the three Cayleyans associated with a given Hessian coincide when and 
only when both the given Hessian and the Cayleyans are degenerate. 

If we put k, =k, in the resultant, we obtain the parameters of the 
Hessians of the cubics discussed in Theorem V. 

All the above statements concerning Hessians hold equally well for 
Cayleyans. 

The condition that equations (1) and (2) have two roots in common is, 
in addition to the above resultant, 


2h +h, = 
Eliminating k, and k, from this last condition and from (1) and (2), we 
obtain 


(m* — 1) (8m*+1) = 0. 


Then a Hessian and a Cayleyan can have two cubics in common when 


and only when all the cubics belonging to both are either equianharmonic 


or degenerate and when both the Hessian and the Cayleyan are degenerate. 
This may also be shown by eliminating k, or k, from the above condition 
and the resultant. 

It is evident that (1) and (2) can not have three roots in common. There- 
fore the three cubics that have a common Hessian can not have a common 
Cayleyan and conversely. 


WELLS CoLLEcs. 






































